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Abstract: This study has been undertaken to understand The Archimedean property in detail. Various references have been made to go 
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1. Introduction 
 

The Archimedean property is named after the ancient Greek 

mathematician Archimedes of Syracuse. One of the 

fundamental properties of the real numbers is the 

Archimedean Property, an axiom introduced by Archimedes 

in his work on geometry. In modern language, it says that 

every real number is bounded above by a natural number: 

For any 𝑥 ∈ ℝthere is a 𝑛 ∈ ℕ so that𝑥 ≤ 𝑛 . It follows that 

there are no infinitesimally large or small elements in ℝ. 

That means every element in ℝ is bounded. The property 

states that given two positive numbers 𝑥 and 𝑦, there is an 

integer 𝑛 such that 𝑛𝑥 > 𝑦. 
 

For example  

a) let 𝑥 = 7 and 𝑦 = 100, then we find that if we take 

𝑛 = 15, then 𝑛𝑥 = 15 × 7 = 105 > 100 = 𝑦 

b) let 𝑥 = 4 and 𝑦 = 179, then we find that if we take 

𝑛 = 45, then 𝑛𝑥 = 4 × 45 = 180 > 179 = 𝑦 

c) let 𝑥 = 100 and 𝑦 = 7, then we find that if we take 

𝑛 = 1, then 𝑛𝑥 = 1 × 100 = 100 > 7 = 𝑦 

d) let 𝑥 = 179 and 𝑦 = 4, then we find that if we take 

𝑛 = 1, then 𝑛𝑥 = 1 × 179 = 179 > 4 = 𝑦 

 

How do we get this 𝑛? 

Clearly, 𝑛𝑥 > 𝑦 ⟹ 𝑛 >
𝑦

𝑥
⟹ 𝑛 =  

𝑦

𝑥
 + 1, where  𝑥  is the 

greatest integer less than or equal to 𝑥 

If 𝑥 > 𝑦,  then  
𝑦

𝑥
 = 0 ⟹ 𝑛 = 0 + 1 = 1 

 

It also means that the set of natural numbers is not bounded 

above. Roughly speaking, it is the property of having no 

infinitely large or infinitely small elements.The 

Archimedean property is one of the most distinctive and 

useful features of the field of real numbers. This property is 

the result of the supremum property. The Supremum 

property (or the Least upper bound property) states that 

 

“ 𝑬𝒗𝒆𝒓𝒚 𝒏𝒐𝒏
− 𝒆𝒎𝒑𝒕𝒚 𝒔𝒖𝒃𝒔𝒆𝒕 𝑺 𝒐𝒇 ℝ 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒂𝒃𝒐𝒗𝒆  

𝒉𝒂𝒔 𝒂 𝒔𝒖𝒑𝒓𝒆𝒎𝒖𝒎 𝒊𝒏 ℝ. ” 
 

2. Archimedean Property In Calculus 
 

1) The subset ℕ of Natural numbers is not bounded 

above inℝ 

Proof:  

Suppose ℕ is bounded above, also ℕ ⊆  ℝ 

⟹ ℕ  has the Supremum property i.e. ℕ has the Least upper 

bound 

⟹ ∃ 𝑀 ∈ ℝsuch that 𝑛 ≤ 𝑀 ∀𝑛 ∈ ℕ 

By the definition of supremum, for 1 > 0, ∃𝑚 ∈ ℕ such that 

𝑚 > 𝑀 − 1 

⟹ 𝑚 + 1 > 𝑀 ⟹⟸ (as 𝑚 + 1 ∈ ℕ) 

 

2) If 𝐱 ∈ ℝ, then there is 𝐧 ∈ ℕ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝐱 < 𝑛 

Proof: 

Suppose 𝑥 ≥ 𝑛 ∀𝑛 ∈ ℕ 

⟹  ℕ is bounded above by 𝑥 

⟹⟸ (ℕ is not bounded above) 

 

3) Let 𝐱, 𝐲 > 0, then there exists 𝐧 ∈ ℕ such that 𝐱 < 𝑛𝑦 

Proof : 

