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Abstract: A number of information measures, including Shannon's information measure and the measures of order y and type 8, have
been created and thoroughly examined. These metrics are used in coding theory, statistics, and pattern recognition, among other fields.
This research aims to examine the fundamental characteristics of the P-Norm information measure, which is a generalized class of
information measures as noted by Arimoto. Many interesting algebraic and analytic features of this measure will also be discussed. It is
also explored whether Shannon's measure may be derived from the P-norm information measure as the limiting case for P — 1. It is also
discussed that the measure lacks the additivity feature, even if it displays a form of additivity that we will call Pseudo-additivity.
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1. Introduction

Numerous information measures, including Shannon's
information measure (C. E. Shannon 1948) and the measures
of order y and type & presented by Alfred Renyi (1961),
Havrda and Charvat (1967), and Daréczy (1970), have been
produced and intensively investigated. These metrics are used
in coding theory, statistics, and pattern recognition, among
other fields.

This work aims to examine the fundamental characteristics of
the P-Norm information measure, which was identified by
Arimoto (1971) as an instance of a broader class of
information measures. Initially, we provide an axiomatic
description of this measurement. Additionally, a variety of
fascinating analytic and algebraic aspects of this measure will
be covered.

The ability to derive Shannon's measure as the limiting case
for P — 1 from the P-norm information measure is a crucial
feature. Additionally, we demonstrate that the measure
exhibits a sort of additivity that we will refer to as Pseudo-
additivity rather than the additivity condition.

2. Definition

For convenience, we start by introducing a few notations.

The set of Positive real numbers that are not equal to one

will be referred to frequently. This set is indicated by R with
R={P: P>0,P #1}

Additionally, we define A,, as all of the nary Probability

distributions together

L = (1,15, 15, ..., 1,,) which meet the requirements

l,=0; =123, ......n
n
Z:ﬁ —1
a=1

Definition 1: The distribution's P-norm information L has a
definition for
P e R by

1
n 5
Hp(L) _%|1 - lz iapl ‘ (1)
a=1

A real function An— R defined on An, where n > 2 and R is
the set of real numbers, is the P-norm information measure.
We can inquire as to what characteristics the function must
have in order to provide an axiomatic characterization.

I: A,—» R such that I(L)= Hp(L) for all L=
(U, 15, .0, 0) € A, and P eR.

Theorem 1. Let P € R be a real function and let I: Ap— R. &
Let | permit to meet these postulates.

1
a) I(L) = a[Xa=1FU)]? +b; a,b#0.
b) F(.) is a continous function on [0,1).
c) IfLe Ayand M €
A,, are stochastically independent then I is
pseudo — additive:

HWM) = 1@+ 1) — 31101
d) 1(%%% ...... %) - ﬁ(l_n¥)

where arbitrary constants a and b are used. For every L that
lies inside An, I1(L)= Hp(L).

Proof: For L € A, and M € Ay, it follows from combining
Postulates (i) and (iii).

1

IPECEIEE

a=1p=1

: 7
n yzl m
D E)| | Elmg)
a=1 g=1

2

Next, we'll demonstrate that (2)'s answer is provided by

Feo= (-9 3)

Letc, d, e and h be integers such that 1 <e<cand 1 <h <d.
If we substituten=c-e+1, m=d-h+1,L,=1/c,a=1,2...
c-¢ Leenn=elc,qp=1/d, 8 =1,2,....,d - hand ¢.n+1= h/d
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into (Error! Reference source not found.) we put v (X) = XF(1/x) and multiplying both sides of (Error! Reference source not

found.) with cs ,we get

(c —d)(d — h)v(ed) + h(c — e)v( ) +e(d - h)v( ) +ehv (ﬁ)

cd cd cd
h e

)

=(-5) [e- @+ v Q] [t -mve +1w )]

Setting e= h = 1 in (Error! Reference source not found.)
yields

v(ed) = (- %)P vevd) )

Next, by using (5) and substituting e = 1 resp. h =1 into
equation (4), we can derive

-l o
v (g) =(- %)P v(d)v G) )

Substituting the answers for v (cd), v (cd/e), and v (cd/h) into
equation (4) yields the following

WG -CEO @

v =(-3) vene),  ®

And

Or

where X,y are rational and x,y > 1. The answer to (9) can be
found by consulting (de Fériet 1977).

asP
—_{_= k
v = ( b) x (10)
Use (Error! Reference source not found.) and substitute
v(x) = @,We get

F(l) = (—%)P ¥

f(L) in I(L) as stated in the assertion, we obtain
P
I(y) = b 1—lz s},-i'l (11)
a=1

By applying postulate D from the statement, we may
determine the values of the constants b and k. We obtain k=1-
P and b=P/(P-1). The proof is now complete.

We refer to the postulate C as Pseudo-additivity.

Theorem 2: The P-norm information measure

Hp(ly,1,, 15, ..., 1) has the following algebraic properties:

a) Hp(ly, 1y, 15, ..., 1,)is symmetric.

b) Hp is expansible
i.e. Hp(ly, 1y L5, ...

