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Abstract: A nanofluidic channel membrane electrokinetic and ion transport analytical model, is presented for the first time. The 

analytical formulation is obtained by systematically solving the Poisson-Nernst-Planck and Navier-Stokes coupled multiphysics 

equations are simultaneously derived that matches the numerical and experimental results. The analytical formulation helps 

nanofluidics researchers to use the present formulation for fast simulation and validation of the experimental results.  
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1. Introduction 
 

Nanofluidics is the study of the transport of fluids within 1-

100 nm scale. Nanoporous membranes have found their use 

in various applications like DNA sequencing [1–3], protein 

sensing [4,5], fluidic circuits [6–10], desalination [11–14], 

and energy [15,16]. Here, the nanofluidic membrane channel 

allows water/ionic solution to transport through the channel 

under the application of typically electric field driven 

mediated transport [17-21]. The electric field driven 

transport to drive the water and ionic solution leads to the 

generation of current, thereby power, energy for energy 

production for applications, ranging from transportation, 

clean energy, desalination and energy source for industrial 

and manufacturing industries to run[15,16]. Though, large 

scale manufacturing of membranes at the nanoscale for 

various applications including energy, ionic circuits and 

desalination have been successfully demonstrated, the theory 

of nanofluidics research and science is far behind. The 

transport of fluids/water or ions inside nanofluidic channels 

needs a thorough multiscale-multiphase governing equations 

to solve to calculate the velocity of fluids/water and ions, 

and current, power for various applications being 

demonstrated across world today [21-28]. One of the major 

drawbacks of the current theories, is that though they are 

accurate, take tens to hundreds of thousands of hours of 

computational time to solve and requires thousands of 

processors for the equations to run in the server [21-28]. The 

large computational time limits researchers to calculate a 

large number of designs to best design the nanofluidic 

membrane channels for myriad applications at present and 

also new applications in the future.  

 

In this paper, we consider the accurate theory of Poisson-

Nernst-Planck equation coupled with Navier-Stokes 

equations, and derive analytical derivations, for this 

multiscale multiphase multiphysics interactions involved 

nanofluidic channel transport, accounting for the solid-liquid 

interactions between the nanofluidic channel wall and the 

fluid/water and ionic electrolyte species  interactions, 

accounting for the surface governed transport contributions 

and extreme nanoscale confinement effects.  

 

 

2. Mathematical Modelling 
 

The PNP+NS equations are analytically derived, accurately 

with no loss of terms or order of PDEs in the final analytical 

solution. The classical PNP equation is given by,  

𝛻 ⋅  𝜀𝑟𝛻𝜑 =
−𝜌𝑒

𝜀0
    (1) 

𝜕𝑐𝑖

𝜕𝑡
= −𝛻 ⋅ ℑ𝑖     (2) 

ℑ𝑖 = −𝐷𝑖𝛻𝑐𝑖 −
𝐷𝑖𝑧𝑖𝐹𝑐𝑖

𝑅𝑇
𝛻𝜑 + 𝑐𝑖𝑢  (3) 

The Nernst-Planck equation without electro neutrality  
𝜕𝑐𝑖

𝜕𝑡
= −𝛻 ⋅  −𝐷𝑖𝛻𝑐𝑖 −

𝐷𝑖𝑧𝑖𝐹𝑐𝑖

𝑅𝑇
𝛻𝜑 + 𝑐𝑖𝑢  (4) 

Steady state Nernst-Planck equation (under equilibrium zero 

voltage input and electrokinetic velocity, u = 0) 

ℑ = −𝐷  𝛻𝑐 +
𝑧𝐹

𝑅𝑇
𝑐 𝛻𝜑     (5) 

To calculate the nonequilibrium, under applied voltage, 

electrokinetic fluid/water transport, we solve, Navier-Stokes 

equation, given below. 