Since 𝑥 > 0 and 𝑦 > 0, 𝑥 𝑦 > 0 

⟹ ∃ 𝑛 ∈ ℕ such that 𝑥 𝑦 < 𝑛 

 

4) Let 𝐲 > 0, then there exists 𝐧 ∈ ℕ such that 𝟎 <
𝟏

𝐧
< 𝑦 

Proof: 

𝑦 > 0 𝑎𝑛𝑑 1 > 0 ⟹ ∃ 𝑛 ∈ ℕ such that 1 < 𝑛𝑦 

⟹
1

𝑛
< 𝑦 

∵ 𝑛 ∈ ℕ, 𝑛 > 0 ⟹
1

𝑛
> 0 ⟹ 0 <

1

𝑛
< 𝑦 

 

5) Let 𝐱 > 0, then there exists 𝐧 ∈ ℕ such that 𝐧 − 𝟏 ≤
𝐱 < 𝑛 

Proof : 

Consider the set 𝑆 =  𝑘 ∈ ℕ 𝑥 < 𝑘  
Claim 𝑆 ≠ ∅ 

As 𝑥 > 0, by Archimedean property, ∃ 𝑚 ∈ ℕ such that 

𝑥 < 𝑚 

⟹ 𝑚 ∈ 𝑆 ⟹ 𝑆 ≠ ∅ 

⟹ 𝑆 has a least element (say 𝑛) i.e. 𝑥 < 𝑛 

Claim 𝑥 ≥ 𝑛 − 1 
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Suppose 𝑥 < 𝑛 − 1 

⟹ 𝑛 − 1 ∈ 𝑆 

⟹⟸ ( as 𝑛 is the least element of 𝑆 and 𝑛 − 1 < 𝑛) 

∴ 𝑛 − 1 ≤ 𝑥 < 𝑛 

 

6) There exists a positive real number 𝐱 such that 

𝐱𝟐 = 𝟐 

Proof:  

Consider the set 𝑆 =  𝑡 ∈ ℝ 𝑡 ≥ 0 𝑎𝑛𝑑 𝑡2 < 2  
Claim 𝑆 ≠ ∅ 

As 12 = 1 < 2 ⟹ 1 ∈ 𝑆 ⟹ 𝑆 ≠ ∅ 

Claim 𝑆 is bounded above by 2 

Let 𝑡 ∈ 𝑆 such that 𝑡 > 2, ⟹ 𝑡2 > 4 ⟹⟸ 

∴ 𝑡 < 2 ∀ 𝑡 ∈ 𝑆, hence the claim 

As 𝑆 ⊆ ℝ and is bounder above by 2, 𝑆 has the least upper 

bound property 

⟹ ∃ 𝑥 ∈ ℝ such that 𝑥 = sup 𝑆 

Clearly, 𝑥 ≠ 0 as 1∈ 𝑆 and 1 > 0 (𝑥 is supposed to be the 

upper bound of 𝑆) 

⟹ 𝑥 > 0 

Claim 𝑥2 = 2 

Suppose 𝑥2 > 2 ⟹ 𝑥2 − 2 > 0 ⟹
𝑥2−2

2𝑥
> 0 (𝑎𝑠 𝑥 >

0, 2𝑥 > 0) 

⟹ by Archimedean property, ∃ 𝑚 ∈ ℕ such that 
1

𝑚
<

𝑥2−2

2𝑥
 

Consider  𝑥 −
1

𝑚
 

2

= 𝑥2 −
2𝑥

𝑚
+

1

𝑚2 

> 𝑥2 −
2𝑥

𝑚
 

> 𝑥2 −  𝑥2 − 2 = 2 (as 
1

𝑚
<

𝑥2−2

2𝑥
⟹

2𝑥

𝑚
< 𝑥2 − 2 ⟹

−
2𝑥

𝑚
> −(𝑥2 − 2)) 

⟹  𝑥 −
1

𝑚
 

2

> 2 ⟹ 𝑥 −
1

𝑚
∉ 𝑆 

For any 𝑡 ∈ 𝑆, 𝑡2 < 2 <  𝑥 −
1

𝑚
 

2

 

