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Abstract: In this paper, we study the product sum of operators which are bounded on the weighted Bergman space. We establish a
necessary condition for the boundedness of the sum of Toeplitz products to be bounded or compact.
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1. Introduction

The weighted Bergman space A2 (B,) is space of analytic
functions onB,, which are square - integrable with respect to
measure v, on B,. Weighted Bergman spaces have studied
by several authors in different context in [5],[6],[7] and [8].
In this article we consider the following necessary condition
for sum of the Toeplitz products TfTf...Tf with
firfor e, fr in A%2(B,) ,( See Theoreml and Theorem?).
Instead of products of two Toeplitz operators are bounded in
A%(B,) we use products of nth Toeplitz operators are
bounded in weighted Bergman space . The normalized sum
of reproducing kernel is given by

n+a+1
n Q-T2

n a — -
r=1 Kw — 4r=1 (1_(Z’w))n+zz+1 H

forz,w € B,.
Suppose fiand f,f; ... f. are in A2(B,) . Consider operator
fi® £,Q ...Qf, on weighted Bergman space defined by
(1® f2® ..®f)U = (U, fi fofs w fyo i for UE AZ(B,).
It easily prove that fi® £, ® ... ®f, is bounded on A% (B,,)
and [A® £,® ... ®F ||, ,=lIfilla2llfofs - fillas

n n+l+[«]

We will also make use of the following continuity condition
of the Berezin transform: if Sy — S in operator norm, then
B, [ST(w)=limy_,, B, [Sy]( w),For each w € B,, . The above
statement is an immediate consequence of the following
inequality: |B, [S](w) — By [Sy](w) | < IS — Syl -

Also Hflbe bounded in the L? norm , that is, in order that
there exists a constant C such that for all f, in H* .

2. A Necessary Condition for the Sum of
Boundedness of the Toeplitz Product

Theoreml.Let -1 < a <o, and f; fof; ... f. in AZ(B,) .If
T T, . T is  bounded 2onAg,(IBn) . then
ro1SUWyen, Ballfil? (@)Be[|fo] (@) .. B[|f] (@) < o0

Proof. Suppose that f; fofs ...f, are analytic on A2(B,)
such that the densely defined Toeplitz product Ty, T7,...Tf,

is bounded on A% (B,,) . Using operator identity

rj+1-a

f®g=; ; -1y l;jy!l“(n+2+a—j)

]F(n + 24+ ) sin(m[x])
s

IrG+1-[x]
X z TTZ’}', (Tfle_z"'Tfr)Tz',}.’

+(_1)n+[oc

n 0

r=1j=0 |y|=n+2+[«]+j _
we see that there exists a finite constant C, such that

IA® 2,98 ... f | < Cy ”TfleZ_"'Tﬁ-” (1)
thus Al M2 1 fsllz o e llz < Coc [Ty, T, T,

It follows from T, Ug" =U;"Ts,
fiand fs,..., f; .That 2r=1Txop, Thop, = Tfop,™
2ra1(Top, U™ Us (Thyep, U DU o (Thop, U UG =
2ra (Ut Ty) Ug® (UG Ty) Ug” Us*T7) Uy
=Sy U (T, Ty Ty) U (2)

applied to

For all w, € A%(B,) ,50 for fi fofs..f, €A2(B,) , a
necessary condition for the sum of Toeplitz product
T, T,... T to be bounded on A7 (B,,) is

TZZ (T, T, - Tﬁ)Tz’Z

n

> supyen, Bell il @Bellfa]" @) o Bl (@) < 0
r=1
Theorem2.Let -1<a <o ,and f,fs ..,f, is be in
A%(B,). Then the sum of Ty, Tf,... Ty, is compact on
A% (B,,) then its sum of Berezin transform vanishes near the
unit spheres .).M_; By [TﬁTf'z“'Tﬁ](w)_’ 0 as |w|—
1".We have seen that XP_;B [Tfle-z...Tﬁ](w) =

r=1f1(w) fzm fr@

Yilfi(@) f(@) ... fr ()] = r]?:llBo([Tfle_z---Tf_r](w)l -
0(3)

as |w| - 17, and it follows from the Maximum Modulus
Principle that f; fof5 ...f, = 0.
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3. An Application to Toelitz Operators