𝜌  
𝜕𝑢

𝜕𝑡
+ 𝑢 ⋅ 𝛻𝑢 = −𝛻𝑃 + 𝜇𝛻2𝑢 −  𝑧𝑖

𝑚
𝑖=1 𝐹𝑐𝑖𝛻𝜑  (6) 

𝜌𝑒 = 𝐹  𝑧𝑖
𝑚
𝑥=1 𝑐𝑖       (7) 

𝐸 = −𝛻𝜑 

 

𝜌  
𝜕𝑢

𝜕𝑡
+ 𝑢 ⋅ 𝛻𝑢 = −𝛻𝑃 + 𝜇𝛻2𝑢 + 𝜌𝑒𝐸   (8) 

φ, is the electrostatic potential 

ℑ𝑖 is the flux vector of each ionic species, i 

𝑐𝑖 is concentration ion species, i 

m, number of ionic electrolyte species 

P, is pressure 

𝜌𝑒 is net space charge density 

𝜀0is permitivity of free space (vacuum permitivity) 

𝜀𝑟 is relative permitivity of medium 

𝑧𝑖 is valence of ion species 

𝐷𝑖 is diffusion coefficient of ion species 

𝜇is dynamic viscosity 

𝜇𝑖 is mobility of ion species 

𝜌is fluid/water density 

u, is fluid/water velocity 

E, is electric field 

F, is Faraday constant 

R, is gas constant 

T, is Temperature 
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t, is time. 

 

3. Analytical Derivation 
 

A) Local space charge density distribution along the 

axial direction 

𝜌𝑒 𝑥 = 𝐴𝑒
 𝛽

𝜆𝐷
𝑥
+ 𝑒

− 𝛽

𝜆𝐷
𝑥
−

2𝜎

ℎ
  (9) 

where σ is the surface charge density of the nanofluidic 

channel membrane, of length, L and height, h.  

 

Boundary conditions 

𝜌𝑒 𝑥 = 0𝑎𝑡𝑥 = 0 

𝜌𝑒 𝑥 = 0𝑎𝑡𝑥 = 𝐿 
 

Substituting boundary conditions to Eq. (9), we obtain 

𝜌𝑒 𝑥 =
2𝜎

ℎ 1+𝛼𝑥  
 𝑒

 𝛽

𝜆𝐷
𝑥
+ 𝛼𝑥𝑒

− 𝛽

𝜆𝐷
𝑥
   (10) 

𝜆𝐷 =  
𝜀0𝜀𝑟𝑅𝑇

2𝑧2𝐹2𝐶𝑏
    (11) 

𝜆𝐷 is the Debye length, z is the valence of the bigger 

electrolyte ionic species, respectively, Cb is the bulk ionic 

electrolyte solution concentration. 

𝛼𝑥 = 𝑒
 𝛽
𝜆𝐷

𝐿
 

𝛽 =  
𝐶𝑛
2

4𝐶𝑏
2 + 1 

where Cn is nanochannel fixed charge concentration, that can 

be held by the nanofluidic channel design and geometry and 

surface charge density, σ.  

 

B) The electric potential distribution along the axial 

direction 
 

From the poisson equation (2-D) 
𝜕2𝜑

𝜕𝑥2
+

𝜕2𝜑

𝜕𝑦2
=

−𝜌𝑒

𝜖0𝜖𝑟
      (12) 

Integrating over the surface of the nanofluidic channel, 

taking into effect the channel surface boundary conditions, 

given as,  
𝜕𝜑

𝜕𝑦
=

−𝜎

𝜖0𝜖𝑟
  at y = 0 

𝜕𝜑

𝜕𝑦
=

𝜎

𝜖0𝜖𝑟
  at y= h, nanochannel height 

The electric potential distribution along the axial direction is 

given as,  

𝜑 𝑥 =
−2𝜎

ℎ𝜖0𝜖𝑟
 

1

1+𝛼𝑥
 

𝜆𝐷
2

𝛽
𝑒

 𝛽

𝜆𝐷
𝑥
−

2𝜎

ℎ𝜖0𝜖𝑟
 

𝛼𝑥

1+𝛼𝑥
 

𝜆𝐷
2

𝛽
𝑒

− 𝛽

𝜆𝐷
𝑥
+ 𝐽1𝑥 + 𝐽2

  

