
International Journal of Science and Research (IJSR) 
ISSN (Online): 2319-7064 

Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438 

Volume 4 Issue 9, September 2015 

www.ijsr.net 
Licensed Under Creative Commons Attribution CC BY 

Four Component Electromagnetic Field Equations 
in Tensor Form 

 
G H Jadhav 

 
Department of Physics, Shri Chhatrapati Shivaji College, Omerga-413606, India 

 
 

Abstract: Dirac-Maxwell’s equations are generalized by introducing electric scalar field and magnetic scalar field. Such attempt 
removes Lorentz condition on the field potentials and allows the electric as well as magnetic charges to vary with time. Therefore, the 
charge on a single particle is not necessary to be conserved. Any loss in charge causes to raise charge on another particle in order to 
conserve the net charge once again. The increase or decrease in charge on the particle causes to produce a scalar field which makes 
effort to decrease or increase charge on another particle maintaining the net charge constant in the space. Dirac-Maxwell’s equations 
are generalized in order to satisfy such fields. Further these equations are written in tensor form. 
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1. Introduction 
 
In Maxwell's equations, the symmetry is obtained by Dirac 
[1-4] by introducing magnetic monopoles as the source of 
static magnetic field. When any magnetic monopole comes 
into a motion, induces or produces another electric field. 
Using magnetic monopoles as source of magnetic field, Dirac 
generalized the Maxwell’s equations, called as Dirac-
Maxwell’s equations (DME), which are 
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where e and m are the electric charge and magnetic 
monopole densities respectively, and je and jm are electric and 
magnetic current densities respectively. Solutions of these 
DME are by Cabibbo & Ferrari [5], Epistein [6], Ferrari [7] 
as 
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The sources  are subjected to the continuity equation and 
conserved. 
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This condition on the sources then leads to the Lorentz gauge 
on the four potentials, viz. 
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Thus the Lorentz condition on the potentials makes the 
electric charges and magnetic monopoles time independent. 
In order to make the charges time dependent, these DME are 
generalized [8-10] by introducing electric scalar field E0 and 
magnetic scalar field H0 which become replacement of the 
Lorentz gauges on the electric and magnetic potentials. These 
Generalized Dirac-Maxwell’s equations (GDME) are 
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These have usual solutions for E and H given by equations 
(2) and in addition to that they have solutions for scalar fields 
as  

  
tc

E
e

e





1
0 A         (5a) 

tc
H

m
m






1
0 A         (5b) 

where E0 and H0 are the electric and magnetic scalar fields 
respectively. Clearly these scalar fields are the removal of the 
Lorentz gauge on their respective potentials indicating the 
continuity equation need not be hold by the sources but again 
total amount of charge should be conserved. This happens 
such that the decrease in charge on any particle will cause to 
produce its kind of scalar field which links to another particle 
and causes to increase charge on this particle in order to 
compensate the loss of charge on the first particle. Therefore, 
the scalar field generated in this process should be 
proportional to the rate of change of charge on the particle. If 
the charge becomes time-independent then the scalar field 
vanishes with satisfying the Lorentz condition by the 
potentials and the GDME then reduce to the original DME. 
Hence the set of GDME given by equations (4) becomes 
proper generalization of the Dirac-Maxwell equations. 
When 
  
2. GDME in tensor form - electric charges as 

source of fields 
 
To write GDME in tensor form in Minkowski space we first 
consider them with source of electric type only as  
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The solutions are  
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The four current densities and the four potentials have the 
forms as  

    icj ,j            (8a) 

    iA ,A            (8b) 
Similarly the four space-time coordinates and their 
derivatives are as  
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The generalized form of the electromagnetic field tensor is 
then  
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In this equation the last term is additional one used for the 
scalar field E0. Calculating all the components of the field 
tensor, we obtain 
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The generalized form of the electromagnetic field tensor is 
not antisymmetric as its trace is non zero but it antisymmetric 
with respect to the non-diagonal elements. 
 
By using the above field tensor, the GDME (6) can be 
expressed as usual. Consider the following tensor equation 
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If we choose , , v to be any combination of 1, 2, 3 then this 
equation reduces to 
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This is equation (6b) of GDME.  
 
Similarly, if we set one of the indices , , v equal to 4, it 
represents equation (6c). 
 
The other two homogeneous generalized Maxwell's equations 
nay be obtained from 
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For  = 1, 2, 3 it represents equation (6d). For  = 4 it goes 
to equation (6a).  
 
Thus the generalized Maxwell's equations are represented by 
only two equations involving operations on the components 
of the generalized form of the electromagnetic field tensor. 
The generalized form of the four-vector force density or 
Minkowski force can be given by 
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With the help of equation (16) it converts to 
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Calculating its components we find 
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Equation (18), which is the space part, is the generalized 
form of the Lorentz force and it seems that the scalar field 
decelerates the charge and the declaration produced by it is 
proportional to the velocity of the charge. Thus the electric 
vector field accelerates the charge while the electric scalar 
field decelerates. In absence of the scalar field the 
generalized form of the force acquires its previous form 
given by Lorentz and hence it the proper generalization. The 
space part (equation 18) represents the rate of change of 
mechanical momentum per unit volume and the time part 
(equation 19) represents the rate of change of mechanical 
energy per unit volume, i.e., the rate at which the field does 
work on the charges per unit volume. 
 
