International Journal of Science and Research (1JSR)
ISSN: 2319-7064
SJIF (2022): 7.942

Few ldentities of Rogers-Ramanujan Type and
Some g-Product Identities Arising from Theta
Function ldentities

Shaikh Fokor Uddin Ali Ahmed

Assistant Professor, Department of Mathematics, F. A. Ahmed College, Garoimari, Kamrup, Assam, India
Email: fokoruddin86[at]Jgmail.com

Abstract: In this paper, some identities of the Rogers-Ramanujan Type modulo 5, 7, 10, 12 and 14 has been derived analytically from
the generalised Watson’s q —analogue of Whipple’s theorem. We also have derived some q —product Identities from the generalised

Schroter’s formula by using Ramanujan’s Theta function Identities.

Keywords: Watson’s g —analogue of Whipple’s theorem, Ramanujan’s theta function, generalised Schroter’s formula, Jacobis Triple

Product Identity.

Mathematics Subject Classification: 11P81, 11P84, 33D15, 05A17.

1. Introduction
Definitions, preliminary results and notations:

Throughout this paper, we assume |g|<land use the standard
notations
(@q) =1
(@ @) =
and,

(@ @) = [T5=1(1 — ag").

k=01 — aq"), for nz1

(;9)

It follows th
t follows that T

(@ =
The multiple g-shifted factorial is defined by
(a, @z v Qs P = (@15 P (A2 @ oo - (A P
(@1, @z) v Ons @)oo = (A1 Q)eo(A25 Qoo - (A Do

For convenience of our simplification, we use some simple
results such as:

GH ™ =m
(@ qQ)n (—a;9)n = (% 9%y, 0SS n <
(@990 (0% 950 = (@G Da2n

(a;9)o0
(@q™q)s’ TRSn<®o

(@ On=

For |ab| < 1, Ramanujan’s general theta-function f(a, b) is
defined by
f(a, b) — Zﬁ:—oc an(n+1)/2bn(n—1)/2 (2_1)
The Jacobi Triple Product Identity (See [7], p.21, Theorem
2.8) is given by
f(a, b) — Z?:—oo an(n+1)/2bn(n—1)/2 —
(—a;ab),(—b; ab).(ab; ab), (2.2)

Another form of the identity (2.2) is the following:

Z (_1)nq(2k+1)n(nz+1)—in

n=—ow
— Z (_1)nq(2k+1)n(nz+1)—in(1

_ :}:(2_;+1)i
:Hmzo(l _ q(2k+1)(n+1))(1 _

q(2k+1)n+i)(1 — q(2k+1)(n+1)—i) (2.3)

provided |ab| < 1.

Some special cases of f(a,b) as listed in ([5], Equations
(1.4.9)- (1.4.11), p. 17) are as follows
For |q| <1,
2 2
(@) = f(q, D=Ln=—(=1)"q" = 1+2¥7_, (=1)"q"™ M
=(=4;94*)2(a% ) L, @4
¥(@) = (@, 49)=Ei=o(~ D" /2= U= (25)
n(3n-1)
f(—0)=f(=q,—q*) =Z7-—(-D"q¢ 2z =(¢ D
(2.6)

We also mention the two more results related to f(a, b):
(See [1], Entry 30, p. 46])

f(a,b) + f(—a,—b)=2 f(a3b,ab?) 2.7
and

f(a,b) — f(—a,—b)=2a f(b/a,a®b*) (2.8)

The functions ¢ and i as mentioned in (2.4) and (2.5)
satisfies the following relations (See [1], Entry 25, p. 39])

o(@) +o(—q) = 2¢(q*) (2.9)
o(@) —(—=q) =4q9(¢®)  (2.10)
o(@e(—=q) = 9*(—q?) (2.11)

In Chapter 11 of [8], many ldentities of Rogers-Ramanujan
Type has been derived by G. E. Andrews and B. C. Berndt
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and majority of them can be proved as special limiting cases
of the Watson’s g —analogue of Whipple’s theorem ([9], p.
242, eqn. (111.18)).