 (13) 

 

The axial potential boundary conditions are given as,  

𝜑 𝑥 = 𝜑𝐿𝑎𝑡𝑥 = 0 

𝜑 𝑥 = 𝜑𝑅𝑎𝑡𝑥 = 𝐿   (14) 

where 𝜑𝐿is the potential applied at the source end and  𝜑𝑅 is 

the potential applied at the drain end of the nanofluidic 

channel system.  

 

Solving, Eq. (13) with boundary conditions, specified in Eq. 

(14), the electric potential distribution along the axial 

direction is given as, 

𝜑 𝑥 =
−2𝜎

ℎ𝜖0𝜖𝑟
 

1

1+𝛼𝑥
 

𝜆𝐷
2

𝛽
 𝑒

 𝛽

𝜆𝐷
𝑥
+ 𝛼𝑥𝑒

− 𝛽

𝜆𝐷
𝑥
 +  

𝜑𝑅−𝜑𝐿

𝐿
 𝑥 +

𝜑𝐿 +
2𝜎

ℎ𝜖0𝜖𝑟

𝜆𝐷
2

𝛽
  (15) 

 

C) Concentration of two-ionic electrolyte species 

distribution along the axial direction 

C1) anion concentration along the axial direction 

𝑐1 𝑥 = 𝐾1𝑒
−𝑧𝐹

𝑅𝑇
𝜑 𝑥 

+ 𝑒
−𝑧𝐹

𝑅𝑇
𝜑 𝑥 

∫
0

𝑥
𝑃𝑒

−𝑧𝐹

𝑅𝑇
𝜑 𝜁 𝑑𝜁 + 𝑅   (16) 

Boundary conditions 

𝑐1 𝑥 = 𝐶𝑏at x = 0 

𝑐1 𝑥 = 𝐶𝑏at x = L 

𝐾1 =
 
𝐶𝑛
2
+𝐶𝑏𝛽−𝐶𝑏 𝐿

∫0
𝐿
 𝑒

−𝑧𝐹
𝑅𝑇 𝜑 𝑥 

−
𝑒
−𝑧𝐹
𝑅𝑇 𝜑 𝑥 

𝑒
−𝑧𝐹
𝑅𝑇 𝜑𝐿

 𝑒
−𝑧𝐹
𝑅𝑇 𝜑𝑅−𝑒

−𝑧𝐹
𝑅𝑇 𝜑𝐿 

∫0
𝑥
𝑒
−𝑧𝐹
𝑅𝑇 𝜑 𝜁 

𝑑𝜁

∫0
𝐿
𝑒
𝑧𝐹
𝑅𝑇𝜑 𝜁 

𝑑𝜁

−𝑒
−𝑧𝐹
𝑅𝑇 𝜑𝐿  𝑑𝑥

    

(17) 

 

𝑃 =
−𝐾1 𝑒

−𝑧𝐹
𝑅𝑇 𝜑𝑅−𝑒

−𝑧𝐹
𝑅𝑇 𝜑𝐿  

𝑒
−𝑧𝐹
𝑅𝑇 𝜑𝑅∫0

𝐿
𝑒
𝑧𝐹
𝑅𝑇𝜑 𝜁 

𝑑𝜁

    (18) 

𝑅 = 𝐶𝑏 − 𝐾1𝑒
−𝑧𝐹

𝑅𝑇
𝜑𝐿     (19) 

 

C2) Cation concentration along the axial direction 
Using, space charge density Eq. (7), we calculate the cation 

concentration,  

𝑐2 𝑥 =
𝜌𝑒−𝑧1𝐹𝑐1

𝑧2𝐹
              (20) 

