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Four Component Electromagnetic Field Equations
in Tensor Form
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Abstract: Dirac-Maxwell’s equations are generalized by introducing electric scalar field and magnetic scalar field. Such attempt
removes Lorentz condition on the field potentials and allows the electric as well as magnetic charges to vary with time. Therefore, the
charge on a single particle is not necessary to be conserved. Any loss in charge causes to raise charge on another particle in order to
conserve the net charge once again. The increase or decrease in charge on the particle causes to produce a scalar field which makes
effort to decrease or increase charge on another particle maintaining the net charge constant in the space. Dirac-Maxwell’s equations
are generalized in order to satisfy such fields. Further these equations are written in tensor form.

Keywords: Generalized Dirac-Maxwell’s equations, Lorentz Gauge, electric scalar field, magnetic scalar field, Tensor

1. Introduction

In Maxwell's equations, the symmetry is obtained by Dirac
[1-4] by introducing magnetic monopoles as the source of
static magnetic field. When any magnetic monopole comes
into a motion, induces or produces another electric field.
Using magnetic monopoles as source of magnetic field, Dirac
generalized the Maxwell’s equations, called as Dirac-
Maxwell’s equations (DME), which are

V-E =47p° (1a)

V- H = 470" (1b)

VxE+LOH A7 m (Ic)
c ot c

Vs _LOE _A47 . (1d)
c ot c

where p° and p" are the electric charge and magnetic
monopole densities respectively, and j° and j” are electric and
magnetic current densities respectively. Solutions of these
DME are by Cabibbo & Ferrari [5], Epistein [6], Ferrari [7]
as

1 04°
E=-V¢° _1e ~VxA™ (2a)

c ot

104™
H:—V¢"’——6—+V><Ae (2b)
c
The sources are subjected to the continuity equation and
conserved.
6pe,m

V. jem 4 =0 3a
J 5 (3a)

This condition on the sources then leads to the Lorentz gauge
on the four potentials, viz.

e,m
VA" +l—a¢ =0
c ot
Thus the Lorentz condition on the potentials makes the
electric charges and magnetic monopoles time independent.
In order to make the charges time dependent, these DME are
generalized [8-10] by introducing electric scalar field E, and
magnetic scalar field H, which become replacement of the
Lorentz gauges on the electric and magnetic potentials. These
Generalized Dirac-Maxwell’s equations (GDME) are

(3b)

V-E :l%+4ﬂpe (4a)
c ot

v.g=L1%o 4zp" (4b)
c ot

VxE+LH g, - A% (4¢)
c Ot c

VXH_la_E_VEOZ4_”j@ (4d)
c ot c

These have usual solutions for E and H given by equations
(2) and in addition to that they have solutions for scalar fields
as

e

Eg=V-A° +%% (5a)
m

Hy=V A" +%% (5b)

where E, and H, are the electric and magnetic scalar fields
respectively. Clearly these scalar fields are the removal of the
Lorentz gauge on their respective potentials indicating the
continuity equation need not be hold by the sources but again
total amount of charge should be conserved. This happens
such that the decrease in charge on any particle will cause to
produce its kind of scalar field which links to another particle
and causes to increase charge on this particle in order to
compensate the loss of charge on the first particle. Therefore,
the scalar field generated in this process should be
proportional to the rate of change of charge on the particle. If
the charge becomes time-independent then the scalar field
vanishes with satisfying the Lorentz condition by the
potentials and the GDME then reduce to the original DME.
Hence the set of GDME given by equations (4) becomes
proper generalization of the Dirac-Maxwell equations.

When

2. GDME in tensor form - electric charges as
source of fields

To write GDME in tensor form in Minkowski space we first
consider them with source of electric type only as

V-E:laﬂ+4ﬂp
c ot

(62)
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V-H=0 (6b)
V x E+18—H—0 (6¢)
c ot
Vx H—la—E—VEO:“—”j (6d)
c Ot
The solutions are
1 04
E=-V¢——— 7Ta
¢ " (7a)
H=VxA (7b)
1 dp
Ey=V-A+— 7Tc
0 PPy (70)

The four current densities and the four potentials have the
forms as

ju =i, icp) (82)
4, =(4, ip) (8b)
Similarly the four space-time coordinates and their
derivatives are as
x, =(V, ict) (92)
10
=V, ——— 9b
“ ( c atj (%)

The generalized form of the electromagnetic field tensor is

then
o, oty

w =
axﬂ 6x#

6A,B

P & (10)

In this equation the last term is additional one used for the
scalar field E,. Calculating all the components of the field
tensor, we obtain

~E, H, -H, -iE,
-H, -E, H iE
Fo=1 0 0 70 UL
H, -H, -E, -iE,
iE, iE, iE, -E

The generalized form of the electromagnetic field tensor is
not antisymmetric as its trace is non zero but it antisymmetric
with respect to the non-diagonal elements.