Theorema3. Let fieH*(B,,,dv,) and

fi fofs . fr€(Bn, dv,).Then Ty Tz T ..T; is compact if

and only if

Z;l:l liqué‘gn"fl ° (pw”a,ZHfZ ° ¢wf3 ° Py fn ° Py —

Plflopaw/2opwfIopw... [ropwa,2=0 (4)

suppose Ty, T¢ Tz ... T¢ is compact .

il Yo (T, Ty, T7, . T7)

YXro1 Y, (T T;, Ty, "'Tf})

_\"m || T, K(a) ® T‘K(a)T‘K(a) T- K(Ul)”
r:l(fla))(fzw 32 1 Bw

“Srall T KON, TR K TRKEY TR Kl

=2r=1llfi9olla2llfz2 o @0 fs © Pu - fr 0 Qo = P(fro @y fa e

pwf3opw... fropwa,2 (5)

|—>Oasw—> 6B, . We have

Remark4.Let P:L?(C,dA,)— FE? denote the orthogonal
projection. If ¥, ¢ €L?(C) ,we can define a linear operators
TyT, on F? by

TyfT,g9 = Pf 9g9)= PWf)(@g). It is clear that T, T, are
bounded and

||T¢T(p || < [Yllollelle It is also easy to verify that

(Tz,b T(p )z = UZ(TI,IJ Uz) (T(p Uz) Uz :Two (pZT(po Yy

for all zeC.In particular,((Tw )z 1)((T(,J )z 1)=

P(oy,)(poy,)
It follows that

(), 1)) |(T,), 1)) <

(Il f; 1e%™1d 20 ) (ol S 1€% %1 d A ) S
w4 a

ol el |2 = Il llgll, f6” for all w e €. This

shows that

swpm@f(C |(T¢)Zl)|PI(T¢)Zl)|Pd/1a <o

4. Boundednessin LP.P > 1

One can also ask about the boundedness of Hy in the L norm
.That is, ask for which f one has the following estimate,
there exists a constant C such that

Ififz = P(faf)llp < Clif2llp, f € H

As in the case P = 2 there is no loss of generality to suppose
at the outset that f; € LP.

Theorem. Let 1 < P < oo and let f; € L”.The following are
equivalent.
(@) Hy is bounded in the L norm

(b) qepdist L (fog,, A”) <
sup . 1 _ I3 . p
() Zenmf{(—w(z)l) Jplf — Kl _dA ckeA }< ©
(d) f = fi + f, where (1 — |z])df,(2) is bounded
1
SUpP,ep |D(_z)|fD(Z)|f1|PdA < (6)

Proof. In place of U, we have the following isometrics on
LP.

2
V, =|¢lPfop, Then the V, are invertible for any
automorphism ¢ of D V;,_l = V,_1.Now, with = ¢, ,

V‘/’aHfVW_al (1) = VWafV‘/’a (1) - V‘Panvgoa (1) = fO(pa - ka
™)

Where k, =V, PfV, (1) € AP. We need where is the fact
that P is bounded in the L’ norm for all 1 < P < o . since
V,, are isometries ,(7) implies that dist;r(f 09, AP) <
||Hf(1)||P < ||Hf|| So (b) follows from (a).

Now assume (b) so that there is a constant C and analytic
functions k, with [|fog, — ka|PdA < C,a€D.ApplyV,,
to get [|f — ka0941" |94|*dA < C,a € D This gives (c) in
the same way , via |@,|? = C (ID(l_a)I) Xp(ay- If assume (c)
we obtain f =f; +f, except that L integrals appear
everywhere in place of L? integrals. Thus (d) follows from
(c). The L version of the boundedness for My, . We estimate
the L norm of Hy, g by the L? norm of f, g as in the P = 2
case, but using the fact (6) is just the requirement for
IfilPdA to be a Carleson measure for A" [9,10,11].We
estimate the L and L” is used and Hélder's inequality
replaces Cauchy- Schwarz. We need to make use of the facts

that Hy, g € (A%)" and I” = AP@®|A”|*, which follow casily
from the boundedness of P in L” norm.
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