If a,B,y,6 and & are any complex numbers such that
Byée # 0 and if N is any non-negative integer then

2 N+2
¢ a'qﬁl_qﬁl ﬁ; )/; 51 E, q 1

8¥7
Va, —va, 2 424 ﬂ’anH

! q' BySe

aq _N
o) 6! g, 4,
_ @ GO By 1949
ECOIE L R
B'v’' «a

(2.12)

Two more results of this nature were proved by W. N.
Bailey ([7], egn. (6.1) and (6.3)),
(P1Dn(P2DnFaPn (= (i) i)e
=0 (@:)n(aq:a®)n(aq/fidn’ P10z (aq;9)»(aq/p1P2;@

o0

X114+

(@q*9*)n-1(f;q* )n(p1 D2n(P2;0)2n(1-aq*™
Zn 1 (

@%4*)n ( 2)n(—q)Zn( SiD2n
(2.13)
and
© (pl;qz)n(pz;qz)n(—%;q)m a?q®
=0 (q2,4%)(a2q%/b%q*)n(-aq;)2n’ (E)

2,2 2,2
a~q- 2y Aa”q~ 2
(p1 340 ( oy 0 )0

T (a24%42)5(a2a?/p1p2:4%)w

X114+

¥ 1(aq 3 Dn-1(b;Dn(P1; qz)n(pz qz)n(l aq®™  a3q? )n n?
n=

(@ q)n(_q)n( 2)n(“ q a*n p1p2b
(2.14)

n 2n?+2n
%f) )

Another interesting identity known as Schroter identity
along with one of its extensions has been mentioned here.
One special case of this extension will be needed in the
subsequent section.

Here, the notation _
[@; %]

is used to denote the triple product
2j
(@,°=,9%;4")e

Schroter’s Identity: (See [2], p. 111])
[—q"a; 4**1..[~q"b; ¢ )..=X! 20 g a)

_ghtr+zuj
—a T A, q2(u+y)]
b ) o0

X [—q+Y+2Duy g¥ pi; 2Ry - (2,15)
Lemma: (An extension of Schroter Identity, (See[10],
Lemma 3.3, p-893)) Let a,band z be non-zero complex
numbers, let g be a complex number with |g| < 1, and let
m = 1 be an integer. Then
[—q*az; q**]..[-q"bz; q*'].,
—ghtrtzuj g ]
b )

=3 g (azy)
qZ('u-H/)]oo

X
_q(m(ﬂ+y+2j)wmamybmuzm(ﬂw); q2(u+y)wmz]oo

(2.16)

We conclude this section by recalling the following identity
that can considered as special case of Schroter Identity (See
[1].p. 68)

If uand y are integers such that u >y = 0, then
H0@Mp(g") + (=" p(=q* )}
Zm Oqzum f(q(2”+4m)(” y2) q(zu 4’")(# _yz))f(q2u+4ym qzu 4ym) (2 17)

2. Main Results

First we derive some transformations from the results (2.12)-
(2.14) as follows:

In (2.13), replace a by aq?, let f, pjand p, tends to oo, we
find the following transformation-
an gn+an 1
Ln= O @Dn(@a®aH)n (@a%4) (1 +
Z"C - 1)n(aq .qz)n—1 - aq4n+2)a3n q7n2+5n)
n=1 @%a*)n

(3.1)

Replace a by aq?, set f = —aq/b and let p;and p, tends to
o in (2.13), we obtain the following:

TL +2n

¥ (-bq%q*na" q
=0 (4;0)n(aq®q2)n(-ba%Dn

_ 1
_(aq3;Q)oc (1 +

a 2
5 (aq*qHn-1(=554%n (1-aq*™*2)a?" p"q°" +5">
n=1

(@%4*)n(-ba3qH)n
(3.2

In the same way (2.13) yields another transformation (3.3)
upon replace of a by aq, p, by —%q and for f - o, p; =
0,

Ln=o

(=55 b"qnMHV/2

(@:Dn(2q%0%)n

2
(-bg; Q)wz (—-1)™(aq;q*)n(-aq/b;q)zn (1—ag*™1)a"p2" ¢5n" 41
n=0

(@q:0)w @%4)n(-bq:0)2n
(3.3)

Identities of Rogers-Ramanujan type:
Identities Related to Modulo 14:
The transformation (3.1) for a = g2 yeilds
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" (4
o - +
=0 (@Dn(@9%)n (Q1Q)w( ,

w  CD™ME%5qHn-1 A=q¢*") q™" -")

n=1 (@%a®)n .
— ©___(=1)" 7n%-n
(q:q)wzn‘ (=D"q
—@"%a'0 @%a™)@%aM e

(@)