By using the above field tensor, the GDME (6) can be
expressed as usual. Consider the following tensor equation

6F/Lu N 6FW N aFvi
ox.

=0 (12)

v Oxy Ox,

If we choose A, 1, v to be any combination of 1, 2, 3 then this
equation reduces to

OFy Oy  OF _ (13)
6x3 6x1 8x2

6x3 axl 8x2
This is equation (6b) of GDME.

Similarly, if we set one of the indices A, u, v equal to 4, it
represents equation (6¢).

The other two homogeneous generalized Maxwell's equations
nay be obtained from

ol 4z
uv .
=— 15
ox,, c Ju (15)

For =1, 2, 3 it represents equation (6d). For p = 4 it goes
to equation (6a).

Thus the generalized Maxwell's equations are represented by
only two equations involving operations on the components
of the generalized form of the electromagnetic field tensor.
The generalized form of the four-vector force density or
Minkowski force can be given by

1

fy :;F,uvjv (16)
With the help of equation (16) it converts to
l OF,,
= 17
f ”v Oxy a7
Calculating its components we find
f=(E+uXH—£E0] (18)
¢ c
and
i .
fa=—(E-j=cpEy) (19)

Equation (18), which is the space part, is the generalized
form of the Lorentz force and it seems that the scalar field
decelerates the charge and the declaration produced by it is
proportional to the velocity of the charge. Thus the electric
vector field accelerates the charge while the electric scalar
field decelerates. In absence of the scalar field the
generalized form of the force acquires its previous form
given by Lorentz and hence it the proper generalization. The
space part (equation 18) represents the rate of change of
mechanical momentum per unit volume and the time part
(equation 19) represents the rate of change of mechanical
energy per unit volume, i.e., the rate at which the field does
work on the charges per unit volume.

In a general system consisting electric charged particles
moving in a four component electromagnetic field, a portion
of the energy of the system may be identified as kinetic
energy of the particles, and the remainder may be viewed as
potential energy or field energy. In the previous section we
found that the relation connecting energy density and energy
flow is

%+V S=coEy—j-E (20)
where

S=ﬁ(E><H+EE0) 1)
is the generalized form of the Poynting vector and

e= é [E2 + H* + Ey ] (22)

is the generalized form of the field energy density. These
results can also follow in an elegant way from consideration
of the generalized form of the electromagnetic energy-
momentum tensor defined by

5FF}

1
T = dx |:F#¢7FUV B, ﬂv+ 5ﬂvFipFip s vt

(23)
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By calculating individual components we obtain

/

1 1 2 2
T:E|:E1Ej + HIHJ—Eon—an(E + H” + Eo):|

24
Ty =—i[ExH+EEO] (25a)

4z
Ty :—l[ExH—EEO] (25b)

4z

and
Ty =8L[E2 + H? +E02] (25¢)
T

This electromagnetic energy-momentum tensor is not

symmetric tensor as in case without generalization. This is
due to presence of the scalar field. We can consider the
Poynting vector S as sum of contributions from the vector
fields and the scalar field and another Poynting vector S. as
the difference of these contributions then we write the above

tensor as {Tm } [_ iSJrJ
=i, e
(5]

where {T™} is the generalized form of the Maxwell’s stress
tensor. The two forms of the Poynting vectors are

(26)

S, = —ﬁ[ExH+EE0] (27a)

S =

- [ExH-EE,] (27b)

4
The Lorenz force density in terms of the energy—momentum
tensor has the following form.

oL,, _
ox. S

(e

(28)

The fourth component of which gives equation (20) and is
the energy conservation law in a four component
electromagnetic field. Thus the generalized Maxwell’s theory
can be formulated in tensor form in the Minkowski space in
similar way as in the case of without generalization.

3. GDME in Tensor Form - Magnetic Charges
as Source of Fields

GDME for magnetic monopoles as source of fields are

V-E=0 (29a)
V-H :l%+4ﬂp’" (29b)
c Ot
VxE+LH gy, - A7 (29¢)
c Ot c
VxH—la—Ezo (294d)
c Ot
The solutions are
E=-VxA™ (30a)
1 04™
H=-V¢"-———— 30b
¢ c Ot (30b)
m
Ho=V-A" + 190" (30¢)
c Ot

The four current densities and the four potentials have the
forms as

iy = (jm,icpm), Ay = (Am,i(pm) (31)
The generalized form of the electromagnetic field tensor is
then

L i
=—r— — 0,008 —— 32
A ox u Ox, woap Oxy 32)

In this equation the last term is additional one used for the
scalar field Hy. The superscript m used here is to represent
the field tensor for fields created by magnetic monopoles 2™
not as a tensor index.