C) H, isdecisive
i.e. Hp(1,0) = Hp(0,1)

d) H, is non additive.

) ln, 0) = Hp(ll, lz, l3, ...,ln)

Proof: From definition 1, properties A through C follow
directly, and from Postulate C of Theorem 1, property D
follows instantly.

Theorem 3: The algebraic features of the P-norm information
measure Hp (l3,12,15,.. .,In) are as follows:

a) Hp(L) > Hp(1,0,.....0) =0

b) Hp(L) < Hp(1/nm, ... ... 1/n)

c) Hp(L) is no negative aspects.

d) Hp(L) is monotonic function

e) Hp(L) is continous in R

f) Hp(L)isstableinl,,a = 1,2,...... N
g) Hp(L) is a concave for every L in A,

Proof: A. We know that
ForP>1, IF<l,Va
a=1le < Xo=1le =1
1
n P
lZ zﬂl <1 (12)
a=1
And
P
_ 13
17 0 (13)
ForO<P<1l, I>l,Va
2=1lp = ZZ:lla =1
n 13
|Z s{:l >1 (19
a=1
And
P
_ 15
P71 < 0 (15)

Proof from definition 1 is simple to finish.
B. Lagrange multipliers mlake it simple to determine that
n F :
(1-P)
[Z!{;l =n P, P=>1 (16)
a=1

And

& % (1-P)
lzf’ﬁl <n P, 0<P<1 UD
a=1

The Proof is finished when the values from equations (13)
and (15) are used along with the values from equations (16)
and (17).

C. Property A provides concrete proof of non negativity.
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D.Hp(L)is monotonic iff Hp(m,1 — Hence, Hp(m,1—m) is a non-decreasing function and
m) is non decreasing onm € [O, %] monotonic.

A. [X"_, IP]1V/? is a continuous function, as is well known.
P (see (T. 1953)) for P €[ 0, ) So, Hp (L) is continuous
Hp(m,1—m) = 1 [1- [(1—m)F + mF]/P] (1€ functionon [0, o0 )

From definition 1, it is clear that

F. We have demonstrated the expansibility of Hp(L) in

Describe a function. G(m) by Theorem 2 B. Consequently, it is evident that

G(m) = [1- [(1—m)” + m"]¥/P]

Its show that . Ho(L,0) = Hp(L) (20)
ForP>1 —G@m) =0

dm .
Andfor0<P<1 ——G(m) <0 Itis clearly that

m

lim Hp (L, €) = Hp(L,0) = Hp(L)

So we get ] )
From this and equation (Error! Reference source not

d
—Hp(m,1—m) = (19)  found.), we say Hp(L) is stable in [,.

dm P— 1.de{m)
By using equations (Error! Reference source not found.) , G
(Error! Reference source not found.) and (Error!
Reference source not found.) , we get

: It is clear that , From Minkowski inequality (see
(Beckenbach and Bellman 2012))

d
—Hp(m,1—m) =20 ForP>1,
dm
n  41/F n 4P n qL/F
Yarl o+ [y ezl =] e+ b (21)
=1 i a=1 i =1 |
AndforO<P<1,
n L1/P n S1/P n 1P
Z o Z pe| < Z(aa + by)? (22)
a=1 p a=1 i a=1

Puta, = Al ,and b, = (1 — A)m,, where 0 <A <1, into equation (Error! Reference source not found.) and (Error!
Reference source not found.), we get

ForP>1,

1/P

=L

n n ll.'rP
p lz el +@a-2 lz mﬁl >
=1 a=1

1/P

D e+ (1~ A)ma)f’l @)
a=1

AndforO0<P<1,

=

n n 1/P n 3
Al;zg L (1-A) l;mgl < aZl@uﬁa— A)ma)Pl 29

Using 1 =1+ (1 - 2) and By equations (Error! Reference source not found.), (Error! Reference source not found.),
(Error! Reference source not found.), we get

AHp(L) + (1 — D) Hp(M) = Hp(AL+(1— D) M) (25)
Hp (L) is a concave function in L as a result. [2] Arimoto, Suguru. 1971. “Information-Theoretical
Considerations on Estimation Problems.” Information
The Proof of Theorem 3 is thus concluded. and Control 19 (3): 181-94.
https://doi.org/10.1016/S0019-9958(71)90065-9.
3. Final Verdict [3] Beckenbach, Edwin, and Richard Bellman. 2012. “An
Introduction To Inequalities.” An Introduction to
The R-Norm Information measure, as described by Boekee Inequalities, 1-2.
and Van der Lubbe (1980), is what | have examined. A few https://doi.org/10.5948/upo9780883859216.002.
of its attributes are listed and validated. Analytical and  [4]  Boekee, D. E., and J. C.A. Van der Lubbe. 1980. “The
algebraic properties have been investigated_ R-Norm Information Measure.” Information and
Control 45 (2): 136-55.
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