Using Eq. (20) and Nernst-Planck equation, Eq. (4), the 

cation concentration, 𝑐2 𝑥  is given as, 

 

𝑐2 𝑥 = 𝐾2𝑒
𝑧𝐹

𝑅𝑇
𝜑 𝑥 

+ 𝑒
𝑧𝐹

𝑅𝑇
𝜑 𝑥 

∫
0

𝑥
𝑄𝑒

−𝑧𝐹

𝑅𝑇
𝜑 𝜁 𝑑𝜁 + 𝑆 

     (21) 

with the boundary conditions,  

𝑐2 𝑥 = 𝐶𝑏  at x = 0 

𝑐2 𝑥 = 𝐶𝑏  at x = L 

𝐾2 =
 
−𝐶𝑛
2
+𝐶𝑏𝛽−𝐶𝑏 𝐿

∫0
𝐿
 𝑒

𝑧𝐹
𝑅𝑇𝜑 𝑥 

−
𝑒
𝑧𝐹
𝑅𝑇𝜑 𝑥 

𝑒
𝑧𝐹
𝑅𝑇𝜑𝑅

 𝑒
𝑧𝐹
𝑅𝑇𝜑𝑅−𝑒

𝑧𝐹
𝑅𝑇𝜑𝐿 

∫0
𝑥
𝑒
−𝑧𝐹
𝑅𝑇 𝜑 𝜁 

𝑑𝜁

∫0
𝐿
𝑒
−𝑧𝐹
𝑅𝑇 𝜑 𝜁 

𝑑𝜁

−𝑒
𝑧𝐹
𝑅𝑇𝜑𝐿  𝑑𝑥

  

  (22) 

𝑄 =
−𝐾2 𝑒

𝑧𝐹
𝑅𝑇𝜑𝑅−𝑒

−𝑧𝐹
𝑅𝑇 𝜑𝐿  

𝑒
𝑧𝐹
𝑅𝑇𝜑𝑅∫0

𝐿
𝑒
−𝑧𝐹
𝑅𝑇 𝜑 𝜁 

𝑑𝜁

   (23) 

𝑆 = 𝐶𝑏 − 𝐾2  𝑒
𝑧𝐹

𝑅𝑇
𝜑𝐿     (24) 

 

D) Space charge density distribution, 𝜌𝑒 , across the 

nanofluidic channel height 
From, Eq. (2) and Eq. (7), we obtain,  

𝜌𝑒 𝑦 = 𝑃1𝑒
 𝛽

𝜆𝐷
𝑦
+ 𝑃2𝑒

− 𝛽

𝜆𝐷
𝑦
   (25) 

 

with boundary conditions obtained from Eq. (1), Eq. (2) and 

Eq. (7),  
𝜕𝜌𝑒 𝑦 

𝜕𝑦
=

𝛽𝜎

𝜆𝐷
2 at y  = 0 

𝜕𝜌𝑒 𝑦 

𝜕𝑦
=

−𝛽𝜎

𝜆𝐷
2 at y  = h, nanochannel height 

we arrive, 
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𝜌𝑒 𝑦 =
−1

𝛼𝑦−1

 𝛽

𝜆𝐷
𝜎  𝑒

 𝛽

𝜆𝐷
𝑦
+ 𝛼𝑦𝑒

− 𝛽

𝜆𝐷
𝑦
   (26) 

𝛼𝑦 = 𝑒
 𝛽
𝜆𝐷

ℎ
 

 

