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1. Introduction

In the fixed point theory, there exist many generalities of
metric space and one of them is the digital metric space
introduced by Ozgur Ege and Ismet Karaca [8]. The concept
of digital metric space is related to digital topology in which
we study the topological and geometrical digital properties
of an image. An Image is used as an object in computer
graphic design and many other computer-related business
works. In this type of work, a digital image is taken as a set
of arranged points called pixels or voxels. In digital
topology, we study these points and the adjacency relation
between them. Rosenfeld [10] was the first to use digital
topology as an apparatus and studied the properties of
almost fixed points of a digital image. Later, Boxer [6, 7]
gives the topological concept in the digital form. Based on
this concept Ozgur Ege and Ismet Karaca [8] established
digital metric space in 2015 and proved the “Banach
Contraction Principle” and several other fixed-point results
in this space. In the whole article, DMS illustrates digital
metric space.

The study of common fixed points for different types of
maps has always been a very interesting area in the theory of
fixed points. Jungck [3] was the first who introduced
commutative mappings to complete metric space in 1976
and by using the properties of these mapping he proved
some common fixed point results. After that, many authors
generalize and extend many results for commutative
mapping with different contractive conditions in several
ways. In 1982, Sessa [13] define weakly commutative
mappings. These mappings are more general than
commutative mappings that every commutative mapping is
weakly commutative, but the converse may not be true.
Recently, Asha Rani et al. [1] introduced weakly
commutative and commutative mappings to digital metric
space, and Sunjay Kumar et al. [2, 12], Sumitra Dalal [11],
and Rashmi Rani [9] present some results for commutative
and weakly commutative maps in DMS. With the motivation
in this paper, a common fixedpoint theorem for a pair of
weakly commutative mappings which satisfy a contractive
condition in DMS is presented. Our result broaden and
extend many prevailing known results in the literature.

Before we prove our main result, the following definitions
are needed.

2. Preliminaries

Let FSZ" neN where Z"is a lattice point set in the
Euclidean »n - dimensional space and (F,Y) represent a
digital image, with Y -adjacency relation between the
members of F and (F,®, Y) represent a DMS, where (F, ®@)is
a metric space.

Definition 2.1.[7]“Let I, n be two positive integers, where
1<1<nand g,h are two distinct points,
g=(g1, 92 gn), h=(hy, hy, .. ... h,) € Z".

Then the points g and h are said to beY;— adjacent if there
are at most | indices i such that |g; — h;|= 1 and for all other

Definition 2.2. [7] Let xk € Z", then the set —

Ny(k)={ 0o | oisY — adjacent to x}

Represent the ¥ — neighbourhood of k for n € {1, 2, 3}.
Where Y € {2,4,6,8,18,26}.

Definition 2.3. [7] Let §, 0 € Z where §<a, then the digital
interval is -
[6,0],={a€Z|6 <a<oc}

Definition 2.4.[8]“The digital image (F,Y) € Z"is called Y-
connected if and only if for every pair of different points
g.h € F, there is a set{gy, g1,....- g.}of points of digital
image (F, Y),such thatg = gg,h = g,,and g.and g, are Y
—neighbours where e =0,1,2........ s-1.”

Definition 2.5.[8]Let K:F — K is a function and (F,

Yy) CZ",(K, ¥;)CZ";are two digital images. Then —

1) K is (¥p,Yq)-continuous if there existsY,- connected
subsetoof F, for every K(o),Y;-connected subset of K.

2) K is (¥, Y;)- continuous if for everyY,-adjacent
point{a,, o, JofF, either K(gy) = K(oy) orK(gy) and
K(oy) are ¥;-adjacent in K.

3) K is said to be (Y;,Y;)-isomorphism, ifK is (¥, 1;)-
continuous bijective and K™ is (¥;, ¥;)- continuous, also
it is denoted by F = Ky, y,)-
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Definition 2.6. [8] Let a (2, Y) continuous function K: [0,0],
—Fs.t.K(0) = @ and K(o) = B. Then in the digital image (F,
Y),itis called a digital Y - path from « tog.