In a general system consisting electric charged particles 
moving in a four component electromagnetic field, a portion 
of the energy of the system may be identified as kinetic 
energy of the particles, and the remainder may be viewed as 
potential energy or field energy. In the previous section we 
found that the relation connecting energy density and energy 
flow is  
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where  
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is the generalized form of the Poynting vector and  
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is the generalized form of the field energy density. These 
results can also follow in an elegant way from consideration 
of the generalized form of the electromagnetic energy-
momentum tensor defined by 
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By calculating individual components we obtain  
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This electromagnetic energy-momentum tensor is not 
symmetric tensor as in case without generalization. This is 
due to presence of the scalar field. We can consider the 
Poynting vector S+ as sum of contributions from the vector 
fields and the scalar field and another Poynting vector S- as 
the difference of these contributions then we write the above 
tensor as 
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where {Tm} is the generalized form of the Maxwell’s stress 
tensor. The two forms of the Poynting vectors are 
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The Lorenz force density in terms of the energy–momentum 
tensor has the following form. 
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The fourth component of which gives equation (20) and is 
the energy conservation law in a four component 
electromagnetic field. Thus the generalized Maxwell’s theory 
can be formulated in tensor form in the Minkowski space in 
similar way as in the case of without generalization. 
 
3. GDME in Tensor Form - Magnetic Charges 

as Source of Fields 
 

GDME  for magnetic monopoles as source of fields are 
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The four current densities and the four potentials have the 
forms as 

   mmm icj  ,j ,       mmm iA  ,A  (31) 
The generalized form of the electromagnetic field tensor is 
then  
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In this equation the last term is additional one used for the 
scalar field H0. The superscript m used here is to represent 
the field tensor for fields created by magnetic monopoles 2nd 
not as a tensor index. 
 
Calculating all the components of the field tensor, we obtain  
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The two homogeneous Maxwell’s type Dirac‘s equations 
(29a) and (29b) can be represented by the equation. 
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The other two inhomogeneous equations can be obtained 
from 
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The generalized form of the four–vector force density or 
Minkowski force on a magnetic monopole is then  
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With the help of equation (35) it converts to  
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In component form we get 
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Form of the Lorentz force (equation 38) it seems that the 
scalar field H0 decelerates the magnetic monopole similar to 
that of electric scalar field decelerates the electric charge and 
the deceleration produced by it is proportional to the velocity 
of the monopole. Thus the magnetic vector field accelerates 
the magnetic monopole while the magnetic scalar field 
decelerates. In absence of the scalar field the generalized 
form of the force acquires its original form. 
 
The corresponding electromagnetic energy-momentum tensor 
can be defined by 
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By calculating individual components we obtain 
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This electromagnetic energy-momentum tensor is also not 
symmetric. The Lorentz force density in terms of the energy-
momentum tensor has the following form. 
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The fourth component of which gives 

  HjS m 



0Hc

t
m     (44) 

which is the energy conservation law in a four component 
electromagnetic field when the field does work on magnetic 
monopoles. 
 
4. GDME in tensor form - electric as well as 

magnetic charges as sources of fields  
 
If we consider the combined form of the generalized 
equations i.e. the generalized Dirac-Maxwell equations 
(equation 4) and their solutions (equations 2 and 5) then they 
can also be expressed in tensor form. For this we consider the 
four components of the electric and magnetic fields as  
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If we define a tensor by 
    EiHHj vvvv    (48) 
Then GDME given by equations (4) can be represented in 
tensor form by 
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where v is the fully antisymmetric symbol (Levi-Cicita 
density) and  , v, ,  = 1, 2, 3, 4. Similarly, further we 
define a tensor by 
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Obviously, the tensor form for the solutions of the GDM 
equations can be give by  
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The wave equations are given by  
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These tensor equations are similar to those obtained by 
Cabibbo-ferrari tensor [25], which can also be compared with 
Mognani-Recami tensor [29-30], who considered tachyon 
charges as magnetic one. 
 
5. Discussion 
 
Writing the field equations in tensor forms is to reduce the 
number of field equations. Tensor form of the usual 
Maxwell’s field equations is familiar to every one in physics. 
However, generalization of Maxwell’s equation in order to 
accommodate the counterpart of the electric charges as 
magnetic monopoles is a significant work which made 
Maxwell’s equations symmetric. Further generalization of 
Dirac-Maxwell’s equations in order to accommodate the 
change in charge on the particles, electric as well as 
magnetic, is also a substantial work. These generalized 
Dirac-Maxwell’s equations and their solutions and fields 
generated by such particle are studied in [8-10]. A new 
phenomenon, called inversion in the field at critical distance 
from a stationary charge whose charge is decreasing with 
time is explored by the generalized theory. The present work 
successfully converts the field equations involved in such 
generalized theory into tensor forms. 
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