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1. Introduction

There is a wide literature about the Jacobsthal and Jacobsthal-
Lucas sequences as well as others, including the Fibonacci
sequence, Pell sequence, and Pell-Lucas sequence, where
numerous features are researched. The Fibonacci Q-matrix
and the Jacobsthal Lucas E- and R-matrices were defined by
the authors in [2]. Moreover, the Jacobsthal-Lucas E-matrix
and R-matrix are used to find certain equalities and a Binet-
like formula for the Jacobsthal and Jacobsthal-Lucas humbers.
Ahmet Dagdemir [3] investigated a novel complex sum
formula and the identities between the Jacobsthal numbers and
matrices. Authors [7] compared the precise and divisibility
aspects of the Pell and Associated Pell numbers. Congruences
and Divisibility properties of Pell and Pell-Lucas numbers
deliberated by Pandichelvi. V and Sandhya. P in [8].For more
information about Jacobsthal and Jacobsthal - Lucas
sequences, one may refer [3 — 6].

In this work, the characteristics of the Jacobsthal and
Jacobsthal - Lucas sequences related to congruence and
divisibility are examined using several relations that connect
these two sequences.

2. Properties of Jacobsthal and Jacobsthal -
Lucas numbers holding summation

The Jacobsthal sequence is characterized by {7, } and labelled
by the following recurrence relation J, = J,_1 + 2J,_, for
n > 2 with initial condition J, =0 and J, =1. The
Jacobsthal-Lucas sequence is regarded as { £,, } and
categorized by the same recurrence relation L, = L, _, +

2Ly, , for n = 2 with initial condition £, = 2and £; = 1.

The Binet’s formula for the Jacobsthal and Jacobsthal — Lucas
numbers are § (2™ — (=1)™) and [2™ 4+ (—1)™] respectively.

Theorem 2.1
If R is a square matrix with R? = R + 21, then R™ = J,,R +
2Jn-11 for every integer n.

Proof
Let Z[i]={pi+2ql;p, q €Z} and
2ql;p,q € 7}

Z[R] = {pR +

Define a function ¢: Z[i] - Z[R] by ¢ (pi + qI) = pR + ql.
Then, ¢ is a ring isomorphism. Moreover, it is clear that
(@) =Rand (L) =2L,,1.

Therefore,  R™ = (¢(0))" = ¢(i™) = @(Jpi + 2Tn_1) =
InR + 23541
Corollary 2.1.1
1o fn 9L
LetB = i i and then B™ = Jzn LG foreveryn € Z
2 2 2 2
Proof

It is determined from Theorem 2.1 that R2 = R + 2I.
and it is well recognized that ¢ : Z[i] = Z[R] by ¢(pi +
ql) = pR + ql isaring isomorphism.

Further, the identities from these conditions are discovered by

i — L i*+(=2)*=0 (1)

i%* =37, — (=2)*=0 (2)

Application of the function ¢ in (1) and (2) respectively
provides that

B?** — L,B*+ (=2)*=0 3)
B** —TJ,B* — (=2)* =0 (4)
where
_ _ _ _ _,_(0 9
T = ¢3) = @B —1) = 2B 1_(1 0)
Theorem 2.3

If y e Nand x,u € Z, then

y
Loy = (CDE729 N (V) (D@D 2L L
t=0
y
y _
Joryeu = (CDEY 293" () () 2N Ll g
t=0
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Proof Corollary 2.3.1
From (3) in Theorem 2.2, it is noted by
B** = L,B* — (=2)*I (5) ForallyeNand x,u€ Z,
L2xy+u = (_1)(x+1)y2xy Lu(mOd Lx) (6)
Levitation of y*" power and multiplying B* on both sides of Toxyau = (FD@DY2XY 7. (mod L,) (7)
(5) yields that Y
v Remarks:
1) Since T=2M —1=M+2M™', M*T = MT* for all
Bny+u — (_1)(x+1)y2xyz (}t’) (_1)(x+1)t2—xt L)t( th+u ) e
. t=0 9 0 0 9 i j 9k 9l
Thus, it follows that 2) T?= (0 9) =9] and (1 0) (;{ ]l) = ( ; j)
Lny+u
(e+1) J y (4Dt st ot Theorem 2.5
= (D29 Y () (DTN Ly ify e Nand xu € 2, then
t=0
(.72xy+u
y
= (=029 Y (V) (CDE 2N L g,
t=0

2 o2
Loxyru = (=2)7 Z( )90 Laren + z IR [CE VAT K A

t=o0

22

szy+u = (_Z)xy< thZtJZxHu + Z

M =

2t + 1) (_1)Xt9t(7x2t+1‘62xt+x+u
t=o0

Proof
From (4), it tracks that
B?* = TJ,B*+(=2)*I
Therefore,
BV = (T B*+(—2)*1)’B"

y
= {Z (D) 102 1p-rg, s B

t=o0
y

— (_Z)Xy Z (}tl) (_1)xt 2—xt Tt J)E th+u
y t:(g)/—l)
H [z

— (_Z)ch Z (Zy) 2—2xt TZtJZtBZxHu + Z 2t 4 1) (_1)x(2t+1)2—x(2t+1) T(2t+1)J§2t+1)Bx(2t+1)+u

t=o0
-1
3] [z
y _ (2t+1)
= (=2)*y Z 4~ xt 9t 2t32xt+u Z —1)*2 x(2t+1) 9tT Bx(2t+1)+u
271, ()4 902 + (50 ) Iy
Loxtvu  OJaxttu 3. Properties of Jacobsthal and Jacobsthal
Since, p¥t*e=| 2 - % Lucas numbers using divisibility
2 2
Hence the proof. Theorem 3.1
Letx,y € Nandx = 2. Then L, | £, if and only if x | y
Corollary 2.5.1 and 2 is an odd integer.
Foreveryy € NU {0}and x,u € Z x
Lny+u = (DY (2)Y Ly(mod Jy) 8 Proof
J2xy+u = (=D (2)¥J,, (mod Jy) 9 Let us assume that Lyl Lyandx ty