E) Electric potential distribution across the nanofluidic 

channel height 
From Eq. (1) and Eq. (7), we obtain,  

𝜑 𝑦 =
𝜎

𝛼𝑦−1

𝜆𝐷

 𝛽𝜖0𝜖𝑟
 𝑒

 𝛽

𝜆𝐷
𝑦
+ 𝛼𝑦𝑒

− 𝛽

𝜆𝐷
𝑦
 + 𝑃3𝑦 + 𝑃4 (27) 

with boundary conditions 
𝜕𝜑  𝑦 

𝜕𝑦
=

−𝜎

𝜖0𝜖𝑟
   at y = 0 

𝜕𝜑  𝑦 

𝜕𝑦
=

𝜎

𝜖0𝜖𝑟
   at y = h 

On solving Eq. (27) with the above boundary conditions, we 

obtain,  

𝜑 𝑦 =
𝜎

𝛼𝑦 − 1

𝜆𝐷

 𝛽𝜖0𝜖𝑟

 𝑒
 𝛽
𝜆𝐷

𝑦
+ 𝛼𝑦𝑒

− 𝛽
𝜆𝐷

𝑦
 + 𝜑 𝑥 

−
2𝜎𝜆𝐷

2

𝛽𝜖0𝜖𝑟ℎ
 

       (28) 

 

F) Concentration of two-ionic electrolyte species 

distribution across the nanofluidic channel height 

F1) anion concentration across the nanofluidic channel 

height 
From, Eq. (4), we obtain the anion concentration across the 

nanofluidic channel height, given as,  

𝑐1 𝑦 =
𝑐1 𝑥 

1

ℎ
∫0

ℎ
𝑒
𝑧𝐹
𝑅𝑇

𝜑 𝑦 
𝑑𝑦

𝑒
−𝑧𝐹

𝑅𝑇
𝜑 𝑦 

     (29) 

F2) cation concentration across the nanofluidic channel 

height 
From, Eq. (4), we obtain the cation concentration across the 

nanofluidic channel height, given as,  

𝑐2 𝑦 =
𝑐2 𝑥 

1

ℎ
∫0

ℎ
𝑒
−𝑧𝐹
𝑅𝑇 𝜑 𝑦 

𝑑𝑦

𝑒
𝑧𝐹

𝑅𝑇
𝜑 𝑦 

     (30) 

 

G) Solving for the contour water/fluid electrokinetic 2D 

motion inside the nanofluidic channel 
Solving Eq. (8), assuming fluid/water flow is uniform and 

well developed along the axial direction and the water/fluid 

electrokinetic transport varies across the nanofluidic channel 

height, the 2D water/fluid electrokinetic transport velocity 

profile, is given by,  

𝑢 = ∫ ∫  
1

𝜇
 
𝜕𝑃

𝜕𝑥
+ 𝜌𝑒 𝑥 

𝜕𝜑  𝑥 

𝜕𝑥
 𝑑𝑦 𝑑𝑦 + 𝑃5𝑦 + 𝑃6 (31) 

where the water/fluid boundary conditions are given as,  

 𝑢 𝑦=0 = 0  No slip condition 

 𝑢 𝑦=ℎ = 0  No slip condition  

Solving Eq. (31) with the above boundary conditions, give 

us,  

𝑃5 = 0 

𝑃6 =
𝜎

𝜇 𝛼𝑦−1 
 
𝜆𝐷

 𝛽
  1 + 𝛼𝑦  

1

𝛼𝑥+1
 

−2𝜎

ℎ𝜖0𝜖𝑟
 

𝜆𝐷

 𝛽
 𝑒

 𝛽

𝜆𝐷
𝑥
−

𝛼𝑥𝑒−𝛽𝜆𝐷𝑥+𝜑𝑅−𝜑𝐿𝐿  (32) 

 

𝑢 =

1

𝜇

−𝜎

 𝛼𝑦−1 
 
𝜆𝐷

 𝛽
  𝑒

 𝛽

𝜆𝐷
𝑦
+ 𝛼𝑦𝑒

− 𝛽

𝜆𝐷
𝑦
  

1

𝛼𝑥+1
 

−2𝜎

ℎ𝜖0𝜖𝑟
 

𝜆𝐷

 𝛽
 𝑒

 𝛽

𝜆𝐷
𝑥
−

𝛼𝑥𝑒−𝛽𝜆𝐷𝑥+𝜑𝑅−𝜑𝐿𝐿+𝑃6  (33) 