⟹ 𝑡 <  𝑥 −
1

𝑚
  (why? 𝑡 ≥ 0 and 𝑥 −

1

𝑚
> 0.. here 𝑥 > 1 as 

𝑥 is supposed to be the upper bound) 

As 𝑡 is arbitrary, 𝑡 <  𝑥 −
1

𝑚
  ∀𝑡 ∈ 𝑆 

⟹  𝑥 −
1

𝑚
  is an upper bound of 𝑆 

⟹⟸  (As𝑥 −
1

𝑚
< 𝑥 and 𝑥 is supposed to be the Least 

upper bound) 

 

Suppose 𝑥2 < 2 ⟹ 2 − 𝑥2 > 0 ⟹
2−𝑥2

2𝑥+1
> 0 (𝑎𝑠 𝑥 >

0, 2𝑥 + 1 > 0) 

⟹ by Archimedean property, ∃ 𝑛 ∈ ℕ such that 
1

𝑛
<

2−𝑥2

2𝑥+1
 

Consider  𝑥 +
1

𝑛
 

2

= 𝑥2 +
2𝑥

𝑛
+

1

𝑛2 

= 𝑥2 +
1

𝑛
 2𝑥 +

1

𝑛
  

≤ 𝑥2 +
1

𝑛
 2𝑥 + 1 (∵ 𝑛 ≥ 1,

1

𝑛
≤ 1) 

< 𝑥2 + 2 − 𝑥2 = 2     (as 
1

𝑛
<

2−𝑥2

2𝑥+1
⟹

2𝑥+1

𝑛
< 2 − 𝑥2) 

⟹  𝑥 +
1

𝑛
 

2

< 2 ⟹  𝑥 +
1

𝑛
 ∈ 𝑆 ⟹⟸  (as𝑥 +

1

𝑛
> 𝑥 and 𝑥 = sup 𝑆) 

 

7) The Density theorem (Rational numbers are dense in 

ℝ) 

If 𝑥, 𝑦 ∈ ℝ with 𝑥 < 𝑦, then ∃ 𝑟 ∈ ℚ such that 𝑥 < 𝑟 < 𝑦. 𝑟 

can always be selected to be non-zero. 

Proof:  

Case (i) Suppose 𝑥 > 0, 

⟹  𝑦 − 𝑥 > 0 ⟹ ∃ 𝑛 ∈ ℕ such that 
1

𝑛
< 𝑦 − 𝑥 (by 

Archimedean property) 

⟹ 1 < 𝑛 𝑦 − 𝑥  

⟹ 1 < 𝑛𝑦 − 𝑛𝑥⋯ (1) 

Also 𝑛𝑥 > 0 (𝑎𝑠 𝑥 > 0 𝑎𝑛𝑑 𝑛 ∈ ℕ) 

⟹ ∃ 𝑚 ∈ ℕ such that 𝑚 − 1 ≤ 𝑛𝑥 < 𝑚 (by Archimedean 

property, by result 5)⋯ (2) 

⟹ 𝑚 ≤ 𝑛𝑥 + 1 < 𝑚 + 1 

⟹ 𝑚 ≤ 𝑛𝑥 + 1 < 𝑛𝑦⋯ (𝑓𝑟𝑜𝑚  1 ) ⋯ (3) 

⟹ 𝑛𝑥 < 𝑚 < 𝑛𝑦 ⋯  𝑓𝑟𝑜𝑚  2 𝑎𝑛𝑑  3   

⟹ 𝑥 <
𝑚

𝑛
< 𝑦 ⟹ 𝑥 < 𝑟 < 𝑚 , 𝑤ℎ𝑒𝑟𝑒 𝑟 =

𝑚

𝑛
∈ ℚ 

𝑐𝑙𝑒𝑎𝑟𝑙𝑦, 𝑟 ≠ 0 𝑎𝑠 𝑚 ≠ 0 

 