By Division algorithm y = xq + r where 0 <r < x
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If g is an even integer, then g = 2a forsome a € Z
From (6), it is pointed out by

Ly, = Lny+TE(_1)(x+1)y2xa Ly(mod L,)

The conditions L, | £, and g.c.d (£,,2™) =1 together
gives L, | L,

This is a contradiction to the factthat £, | £, asr < x
Hence, our assumption that g is an even integer is wrong.
Therefore g is an odd integer and letitbe g = 2a + 1

Thus £, = Loyasrer = (~1)E92% L, (mod L)
Also, since L, | £, L, |2™*L, .,

Toprover =0

Supposer > 0

By employing the identity £,,, = 2L, Jr_1 + J:Lxs1, 1L IS
attained by L, | J, L4441

Butg.c.d(L,,L,41) = 1leadsto L, | J,

This violates the conditions that 7, < J, < L,
Therefore, r = 0 and y = xq where q is an odd integer.

Conversely, suppose x | y and y = x(2a + 1) for some a €
VA

Then, Ly = Loxa+x = (_1)(x+1)a2xa Lx(mOd Lx)
Thus, £, | £,

Theorem 3.2

Letx,y € Nand x = 2. Then L, | J, if and only if x | y and

% is an even integer.

Proof
Suppose L, | J,

If xt y, then by division algorithrmy =xqg+r, 0 <r <x
and x > 2.

If g is an odd integer, then ¢ = 2a + 1 forsomea € Z
dy = Jx@a+1y+r = (_1)(x+1)a2xa Jxar(mod L)

Thus, L, | Jx+r and hence L, | 9 Jysr

Because of the identity 9y, = Ly Lyyq + 2L, 1L, , 1S
received that £, | 2L,_; L,

Since g.c.d (L., L,_1) = 1, itis obtained by
L.|L.and L, < L,

This is illogical to fact that r < x gives £, | £,

Therefore q is an even integer it is taken as ¢ = 2a for some
a€ Z.

Then, from (7)
Jy = Joxa+r = (_1)(x+1)a2xa Jr(mod L,)

Now L, | J, implies that L] J,.

But this is impossible to the statement that » < x implies that
Jr < Jx < L,

Then it follows that r = 0 and y = xq where g is an even
integer.

Conversely, suppose x | y and y = 2xa forsomea € Z
Then, ‘73’ = JZxa = (_1)(x+1)a(2)xa JO(mOd Lx)
Consequently £, | J,

Theorem 3.3
Letx,y € Nandx > 3. Then J, | J, ifand only if x |y

Proof

Assume that J, | J,, butx + y

Then,y = xq + rwith0 <r < x.

Suppose that g is an even integer. Let us choose g = 2a for
somea € Z

In the vision of (9), it is perceived that
Jy = <72xa+r = (_1)(x+1)a2xa Jr(mod Jx)

But Jy | Jy results that 7, | J,.

This is not possible because 0 < r < x and x > 3 affords that
Jr | dx-

If g is an odd integer, then ¢ = 2a + 1 forsomea € Z.
Thus, dy = Jx@a+ny+r = (=D** Jx4r(mod Jy)
From J, | Jy, it follows that  J | Jx+r

The identity Jyir = Jrdxs1 + 2Tr-1Jx
Jx | Jx+1 Jr .

grades that

Now g.c.d (Jy,Jxs1) =1 = T | I
Again J, | Jy, ifx = 3 and r < x.
Hence, ittracks thatr = 0 and y = xq . So x|y

Conversely if x|y, then y = xq for someq € N

q : o .
Thus, Jy = Jxg = 270 (]) gl gizl g; 207
Hence, it is clear that J, | Jy.

Theorem 3.4
If k > 2andt isan odd number, then L,x, = 2 (mod 5).
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Proof

If t is an odd number, then t = +1,+3,45,17 (imod 8).
Moreover, it can be proved by induction that 2 =
0,14 (mod 8) for k > 2.

Hence 2kt = 0,44 (mod 8).

Therefore, 2%t =8q or 2¥t =8q + 4 for ¢ = 0. Then it
seeks that

Q,k, = Qgq = Qo (Mmod P,) or Qk, = Qggrsa =
Q+4 (mod Py)

Thus, Q,k, = 2,10 (mod 12),k > 2.
4. Conclusion

In this manuscript, the congruence and divisibility properties
of the Jacobsthal and Jacobsthal-Lucas sequences are
investigated. By analysing in this manner, one can examine a
wide range of relationships that connect any two sequences.
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