(3.4)

The transformation (3.1) for a = 1, g% and g~2 successively
yields

Zoo qn2+2n Zoo n 7n2+5n
 g—————————— =y _(—1 =
=0 (G:)n(q:q%)n+1 <" =(=1)" ¢
@9 w0 (0%50 )0 (@*%0 w0

(CHAPS
qn2+4n 1

n(@4*)n+2 (@0
an+4y ,7n%+11n

q
—(@"a™e (@40 M) 0@ %0 e |
[CHAL
—4  @%0"w (@500 (@50
' (@D oo

(3.5)

izo(=D"(1 — g*H(A -

Ln=0 (:q)

q (3.6)

and
L) qnz — 1 © (_1)11 q7n2—n
=0 (@D (@:aDn (@@ =T

—@%a™)x (0%4')0(a%9 )
(@D
The identity (3.7) appears in Slatter’s list [11] as (61)

(3.7)

Identities Related to Modulo 12:
Settinga =1,b =% in (3.2), we get

© (_qiqz)n qn2+2n - 1 © 6nZ-an
n=02 12(q;q)217.l(;+112 12 (llléq)w Zn:_oo q
(@547 )0 (@770 (@50 )
= 3.8
(@:9) (38)
The identity (3.8) appears in Slatter’s list [11] as (50)
Setting a = g~2,b = g~2in (3.2), we get
(-1:4%n ¢ %9 (@7;0)(@*%9 )

°_ = 3.9
Ln-0 @GO (@) (-L:Dn (CHOS (3.9)
Identities Related to Modulo 10:
The transformation (3.3) for a = q, b = q yeilds,
¥ CaQq " HI2

=0 (G:)n(@:4)n+1 ,
Do 3o (—D™(=q;@)2n (1-q*"F3) g0 Han

@) ~"=° (@%@ _
which upon using ([12], eq. (43), p.156), gives
¥ 0(_1)11 (1- q2n+1) q5n2+4n:

n=
@*%4")% (059209 ) (GD w (3.10)

QU

The transformation (3.3) fora = q, b = 1 gives,
Zﬁ:o(_l)n(l + q2n+1) 1- q4-n+2) q5n2+2n -
(@D 3 (-@:@)n (1+q™H1) gHD/2

(~4:q)e <=0 (@D (@0 n41

Now using two equations of Slatter List ([11], eqn. (43)-
(44), p. 156) in the above equation, we obtain the following
identities-

(;;‘F;;)oo Zfl:o(_l)n(l + q2n+1) (1- q4n+2) q5n2+2n

= (@%47,4"% 4" )+9.(4, 9%, 4"% ") (3.11)
In (2.14), taking b,p;and p, tends too, we find the
following transformation
50 (-24.0)3n a?" g2

n=0 (qz;qz)n(—aq:?zn'

(a29%9%)w
(1 + 3 (-1)"(ag:0)n-1(b:0)n(1-aq*™)a®" g77* -1/ )
n=1 @D D

(3.12)

Setting a = aq in (3.12) and then placing a =1,b = —q,
we find
2n2+2n _ 1

Zﬁ:—oo(_l)n q(7n2+5n)/2

(3.13)

e, (@:@)2n q -
(@*%a*)n(-a%Dzn  (@%3%eo
— (@47 (@%a7)0(a7:07)co
(@%4%)

In (2.14), setting p; = —aq and then taking b, p, tends to
oo, We find the following identity
yo (cagaPn aq™  _(-aaa®).
"0 (@%aDn(-aq@zn’ (@470
L2 N (CD @ Dna (1= agPMag s
£ CHON

=1

Which for a = 1 yeilds
¥ Caadnad” (@)
n=0 @50 (aD2n (@542

1+ Z (—1)"(q; On_r (1 — qZ)qC" /2
— (@ Dn
n=1

_C3aH)e
(qziqz)oo

(Z(—lm +qn)g et )
n=0

- (_q;qz)oo ) 2_
T (@2%:42)s (Z"=‘°°(_1)nq(5n n)/z)
—@%8%)0 (@%0%)2(3%0%)0

(@4:0%)(a*%9%)w

(3.14)
3. Some g-Series Identities

In this section we have derived some g —series identities as
follows-

Identity I:
(44954 99)%(@% 9% = (%5 9N % (% 9M5 (4.1)