Definition 2.7.[10]Let K:(F, Y) - (F, Y) be a (¥, Y) -
continuous function on a digital image ( F, Y), then we said
that the property of fixed point satisfied by the digital image
(F,Y) if for every(Y,Y) - continuous function K: F—
Fthere existsa € Fsuch that K(a) = a.

Definition 2.8.[8]“Let {u,} is a sequence in digital metric

space (F, @, Y), then the sequence {u,} is called-

1) Cauchy sequence if and only if there exists g € N such
that, @ (u,, um)<e€, ¥V n, m >p.

2) Converge to a limit point £ € F if for every e> 0, there
exists o € N such that for all n >p, ®(u, Y)<e€.”

Theorem 2.9. [8]“A digital metric space (F,®, Y) is
complete.”

Definition 2.10.[8]Let K: (F, @, Y) — (F, @, Y) be a self-
map. Then K is called a digital contraction if, for all u,
o € F there existt €[0, 1) such that,

®(K(u), K(0))=t ®(u, 0).

Proposition 2.11.[8] “Every digital contraction map K:
(F,@,Y)— (F, ®,Y)isdigitally Y -continuous.”

Definition 2.12.[11]Let J, K: F—F are two self-mappings
on (F, @, Y). Then the point o € Fis said to be a
coincidence point of J and K if J(¢) = K(a).Furthermore, if
J(o) = K (a)=n then nis said to be a point of coincidence for
mappings J and K.

Definition 2.13. [1]Let J, K: (F, @, Y)—(F, ®, Y) are two
mappings defined on the digital metric space (F, @, Y).
Then these mappings are called weakly commutative
mappings if

P (J(K(a)), K(J(0))) <®(I(0), K(a)), Vo E F.

Lemma 2.14. [1] Let {u,} is a sequence in complete digital
metric space (F, @, Y),and if there exists p€ (0, 1), such that
D (Up+1, Un)SD(unung) for all n then, sequence {u,}
converges to a point in F.

3. Main Result

Theorem 3. Let(F, @, Y) represent a complete DMS, where

Y is an adjacency and @is a usual Euclidean metric on Z".

let J, K: F — F are two self-mappings such that J (F)SK(F)

satisfying the following,

1) Mapping K is continuous

2) Pair {J, K} is weakly commutative

3) ®(Ju, Jg) < & @(Ku, Ka) + @ (Ku, Ju) + E32(Ka, Ja),
V u,q € F where, &,6,,&3 =0andé; + & + & < 1.

Then there exists a unique common fixed point in F for
mappings J and K.

Proof: Let ug € F be an arbitrary point. Since J(F)SK(F), let
u; € F be chosen such that J(ug)=K(u;). Continuing this
procedure having chosen u,€ F, we chose U,+; € F such
that,

K(w,) = I(u,_1), vn=0,12,....(3.1)

Now, by inequality(3), we have —

qD(‘]un!‘]un—l) = ¢(Kun+llKun)

=< fld)(Kun! Kun—1)+ 'SZd)(Ku—n:]un)-" E3¢(Kun—1:]un—1)
= gl(p(Kunl Kun—1)+ fz‘D(Kun' Kun+1)+ €3¢(Kun—1' Kun)

< (fl + 53)¢(Kun: Kun—1)+ fZQD(Kunt Kun+1)

Implies that,
§1+$3
¢(Kun+1!Kun) < E(p(Kun' Kun—l)
(D(Kun+1vKun) < W(D(Kun' Kun—l)
Where,y = %and y<l.
—s2

Hence, from Lemma (2.14), there exists € F, such that,

K(u,) =P 3.2)

Also, from(3.1) we have,

J(u,) —p (3.3)

Now,®(Ju,, ,Ju,) < & @ (Ku,, Ku, )+ &0 (Ku, Ju, )+
$3@ (Kuy, Juy)