 

Numerical Simulations 

 

The analytical derivation for water/fluid electrokinetic 

transport and ionic electrolyte species transport inside 

nanofluidic channel systems are compared with our in-house 

developed numerical simulations. We use OpenFOAM 

platform based open source, freely accessible, open source 

package platform and in-house developed PNP+NS 

numerical simulation solvers [21-28] to compare our 

analytical derivation solutions. The PNP+NS numerical 

software platform package is available in the GitHub, under 

free access and download at 

https://github.com/nandiga/PNP_Navier_Stokes_Foam 

 

Nanofluidic channel geometry  
Here, nanofluidic channel geometry of length 500 nm and 

30 nm height is considered. The steady state zero voltage 

equilibrium electrokinetic water/fluid transport and ion 

transport is compared between numerical simulations and 

analytical derivations. The inlet supplied  concentration, for 

a KCl electrolyte solution is 0.1 mM, and the nanofluidic 

channel surface charge density here is 𝜎 = −1𝑚𝐶 𝑚2  .  

Further, the analytical derivation solution is compared with 

the experiments of Cheng et al.[29]. 3D  homogenous Silica 

nanochannels[29] of two geometries, dimensions, Length, L 

= 60  μm, width w = 2.5 μm X 5 and height h = 18.7 nm and 

geometry (2) has dimensions, Length, L = 60  μm, width w 

= 2.5 μm X 5 and height h = 4 nm, respectively. KCl 

concentration is varying across 5 orders of magnitude from 

10−5𝑀 to 1 M.   

 

4. Results 
 

Fig. 1. shows the steady state zero voltage equilibrium 

electrokinetic water/fluid transport and ionic electrolyte 

species transport between numerical simulations and 

analytical derivation solutions. The 2D numerical PNP+NS 

simulations and the analytical derivations results match to 

99% accuracy. Fig. 2. shows the conductance (S) results 

comparison between Cheng et al.[29] experiments and the 

analytical derivation solutions. The results match 

exceedingly well (almost 100% match) between Cheng et al. 

[29] experimental results and the analytical derivation 

solutions. The nanofluidic channel surface charge density 

was kept as a free parameter and varied to match Cheng et 

al. [29] experimental results as the surface charge density of 

the nanofluidic channel was not known in their experimental 

studies.  
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Figure 1: (a) Comparison between numerical simulation 

with analytical derivation for axial ion transport of KCl 

electrolyte concentration distribution inside nanofluidic 

channel, with nanofludic channel wall surface charge 

density, 𝜎 = −1𝑚𝐶 𝑚2 . (b)  Comparison between 

numerical simulation with analytical derivation for axial 

water/fluid electrokinetic transport, under zero voltage, 

equilibrirum transport. (c-d)  Comparison between analytical 

derivation (Fig. 1c) and numerical simulation (Fig. 1d) for 

contour 2D ionic electrolyte transport, KCl, inside 2D 

nanofluidic geometry channel. The analytical derivation 

matches close to 99% accuracy to the numerical simulation. 

 
Figure 2: Comparison between Cheng et. al.[29] 

experimental conductance for two different geometries of 

homogenous silica nanofluidic channel with our anaytical 

derivation solution conductance. 

 

5. Conclusions 
 

Here, we present an analytical derivation solution for a 

nanofluidic channel system to calculate the electrokinetic 

water/fluid transport and ion electrolyte species transport, 

along with conductance results for the first time. The 

analytical formulation matches very well (close to 99% 

accuracy) with the complete 2D PNP+NS numerical 

simulations and published experimental literature results for 

nanofluidic channel systems.  
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