Calculating all the components of the field tensor, we obtain

~-Hy -E, E, -iH,
om _|"E: —Ho —E. il o)
m\-E, -E, -Hy —iH,

iH, iH, iH, H,

The two homogeneous Maxwell’s type Dirac’s equations
(29a) and (29b) can be represented by the equation.

m aFm m
aFﬂv + v + 0 vA _
ox, Oxy  Oxy

0 34)

The other two inhomogeneous equations can be obtained
from

OF .y  Am .

ox,, c

(35)

The generalized form of the four—vector force density or
Minkowski force on a magnetic monopole is then

1

fu = FadV (36)

With the help of equation (35) it converts to

m 1 m aFVn;'
— " vo 37
i = s (37)
In component form we get
rm =p'"(H—”XE—£Ho] (38)
c
and [} =i(H- " —cpmHO) (39)
c

Form of the Lorentz force (equation 38) it seems that the
scalar field H, decelerates the magnetic monopole similar to
that of electric scalar field decelerates the electric charge and
the deceleration produced by it is proportional to the velocity
of the monopole. Thus the magnetic vector field accelerates
the magnetic monopole while the magnetic scalar field
decelerates. In absence of the scalar field the generalized
form of the force acquires its original form.

The corresponding electromagnetic energy-momentum tensor
can be defined by

m __ 1 m m m m l m m 1 m -m
TW—E F‘LIO'FO'V_FILI;JF/JV—'_Z&,HVF@F/VJ _EgﬂvFﬂvF#V
(40)

By calculating individual components we obtain
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1

mm_ L
ar

Lo (2, 2 2)
ij I:EIEJ-’-HIHJ_HOE]C_E&U(E +H +H0

(41)
T =——|ExH+HH)|=-15, (42a)
4 c
l

e :—;[ExH—HHO]z i
C

i (42b)

and
T = —8L [E2 +H? + HH&]:g (420)
T

This electromagnetic energy-momentum tensor is also not
symmetric. The Lorentz force density in terms of the energy-
momentum tensor has the following form.

aTv’Z’ m
= 43
st (43)
The fourth component of which gives
OC€ \V.S=cp"Hy—j"-H (44)

ot
which is the energy conservation law in a four component
electromagnetic field when the field does work on magnetic
monopoles.

4. GDME in tensor form - electric as well as
magnetic charges as sources of fields

If we consider the combined form of the generalized
equations i.e. the generalized Dirac-Maxwell equations
(equation 4) and their solutions (equations 2 and 5) then they
can also be expressed in tensor form. For this we consider the
four components of the electric and magnetic fields as

E,=(E, iEy) H,=(H, iH)) (45

Similarly, the four currents and the four potentials are
expressed as

I-z,m :4_77(ie,m’l-cpe,m) (468.)
c
AZ’m = (Ae’m,i(pe’m) (46b)
. i 0
with aﬂ = [ ,—;Ej 47)
If we define a tensor by
]./UV :6#HV—6VHﬂ+igﬂvaﬁ6aEﬁ (48)

Then GDME given by equations (4) can be represented in
tensor form by

k=Jij s Tk =—lak

jo =i04E, , ji =i0,H, (49)
where &,,45 1s the fully antisymmetric symbol (Levi-Cicita
density) and x4 v, o, f =1, 2, 3, 4. Similarly, further we
define a tensor by

F, = (%Af —8VAZ +z'gwaﬁ6aAZ’ (50)
Obviously, the tensor form for the solutions of the GDM
equations can be give by

H, =F,

a i

Eo=0,45 ,

The wave equations are given by

Hy = ~iFyy

Hy=08,4" (51)

HF = _(aﬂj\f ~ 0 +i5waﬂ6aj2?n)
onzaﬂjz, DHozaﬂjZ’ (52)
These tensor equations are similar to those obtained by
Cabibbo-ferrari tensor [25], which can also be compared with

Mognani-Recami tensor [29-30], who considered tachyon
charges as magnetic one.

5. Discussion

Writing the field equations in tensor forms is to reduce the
number of field equations. Tensor form of the usual
Maxwell’s field equations is familiar to every one in physics.
However, generalization of Maxwell’s equation in order to
accommodate the counterpart of the electric charges as
magnetic monopoles is a significant work which made
Maxwell’s equations symmetric. Further generalization of
Dirac-Maxwell’s equations in order to accommodate the
change in charge on the particles, electric as well as
magnetic, is also a substantial work. These generalized
Dirac-Maxwell’s equations and their solutions and fields
generated by such particle are studied in [8-10]. A new
phenomenon, called inversion in the field at critical distance
from a stationary charge whose charge is decreasing with
time is explored by the generalized theory. The present work
successfully converts the field equations involved in such
generalized theory into tensor forms.
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