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1. Introduction 
 

Complex numbers are the extension of real numbers and are 

defined be the set ℂ =  𝑎 + 𝑖𝑏 ∶ 𝑎, 𝑏 ∈ ℝ , 𝑖 =  −1 , any 

complex number can be denoted by 𝑧 = 𝑎 + 𝑖𝑏    

   

𝒊 𝒊𝒔 𝒏𝒐𝒕 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓  
 

Proof 

Firstly, let’s note that 𝑖  is a solution of the equation 𝑥2 +
1 = 0 

𝑖. 𝑒. 𝑥2 + 1 = 0 

⟹  𝑥2 = −1 ⟹ 𝑥 = ± −1 

𝑖𝑓 𝑥 𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 , 𝑡ℎ𝑒𝑛 𝑏𝑦 𝑙𝑎𝑤 𝑜𝑓 𝑡𝑟𝑖𝑐𝑜𝑡𝑜𝑚𝑦 𝑥
> 0 𝑜𝑟 𝑥 < 0 𝑜𝑟  𝑥 = 0 

𝑖 > 0 ⟹  −1 > 0 ⟹   −1 
2

> 0 ⟹ −1 > 0 ⟹⟸  

𝑖 < 0 ⟹  −1 < 0 ⟹   −1 
2

> 0 ⟹ −1 > 0 ⟹⟸     

𝑖 > 0 ⟹  −1 = 0 ⟹   −1 
2

= 0 ⟹ −1 = 0 ⟹⟸     

Therefore in any case 𝑖 fails to be a real numer 

ℝ2 = { 𝑎, 𝑏 : 𝑎, 𝑏 ∈ ℝ}   
 

Similarities between ℂ and ℝ𝟐  

 

 ℂ and ℝ2 have same cardinality 

Consider the function 𝑓: ℝ2 ⟶ ℂ  defined by 𝑓 𝑎, 𝑏 =
𝑎 + 𝑖𝑏, clearly 𝑓 is a bijection for 

 𝑓 𝑎1, 𝑏1 = 𝑓 𝑎2 , 𝑏2 ⟹ 𝑎1 + 𝑖𝑏1 = 𝑎2 + 𝑖𝑏2 ⟹ 𝑎1 =
𝑎2 and 𝑏1 = 𝑏2 ⟹  𝑎1 , 𝑏1 =  𝑎2, 𝑏2  

Hence 𝑓 is one-one. Also for any 𝑐 + 𝑖𝑑, 𝑓 𝑐, 𝑑 = 𝑐 + 𝑖𝑑 

Thus 𝑓 is a bijection and hence the result. 

 ℂ and ℝ2 both are groups with respect to addition 

 

We prove the statement for ℂ fiirst 

Let 𝑧1, 𝑧2 , 𝑧3 ∈ ℂ  , where 𝑧1 = 𝑎1 + 𝑖𝑏1 , 𝑧2 = 𝑎2 +
𝑖𝑏2  𝑎𝑛𝑑 𝑧3 = 𝑎3 + 𝑖𝑏3 and  𝑎1 , 𝑏1  , 𝑎2  , 𝑏2 , 𝑎3 , 𝑏3 ∈ ℝ 

𝑧1 + 𝑧2 = (𝑎1 + 𝑖𝑏1) +  𝑎2 + 𝑖𝑏2 =  𝑎1 + 𝑎2 +
𝑖 𝑏1 + 𝑏2 ∈ ℂ ⋯ closure property 

  

(𝑧1 + 𝑧2) + 𝑧3 = [(𝑎1 + 𝑖𝑏1) +  𝑎2 + 𝑖𝑏2 ] + (𝑎3 + 𝑖𝑏3) 

                            = [(𝑎1 + 𝑎2) + 𝑖 𝑏1 + 𝑏2 ] + (𝑎3 + 𝑖𝑏3) 

                            = ((𝑎1 + 𝑎2) + 𝑎3) + 𝑖( 𝑏1 + 𝑏2 + 𝑏3) 

                            =  𝑎1 +  𝑎2 + 𝑎3  + 𝑖 𝑏1 +  𝑏2 + 𝑏3   

                            = 𝑎1 + 𝑖𝑏1 +   𝑎2 + 𝑎3 + 𝑖 𝑏2 + 𝑏3   

                            = 𝑎1 + 𝑖𝑏1 +   𝑎2 + 𝑖𝑏2 +  𝑎3 + 𝑖𝑏3   
                            = 𝑧1 + (𝑧2 + 𝑧3) ⋯associativity property  