Case (ii) Suppose 𝑥 < 0 𝑎𝑛𝑑 𝑦 > 0 

𝑖𝑓 𝑦 > 0, 𝑡ℎ𝑒𝑛 
𝑦

2
> 0 𝑎𝑛𝑑 

𝑦

2
< 𝑦 

𝑥 < 0 ⟹ 𝑥 <
𝑦

2
< 𝑦 

From the previous case, ∃ 𝑟 ∈ ℚ, 𝑟 ≠ 0, such that 
𝑦

2
< 𝑟 < 𝑦 

(by case (i)) 

⟹ 𝑥 < 𝑟 < 𝑦 

 

Case (iii) Suppose 𝑥 < 0 𝑎𝑛𝑑 𝑦 = 0 

Then −𝑥 > 0 ⟹
−𝑥

2
> 0 𝑎𝑛𝑑 

−𝑥

2
< −𝑥 

⟹ 0 <
−𝑥

2
< −𝑥 

⟹ 𝑦 <
−𝑥

2
< −𝑥⋯ (𝑎𝑠 𝑦 = 0) 

⟹ ∃ 𝑟 ∈ ℚ, 𝑟 ≠ 0 such that 
−𝑥

2
< 𝑟 < −𝑥 

⟹ 𝑦 < 𝑟 < −𝑥 

⟹ 𝑥 < −𝑟 < −𝑦 

⟹ 𝑥 < 𝑠 < 𝑦 ⋯ (𝑤ℎ𝑒𝑟𝑒 𝑠 = −𝑟 𝑎𝑛𝑑  𝑦 = 0 = −𝑦 ) 

Clearly 𝑠 ≠ 0 𝑎𝑠 𝑟 ≠ 0 𝑎𝑛𝑑 𝑠 ∈ ℚ 

 

Case (iv) Suppose 𝑥 < 0 𝑎𝑛𝑑 𝑦 < 0 

⟹ −𝑥 > 0 𝑎𝑛𝑑 − 𝑦 > 0 

𝑎𝑛𝑑 𝑥 < 𝑦 ⟹ −𝑦 < −𝑥 

By case (i), ∃ 𝑟 ∈ ℚ, 𝑟 ≠ 0 𝑎𝑛𝑑 − 𝑦 < 𝑟 < −𝑥 

⟹ 𝑥 < −𝑟 < 𝑦 

⟹ 𝑥 < 𝑠 < 𝑦 (𝑤ℎ𝑒𝑟𝑒 𝑠 = −𝑟, ∴ 𝑠 ≠ 0 𝑎𝑙𝑠𝑜 𝑠 ∈ ℚ) 

 

8) If 𝐱 𝐚𝐧𝐝 𝐲  are real numbers with 𝐱 < 𝑦, then there 

exists an irrational number 𝐳 such that 𝐱 < 𝑧 < 𝑦. 
 

Proof:  

𝑥 < 𝑦 ⟹
𝑥

 2
<

𝑦

 2
 

From result 8, ∃ 𝑟 ∈ ℚ, 𝑟 ≠ 0 such that 
𝑥

 2
< 𝑟 <

𝑦

 2
 

⟹ 𝑥 < 𝑟 2 < 𝑦 

⟹ 𝑥 < 𝑠 < 𝑦 

where 𝑠 = 𝑟 2is an irrational number  

 

 

 

9) If 𝟎 ≤ 𝐱 <
𝟏

𝐧
 for all natural numbers, then 𝐱 = 𝟎. 

Proof:  

Paper ID: SR231215215417 DOI: https://dx.doi.org/10.21275/SR231215215417 1256 



International Journal of Science and Research (IJSR) 
ISSN: 2319-7064 

SJIF (2022): 7.942 

Volume 12 Issue 12, December 2023 

www.ijsr.net 
Licensed Under Creative Commons Attribution CC BY 

Suppose 𝑥 ≠ 0 

⟹ 𝑥 > 0  

⟹ ∃ 𝑚 ∈ ℕ such that 
1

𝑚
< 𝑥  by Archimedean property  

⟹⟸ 
 

10) If a and b are two real numbers such that  a< 𝑏 +
𝟏

𝐧
, 

∀𝐧 ∈ ℕ, then a≤ 𝐛 

Proof:  