Identity I1I:
0*(q") — ¢(@®e(@ = 2q9 f(—q%—9"°)...
f(a®4%°),. (4.2)

Identity I11:
f(a.9¥)@%a)%

(—=4%:9%)
:f(_q3' _q3)oo f(q3’ qlz)oo -
f(=4,—0%)[q f (@4 + (%, q7)] (4.3)
Identity 1V:

@%a®)0a*9Y0  p(=a%4%3
(@2:0'%)(a°%0%) - (-4%0%)2

@%9*)2%
(q8q®)%
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(_QJQz)oo (_q21q4)oo
(-0%0% 0 (-4%q'%) o’

=2(=q"%q*)5(=q% "% +4q°(

where Q = g'° (4.4)

ldentity V:

(=4 0% (@ 4., (=% %)% (% ¢

:2(_q120; q240)§°(q240; q240)oc(_q8; q16)§o(q16: q16)oo
+8q32(q480; q480)w(_q240; q240)w(q32: qu)w(_qIG; q16)w
+4q%(0"%% 0"%°)(—q°% 4°°) (4% 4®) (=% a*) (4.5)

Proof of (4.1): Settingm =1,a=1,b=-1,z=1, u =1,
y =1 in (2.16), we find the desired identity upon some
mathematical manipulation.

Proof of (4.2): Settingm=1,a=1,b=-1,z=1, u =2,
y =1, in (2.16), we find upon using (2.4) and (2.6), that
p(@) e(=9)=  @(-¢*) ¢@°) — 20 f(-9,—q%) e X
f( _qZ,_qIO)w (46)

Replacing g by — q in (4.6), it gives
@(q*) p(—=q»)= (@) 9(@®) +2q (4,07 ¥
f(=a%-4"). (4.7)

On adding (4.6) & (4.7), we find

2¢0(q*) 9(—=q*)

= 20@®e@) +2q f(—q%—q9"")..[
f(=0,—4°) ] (4.8)

We recall the identity ([3a], egn. (8.5.7.7) p. 254),
(4,970 = (4% 3o + af (@* 4°") e (4.9)

f(q' qs)oo -

Now, employing (4.9) in (4.8), we find the desired result.

Proof of (4.3):
Settinga=1,b=—-1m=1,z=¢q, u =2,y =1in (2.16),
we find upon using the fact (—q;q9),» = 1/(q;9?). and
mathematical manipulation, the following,
(=0-4%4%»(%9M%

(=a%0®)w
=(4%9°)5(@% 49 (0% 40 X (=% 0" (=0% 0.
@%a)w
—4 (4 39)(0° 49)(0% 40 X (—0: 4" (—¢" 4
@% 9w
— (@%9°5(@"; 49(0% 40 X (=% 4 (=073 0"%)ss
(@% 9" (4.10)

Now by using the identity (2.2), we find the result (4.3).

Proof of (4.4):
Setting u =3,y =1 in (2.17), we find after mathematical
manipulation,

H0(@)p(a?) + (e (—¢2)}
=£(a*%,9*®) f(q° q°)+2q°f (a*°, ¢**)f (¢"°, ¢°) (4.11)

Writing (4.11) in g — products with the aid of (2.2) and
(2.4), and them simplifying mathematically, we arrive at
(@%0%)(@*%4" f(—a%4H3 n (qz;qz)é}

2 Y-q%4%2 T (@503
=(a'%4") (0% 0°){(=q"% 4°)2 (=% a*D)2

6,(-0"%a4*M) w0 (-a%9Mo

+2q ((_q4—8:q96)°o (_q6;q12)°°} (412)
Finally, putting Q@ = q° in (4.12), we obtain the desired
identity.

Proof of (4.5):
Setting 4 =4,y =1 in (2.17), we find the following after
some mathematical manipulation,

H0@*)p(a*) + (=% (—¢*)}
=f(q"*° q"*°)f (4% q®)+44**f(¢**°, q"*°)f (q*°, ¢*®)
+24%f(q*°, q**°)f (q*, q'*) (4.13)

Upon using (2.4) and (2.5), we obtain,
(@)@ + 0 (=q*)o(=q*)

=2 9(q"*°) v(q®)

+8¢%2 Y(q**°) ¥(q"*)+4q® Y(q°")Y(q*) (4.14)

Writing (4.14) in q — products with the aid of (2.2), we
arrive at the desired result.
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