Let  𝑤 = 𝑢 + 𝑖𝑣 

Suppose 𝑧 + 𝑤 = 𝑧 ⟹  𝑎 + 𝑖𝑏 +  𝑢 + 𝑖𝑣 = 𝑎 + 𝑖𝑏 

                                     ⟹  𝑎 + 𝑢 + 𝑖 𝑏 + 𝑣 = 𝑎 + 𝑖𝑏 

                                     ⟹ 𝑎 + 𝑢 = 𝑎 𝑎𝑛𝑑 𝑏 + 𝑣 = 𝑏 

                                     ⟹ 𝑢 = 0 𝑎𝑛𝑑 𝑣 = 0 
 

Similarly, 𝑤 + 𝑧 = 𝑧 ⟹  𝑢 + 𝑖𝑣 +  𝑎 + 𝑖𝑏 = 𝑎 + 𝑖𝑏 

                                     ⟹  𝑢 + 𝑎 + 𝑖 𝑣 + 𝑏 = 𝑎 + 𝑖𝑏 

                                     ⟹ 𝑢 + 𝑎 = 𝑎 𝑎𝑛𝑑 𝑣 + 𝑏 = 𝑏 

                                     ⟹ 𝑢 = 0 𝑎𝑛𝑑 𝑣 = 0 

Thus for any 𝑧 ∈ ℂ  there exists a unique 𝑤 = 0 + 0𝑖 =
0 such that 𝑧 + 𝑤 = 𝑧 = 𝑤 + 𝑧                   ⋯  identity 

property  

 

Let 𝑊 = 𝑈 + 𝑖𝑉 

Suppose 𝑧 + 𝑊 = 0 ⟹  𝑎 + 𝑖𝑏 +  𝑈 + 𝑖𝑉 = 0 + 𝑖0 

                                     ⟹  𝑎 + 𝑈 + 𝑖 𝑏 + 𝑉 = 0 + 𝑖0 

                                     ⟹ 𝑎 + 𝑈 = 0 𝑎𝑛𝑑 𝑏 + 𝑉 = 0 

                                     ⟹ 𝑈 = −𝑎 𝑎𝑛𝑑 𝑉 = −𝑏 

Similarly, 𝑊 + 𝑧 = 0 ⟹  𝑈 + 𝑖𝑉 +  𝑎 + 𝑖𝑏 = 0 + 𝑖0 

                                     ⟹  𝑈 + 𝑎 + 𝑖 𝑉 + 𝑏 = 0 + 𝑖0 

                                     ⟹ 𝑈 + 𝑎 = 0 𝑎𝑛𝑑 𝑉 + 𝑏 = 0 

                                     ⟹ 𝑈 = −𝑎 𝑎𝑛𝑑 𝑉 = −𝑏 

Thus for any 𝑧 ∈ ℂ there is a 𝑊 = −𝑎 +  −𝑏 𝑖 = −𝑧  such 

that 𝑧 + 𝑊 = 0 = 𝑊 + 𝑧        ⋯      additive inverse 

property 

 

Now we prove that ℝ2 is a group with respect to addition  

  

Let (𝑎1 , 𝑏1) , (𝑎2  , 𝑏2), (𝑎3 , 𝑏3) ∈ ℝ2 

(𝑎1, 𝑏1) +  𝑎2 , 𝑏2 = ( 𝑎1 + 𝑎2 ,  𝑏1 + 𝑏2 ) ∈ ℝ2  ⋯  

closure property  
 

(𝑧1 + 𝑧2) + 𝑧3 = [(𝑎1, 𝑏1) +  𝑎2 , 𝑏2 ] + (𝑎3 , 𝑏3) 

                            =   𝑎1 + 𝑎2 ,  𝑏1 + 𝑏2  + (𝑎3 , 𝑏3) 

                            =   𝑎1 + 𝑎2 + 𝑎3 , ( 𝑏1 + 𝑏2 + 𝑏3) 

                            =  𝑎1 +  𝑎2 + 𝑎3  ,  𝑏1 +  𝑏2 + 𝑏3   

                            = (𝑎1 , 𝑏1) +   𝑎2 + 𝑎3 ,  𝑏2 + 𝑏3   

                            = (𝑎1 , 𝑏1) +   𝑎2 , 𝑏2 +  𝑎3 , 𝑏3   
                                                                                                               

⋯         associativity property  

 

Let (𝑢, 𝑣) ∈ ℝ2 

Suppose  𝑎, 𝑏 +  𝑢, 𝑣 = (𝑎, 𝑏) 

                                     ⟹   𝑎 + 𝑢 ,  𝑏 + 𝑣  = (𝑎, 𝑏) 

                                     ⟹ 𝑎 + 𝑢 = 𝑎 𝑎𝑛𝑑 𝑏 + 𝑣 = 𝑏 

                                     ⟹ 𝑢 = 0 𝑎𝑛𝑑 𝑣 = 0 
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Similarly,⟹  𝑢, 𝑣 +  𝑎, 𝑏 =  𝑎, 𝑏  