Suppose 𝑎 ≰ 𝑏 

⟹ 𝑎 > 𝑏 ⟹ 𝑎 − 𝑏 > 0 

⟹ ∃ 𝑚 ∈ ℕ such that 
1

𝑚
< 𝑎 − 𝑏 ( by Archimedean 

property) 

⟹   𝑎 > 𝑏 +
1

𝑚
⟹⟸ 

 

11) If 𝐱 ∈  ℝ, then there are integers 𝐩 and 𝐪 such that 

𝐩 < 𝑥 < 𝑞 

Proof:  

We use Archimedean property to prove the above 

statement 

we know that for any 𝑥 ∈ ℝ, ∃ 𝑛 ∈ ℕ such that 

𝑥 < 𝑛 

similarly, for −𝑥 ∈ ℝ, ∃ 𝑚 ∈ ℕ such that −𝑥 < 𝑚 

⟹ 𝑥 > −𝑚 

let 𝑝 = −𝑚 and 𝑞 = 𝑛, 
⟹ 𝑝 < 𝑥 < 𝑞 

 

12) If 𝐱 > 0, then there is 𝐦 ∈  ℕ such that 
𝟏

𝐦
< 𝑥 < 𝑚 

Proof: 

We know that ∃ 𝑝, 𝑞 ∈ ℕ such that 
1

𝑝
< 𝑥 < 𝑞 (by 

Archimedean property and by result (4)) 

if 𝑝 < 𝑞 ⟹
1

𝑞
<

1

𝑝
⟹ 

1

𝑞
<

1

𝑝
< 𝑥 < 𝑞 

⟹ 
1

𝑞
< 𝑥 < 𝑞 

Put 𝑞 = 𝑚 

if 𝑝 > 𝑞 ⟹ 
1

𝑝
< 𝑥 < 𝑞 < 𝑝 

⟹ 
1

𝑝
< 𝑥 < 𝑝 

Put 𝑝 = 𝑚 

 

13) Between two rational numbers, there is always a 

rational number  

The proof of result 7 applies here. Any two rational numbers 

are also real numbers and hence there always exists a 

rational number between the two.  

 

14) Between two rational numbers, there are infinitely 

many rational numbers 

Proof:  

Suppose there are finitely many rational numbers between 

𝑥 and 𝑦, where 𝑥, 𝑦 ∈ ℚ 

Let the rational numbers be 𝑟1 , 𝑟2 , 𝑟3, … , 𝑟𝑛 . 

Note that every rational number is a real number 

And thus between any two 𝑟𝑖 , 𝑟𝑖+1∃ 𝑟 ∈ ℚ (from result 7) 

⟹ there are 𝑛 + 1 rational numbers between 𝑥 and 𝑦 ⟹⟸ 

 

15) Between any two distinct irrational numbers, there 

are infinitely many irrational numbers 

Proof:  

Suppose there are finitely many irrational numbers 

betweenany two distinct irrational numbers𝑥 and 𝑦 

Let the irrational numbers be 𝑟1 , 𝑟2 , 𝑟3, … , 𝑟𝑛 . 

Note that every irrational number is a real number 

And thus between any two 𝑟𝑖 , 𝑟𝑖+1∃ 𝑟 ∈ ℝ\ℚ (from result 8) 

⟹ there are 𝑛 + 1 irrational numbers between 𝑥 and 

𝑦 ⟹⟸ 

 

16) Between any two distinct irrational numbers, there 

are infinitely many rational numbers  

Proof:  

Suppose there are finitely many rational numbers 

between any two distinct irrational numbers𝑥 and 𝑦 

Let the rational numbers be 𝑟1 , 𝑟2 , 𝑟3, … , 𝑟𝑛 . 

Note that every rational number is a real number 

And thus between any two 𝑟𝑖 , 𝑟𝑖+1∃ 𝑟 ∈ ℚ (from 

result 7) 

⟹ there are 𝑛 + 1 rational numbers between 𝑥 and 

𝑦 ⟹⟸ 

 

17) Between any two distinct rational numbers, there 

are infinitely many irrational numbers 

Proof:  

Suppose there are finitely many irrational numbers between 

any two distinct rational numbers𝑥 and 𝑦 

Let the irrational numbers be 𝑟1 , 𝑟2 , 𝑟3, … , 𝑟𝑛 . 