Taking limitas n — oo, we get

PP B) =1 +5+8) 2B =0

Since, from the definition of weakly commutative mappings,
we have

O(K( (un)) J(K(ur))) < @(K(uy),I(un))
S(K(B), J(B))= (B, B)
K(B) = J(B)

Clearly, B is a coincidence point of mappings J and K. So,

K(JB) = I(KB) = JUB)-

Therefore, we get

P(I.IP) < $1P(KB, KP)+ S, @ (KB, IB)+ $3P (KB, JB)
PIBIP) = (§1 +$2 +$3) (B, JB)

(1-§ =& —&)2(B P <0 @(B,JB) =0

Similarly, we can show that

®(JUP)IIB)) =0

Hence,

P(IBIIP)< &P (KB, KUP+ &P (KB, B+
$3P(KUB), JUB))

< & @(KB, KR+ &P (KB, IB)+ £32(K(B), JUB))
< §19(3B,IGR)

This implies,

P(IPIUB) (L~ ¢1) = 0.<Ip =J(IP) = KUP)

i.e., J(B) is a common fixed point of mappings J and K.
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Now, to show the uniqueness of common fixed point, [12] S. Kumar, D. Jain, O. Ege, D. Y. Shin and C. Park,

suppose that P, = K(P;) = J(P;) and P,= K(P,) = J(P,). Then Commuting and compatible mappings in digital metric
from (3) we have spaces, J. Fixed Point Theory Appl., 22 (2020), 1-16.
[13] S. Sessa, On a weak commutativity condition of
@ (P, P,) = @(JP, JP,) mappings in fixed point considerations, Publ. Inst.
< & D (KP, KPy)+ &P (KP;, JP,)+ &3 (KP,, JP,) Math,32 (1982), 149-153.
S+ 6 +8)oPLP)
<a®(P,P)

Where, a = (& + &, + &) <1. So we get
®(P;, P,) (1—a)< O, implies thatP, = P, since a< 1.

Hence, mappings J and K have a unique common fixed
point.

4. Conclusion

This paper is aimed at introducing the perception of weakly
commutative mappings in digital metric space and by using
these mappings and their variants, establish a digital
common fixed point theorem in this space. Our result
broaden and extend many prevailing known results in the
literature. This result is an application in fixed point theory.
Which can be used to compress digital images and can be
beneficial in processing and redefining image storage.

References

[1] A. Rani, K. Jyoti, and A. Rani, Common fixed point
theorems in digital metric spaces, Int. j. sci. eng. Res,
7 (2016), 1704-1716.

[2] C. Park, O. Ege, S. Kumar, D. Jain, & J. R. Lee, Fixed
point theorems for various contraction conditions in
digital metric spaces. Journal of Computational
Analysis and Applications, 26(8), (2019), 1451-1458.

[3] G. Jungck, Commuting mappings and fixed point,
Amer. Math. Monthly,83 (1976), 261- 263.

[4] G. Jungck, Compatible mappings and common fixed
points, International Journal of Mathematics and
Mathematical Sciences,9 (1986), 771-779.

[5] G. Jungck, Compatible mappings and common fixed
points, International Journal of Mathematics and
Mathematical Sciences,11 (1988), 285-288.

[6] L. Boxer, A classical construction for the digital
fundamental group, J. Math. Imaging V 10 (1999), 51-
62.

[71 L. Boxer, digitally continuous functions, Pattern
Recognition Letters,15 (1994), 833-839.

[8] ©O. Ege and I. Karaca, Banach fixed point theorem for
digital images, J. of Non. Sci. and Appli.,8 (2015),
237-245.

[91 R. Rani, Common fixed point theorem in digital spaces
using contraction mappings, int. j. stat. appl. Math,3
(2018), 140-142.

[10] Rosenfeld, Digital topology, Amer. Math. Monthly,86
(1979), 76-87.

[11] S. Dalal, Common fixed point results for weakly
compatible map in digital metric spaces, Sch J. Phys.
Math. Stat.,4 (2017), 196-201.

Volume 12 Issue 5, May 2023

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: SR23522104238 DOI: 10.21275/SR23522104238 1871