                                     ⟹  𝑢 + 𝑎 + 𝑖 𝑣 + 𝑏 = (𝑎, 𝑏) 

                                     ⟹ 𝑢 + 𝑎 = 𝑎 𝑎𝑛𝑑 𝑣 + 𝑏 = 𝑏 

                                     ⟹ 𝑢 = 0 𝑎𝑛𝑑 𝑣 = 0 

Thus for any 𝑧 ∈ ℂ  there exists a unique ( 0,0) such that 

 𝑎, 𝑏 +  𝑢, 𝑣 = (𝑎, 𝑏) =  𝑢, 𝑣 +  𝑎, 𝑏                   ⋯ 

identity property  

 

Let (𝑈, 𝑉) ∈ ℝ2 

Suppose  𝑎, 𝑏 +  𝑈, 𝑉 = (0,0) 

                                     ⟹   𝑎 + 𝑈 ,  𝑏 + 𝑉  = (0,0) 

                                     ⟹ 𝑎 + 𝑈 = 0 𝑎𝑛𝑑 𝑏 + 𝑉 = 0 

                                     ⟹ 𝑈 = −𝑎 𝑎𝑛𝑑 𝑉 = −𝑏 

Similarly, ⟹  𝑈, 𝑉 +  𝑎, 𝑏 = (0,0) 

                                     ⟹   𝑈 + 𝑎 ,  𝑉 + 𝑏  = (0,0) 

                                     ⟹ 𝑈 + 𝑎 = 0 𝑎𝑛𝑑 𝑉 + 𝑏 = 0 

                                     ⟹ 𝑈 = −𝑎 𝑎𝑛𝑑 𝑉 = −𝑏 

Thus for any 𝑧 ∈ ℂ there is a (– 𝑎,  −𝑏 ) such that  𝑎, 𝑏 +
 𝑈, 𝑉 = (0,0) =  𝑈, 𝑉 +  𝑎, 𝑏        ⋯      additive inverse 

property 

 

 

Difference between ℂ and ℝ𝟐 

 You can add a real number to a complex number but you 

cannot add a real number to an element in ℝ2 

𝑙𝑒𝑡 𝑧 = 3 + 5𝑖 , 𝑡ℎ𝑒𝑛 𝑧 + 4 = 3 + 5𝑖 + 4 = 7 + 5𝑖 
𝑤ℎ𝑒𝑟𝑒 𝑎𝑠 𝑓𝑜𝑟  3,5 ∈ ℝ2,  3,5 + 4 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 

 Multiplying two complex numbers  gives a complex 

number, where as any two numbers in ℝ2 can be treated  

as vectors that leads to either Dot product  or Cross 

product 

𝑙𝑒𝑡 𝑧1 = 𝑎 + 𝑖𝑏 𝑎𝑛𝑑 𝑧2 = 𝑐 + 𝑖𝑑 𝑡ℎ𝑒𝑛 𝑧1𝑧2

= 𝑎𝑐 − 𝑏𝑑 + 𝑖 𝑎𝑑 + 𝑏𝑐  

𝑤ℎ𝑒𝑟𝑒 𝑎𝑠, 𝑖𝑓 𝑢 =  𝑎, 𝑏  𝑎𝑛𝑑 𝑣 =  𝑐, 𝑑  𝑖𝑛 ℝ2 , 𝑡ℎ𝑒𝑛 𝑢 ⋅ 𝑣
= 𝑎𝑐 + 𝑏𝑑 

 𝑎𝑛𝑑 𝑢 × 𝑣 =   
𝑖 𝑗 𝑘 

𝑎 𝑏 0
𝑐 𝑑 0

 =  𝑎𝑑 − 𝑏𝑐 𝑘  𝑎 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟  in 

the direction perpendicular to 𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠  

 A complex number is a scalar where as an element in ℝ2 

is referred to as a vector 

 We can divide two complex numbers but division of two 

vectors is not defined 

 Elements of R are called as vectors where as that of ℂ are 

scalars 

 C is a field, whereas, R
2 
is just a vector space 

 

Acknowledgment 

 

I thank Springer verlag and McGraw hill International 

publications And I thank the references mentioned. 

 

References 
 
[1] Basic multivariable calculus by J.E Marsden, A .J 

Tromba and A Weinstein, Springer verlag. Indian print 

II Edition 2005. 

[2] Complex variables and applications by James Brown 

and Ruel Churchill, Eighth Edition, McGraw hill 

International Edition  

Paper ID: MR22924232539 DOI: 10.21275/MR22924232539 1026 