Note that every irrational number is a real number 

And thus between any two 𝑟𝑖 , 𝑟𝑖+1∃ 𝑟 ∈ ℝ\ℚ (from result 8) 

⟹ there are 𝑛 + 1 irrational numbers between 𝑥 and 

𝑦 ⟹⟸ 

 

18) If 𝐲 > 0, then ∃ 𝐧 ∈ ℕ such that 
𝟏

𝟐𝐧 < 𝑦 

Proof: By Archimedean property, ∃ 𝑛 ∈ ℕ such 

that
1

𝑛
< 𝑦 

Note that 2𝑛 > 𝑛  ∀ 𝑛 ∈ ℕ 

⟹ 
1

2𝑛
<

1

𝑛
 ⟹

1

2𝑛
<

1

𝑛
< 𝑦 ⟹

1

2𝑛
< 𝑦 

 

19) 0 is the infimum of the set  
𝟏

𝐧
 ∶   𝐧 ∈ ℕ  

Proof: clearly, 
1

𝑛
> 0 ∀ 𝑛 ∈ ℕ ⟹ 0 is a lower bound of 

 
𝟏

𝒏
 ∶   𝑛 ∈ ℕ  

Now we show that 0 is the greatest lower bound 

Suppose 𝜖 is another lower bound of  
1

𝑛
 ∶   𝑛 ∈ ℕ  such 

that𝜖 > 0 

Then by Archimedean property, ∃ 𝑚 ∈ ℕ such that 
1

𝑚
<  𝜖 

⟹⟸ as 𝜖 is supposed to be the lower bound of  
𝟏

𝒏
 ∶   𝑛 ∈

ℕ 

 

20) If 𝐱 is a real number such that 𝐧 𝐱 < 1 for all 𝐧 ∈ ℕ, 

then 𝐱 = 𝟎 

Proof:  

Suppose 𝑥 ≠ 0 

⟹ 𝑥 > 0 or 𝑥 < 0 

Suppose 𝑥 > 0 

⟹  𝑥 = 𝑥 

Given 𝑛 𝑥 < 1 ∀ 𝑛 ∈ ℕ 

⟹ 𝑛𝑥 < 1 ∀ 𝑛 ∈ ℕ 
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⟹ 𝑥 <
1

𝑛
∀ 𝑛 ∈ ℕ 

But by Archimedean property ∃ 𝑚 ∈  ℕsuch that 
1

𝑚
< 𝑥          (𝑥 > 0) 

⟹⟸ 
 

Suppose 𝑥 < 0 

⟹  𝑥 = −𝑥 also −𝑥 > 0 

Given 𝑛 𝑥 < 1 ∀ 𝑛 ∈ ℕ 

⟹ 𝑛(−𝑥) < 1 ∀ 𝑛 ∈ ℕ 

⟹ −𝑛𝑥 < 1 ∀ 𝑛 ∈ ℕ 

⟹ −𝑥 <
1

𝑛
∀ 𝑛 ∈ ℕ 

But by Archimedean property ∃ 𝑚 ∈  ℕsuch that 
1

𝑚
< −𝑥         (−𝑥 > 0) 

⟹⟸ 

 

21) For every 𝛆 > 0, ∃𝑚 ∈ ℕ such that 
𝟏

𝐧
< 𝜀∀𝑛 ≥ 𝑚 

Proof:  

We know that for any 𝜀 > 0, ∃ 𝑚𝜖ℕsuch that 
1

𝑚
< 𝜀 (by Archimedean property) 

Further for any 𝑛 ∈ ℕ, 𝑛 ≥ 𝑚 ⟹
1

𝑛
≤

1

𝑚
< 𝜀 

As 𝑛  is arbitrary, 
1

𝑛
< 𝜀∀𝑛 ≥ 𝑚 

 

22) There is no rational number 𝐱 such that 𝐱𝟐 = 𝐩, 
where 𝐩 𝐢s a Prime number  

Proof:  

Suppose there is a rational number 
𝑚

𝑛
, such that  

𝑚

𝑛
 

2

= 𝑝, 

𝑛 ∈ ℕ 𝑎𝑛𝑑 𝑚 ∈ ℤ 

clearly 𝑚 ≠ 0 otherwise 
𝑚

𝑛
= 0 𝑎𝑛𝑑 𝑝 = 0 ⟹⟸ (as 𝑝 is a 

prime number) 

∴  
𝑚

𝑛
≠ 0 , let 𝑚 and 𝑛 be relatively prime 

Then 𝑚2 and 𝑛2 are also relatively prime  

And 
𝑚2

𝑛2 =  
𝑚

𝑛
 

2

= 𝑝 ⟹ 𝑚2 = 𝑝𝑛2 

⟹ 𝑝 divides𝑚2(𝑎𝑠 𝑛2does not divide𝑚2) 

⟹ 𝑝 divides 𝑚 

⟹ 𝑚 = 𝑝𝑠 for some 𝑠 ∈ ℤ 

⟹ 𝑚2 =  𝑝𝑠 2 = 𝑝2𝑠2 = 𝑝𝑛2 

⟹ 𝑝𝑠2 = 𝑛2 

⟹ 𝑝 divides 𝑛2 ⟹ 𝑝 divides 𝑛 

⟹ 𝑚 and 𝑛 both have a common factor 𝑝 

⟹⟸ (as 𝑚 and 𝑛 are assumed to be relatively prime) 

 

23) Let’s get back to our main statement with which we 

began with our paper 

 

Let 𝒙 and 𝒚 be any two positive real numbers, then, there 

is an integer 𝒏 such that 𝒏𝒙 > 𝑦 

Proof 

Suppose 𝑛𝑥 ≤ 𝑦 ∀ 𝑛 ∈ ℕ 

Consider 𝐴 =   𝑛𝑥  𝑛 ∈ ℕ, 𝑥 > 0  
Clearly 𝐴 ⊆  ℝ …(1) 

also 𝐴 is bounded above by 𝑦 

⟹ 𝐴 has the least upper bound (by least upper bound 

property of ℝ) 

Let 𝑧 be the least upper bound of 𝐴 

⟹ 𝑛𝑥 ≤ 𝑧 ∀ 𝑛 ∈ ℕ and 𝑧 ≤ 𝑦 

∵ 𝑥 > 0 

Then 𝑧 − 𝑥 < 𝑧 

Clearly 𝑧 − 𝑥 is not an upper bound of 𝐴 

⟹ ∃ 𝑚 ∈ ℕ  such that 𝑚𝑥 > 𝑧 − 𝑥 

⟹  𝑚 + 1 𝑥 > 𝑧 

⟹⟸ 𝑎𝑠  𝑚 + 1 𝑥 ∈ 𝐴 

 

3. Conclusion 
 

The Archimedean property is a fundamental concept in 

mathematics that states that for any two positive real 

numbers 𝑎 and 𝑏, there exists a positive integer n such that 

𝑛𝑎 >  𝑏. In other words, it states that no matter how large a 

real number is, there is always a multiple of another real 

number that is greater than it.The Archimedean property has 

numerous applications in various fields of mathematics, 

including analysis, number theory, and geometry.Limits and 

convergence: The Archimedean property is essential in the 

study of limits and convergence of sequences and series of 

real numbers. It is used, for instance, to prove that the 

sequence 1/n converges to zero as n approaches infinity.  

 

Calculus: The Archimedean property is used in the 

definition of the real numbers, which is the foundation of 

calculus. It is also used in the study of derivatives and 

integrals. Number theory: The Archimedean property is used 

in the proof of various number theoretic results, such as the 

irrationality of pi and the existence of infinitely many prime 

numbers.  

 

Geometry: The Archimedean property is used in the 

construction of geometric objects, such as polygons and 

polyhedral. It is also used in the study of the properties of 

circles and spheres. In summary, the Archimedean property 

is a fundamental concept in mathematics that has far-

reaching implications and applications in many areas of 

mathematics. 
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