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Abstract: Fourier related transforms have innumerous application in variety of disciplines not only in engineering sides like signal 

processing, optics communication but also in music, economics etc.  The Fractional Fourier-Laplace transform (FrFLT) which 

combines the properties of both Fractional Fourier transform (FrFT) and the Laplace transform is a powerful tool in the field of signal 

processing and mathematical physics, which provides a better understanding of the time-frequency analysis of signals. Also convolution 

is a powerful way of characterizing the input output relationship of time invariant linear system. Convolution has many applications in 

image processing, optics, digital data processing, statistics, physics, electrical engineering, probability theory, Fractional calculus etc. In 

this paper, we propose the convolution structure for the Fractional Fourier-Laplace transform (FrFLT) and prove its convolution 

theorem. 
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1. Introduction 
 

Fourier-related transforms play a fundamental role in 

scientific, engineering, and technological advancements, 

serving as powerful tools for analyzing and manipulating 

signals and data. The Fourier transform, known for its 

versatility and applicability, finds extensive use in fields 

such as signal processing [1], optics [2], communication [3], 

music [4], economics [5], and geography [6]. 

 

Fourier transform provides the spectral content of a signal, 

but it fails when it comes to determining the time location of 

spectral components. This limitation is particularly 

problematic for analyzing signals that are non-stationary or 

time-varying. To address this issue, time-frequency 

representations are utilized to capture time-frequency 

patterns, which are crucial for the analysis of such signals 

[7].  

 

The fractional Fourier transform (FrFT) was introduced by 

Victor Namias in 1980 [8]. Since then, it has become a 

prominent research topic due to its numerous benefits and 

advantages. The key advantage of the FrFT lies in its ability 

to effectively analyze time-varying signals that cannot be 

adequately handled using the classical Fourier transform. 

The FrFT finds applications in various fields, including 

quantum mechanics, quantum optics, optical systems, signal 

and image processing, communication, and the solution of 

differential equations [8, 9, 10] 

 

The Laplace transform, a powerful integral transform 

introduced by Pierre-Simon Laplace in the late 18th century, 

is a key mathematical tool with broad applications in 

mathematics, physics, engineering, and probability theory 

[11, 12]. It converts a function of time into a function of a 

complex variable, often simplifying the analysis of linear 

time-invariant systems. Unlike the Fourier transform, which 

resolves a function or a signal into its modes of vibrations, 

the Laplace transformation resolves a function into its 

moments. The Laplace transform has found extensive use in 

solving differential equations, both ordinary and partial, by 

transforming them into algebraic equations that are more 

manageable [12, 13]. In physics and engineering, it is 

employed to analyze and design systems such as electrical 

circuits, control systems, and mechanical systems [14]. In 

signal processing, the Laplace transform simplifies the 

analysis of signals and systems in the time domain [15]. 

 

We focus on the fractional Fourier-Laplace transform 

(FrFLT) which combines the properties of both fractional 

Fourier transform (FrFT) and the Laplace transform [16]. 

This may allow for more comprehensive analysis of signals 

that vary over time and frequency. Hence FrFLT may have 

applications in various fields like engineering, medical 

science, physics etc.  

 

Also, Convolution is a mathematical operation that 

combines two functions to produce a third function that 

represents how one function modifies the other [17]. It is 

widely used in various fields, including signal processing, 

image processing, and physics. For example, in signal 

processing, convolution is used for tasks such as filtering, 

modulation, and deconvolution [1, 18]. In image processing, 

convolution is used for tasks such as blurring, sharpening, 

and edge detection [19].  

 

In this paper, we propose a convolution structure for 

Fractional Fourier-Laplace transform (FrFLT) and based on 

this structure we prove the convolution theorem for FrFLT.  

 

2. Fractional Fourier-Laplace Transform 
 

1) The Conventional Fractional Fourier Laplace 

Transform 

The fractional Fourier-Laplace transform with parameter 𝛼 

and 𝜃 of 𝑓(𝑥, 𝑡) is denoted by 𝐹𝑟𝐹𝐿𝑇{𝑓(𝑥, 𝑡)} performs a 

linear operation given by the integral transform 
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𝐹𝑟𝐹𝐿𝑇{𝑓(𝑥, 𝑡)} = 𝐹𝛼,𝜃(𝑢, 𝑣)  

= ∫  
∞

−∞
∫ 𝑓(𝑥, 𝑡)

∞

−∞
 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣)𝑑𝑥 𝑑𝑡  (2.1) 

where, 

𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) =  

√
1−𝑖 cot 𝛼

2𝜋
√

1−𝑖 cot 𝜃

2𝜋𝑖
𝑒

𝑖

2 sin 𝛼
 [(𝑥2+𝑢2) cos 𝛼−2𝑥𝑢]

  

 × 𝑒
1

2 sin 𝜃
 [(𝑡2+𝑣2) cos 𝜃−2𝑡𝑣]

 

Let denote  𝐶(𝛼, 𝜃) = √
1−𝑖 cot 𝛼

2𝜋
√

1−𝑖 cot 𝜃

2𝜋𝑖
, 𝑎(𝛼) =

cot 𝛼

2
,  

𝑏(𝜃) =
cot 𝜃

2
 ,  𝑝(𝛼) = sec 𝛼  &  𝑞(𝜃) = sec 𝜃 then 

𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) = 𝐶𝑒𝑖𝑎(𝑥2+𝑢2−2𝑥𝑢𝑝) 𝑒𝑏(𝑡2+𝑣2−2𝑡𝑣𝑞)    (2.2) 

 

2) The Testing Function space 𝑬(ℝ𝒏) 

An infinitely differentiable complex valued smooth function 

∅ on ℝ𝑛 belongs to 𝐸(ℝ𝑛), if for each compact subset 𝐾 ⊂
𝑆𝑎 , 𝐼 ⊂ 𝑆𝑏, 

where, 𝑆𝑎 = {𝑥 ∈  ℝ𝑛: |𝑥| ≤ 𝑎, 𝑎 > 0} and  

 𝑆𝑏 = {𝑡 ∈  ℝ𝑛: |𝑡| ≤ 𝑏, 𝑏 > 0} 

𝛾𝐸,𝑙,𝑞(∅) = sup
𝑥∈𝐾
𝑡∈𝐼

|𝐷𝑥
𝑙 𝐷𝑞

𝑡 ∅(𝑡, 𝑥)| < ∞,  𝑙, 𝑞 = 0,1,2, … 

Thus 𝐸(ℝ𝑛) will denote space of all ∅ ∈ 𝐸(ℝ𝑛) with 

compact support contained in 𝑆𝑎 ∩ 𝑆𝑏. Moreover, we say 

that 𝑓 is a fractional Fourier-Laplace transformable if it is a 

member of 𝐸∗, the dual space of 𝐸. 

 

3) Distributional Generalized Fractional Fourier-

Laplace Transform 

The distributional fractional Fourier-Laplace transform of 

𝑓(𝑥, 𝑡) ∈ 𝐸(ℝ𝑛) is defined by 

 𝐹𝑟𝐹𝐿𝑇{𝑓(𝑥, 𝑡)} = 𝐹𝛼,𝜃(𝑢, 𝑣)

= 〈𝑓(𝑥, 𝑡), 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 〉 
(2.3) 

where, 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) is as given in (2.2). The R.H.S. of 

(2.1) is meaningful because 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) ∈ 𝐸 and  

𝑓(𝑥, 𝑡) ∈ 𝐸∗. 

 

3. Convolution Structure 
 

If 𝑓(𝑥) and 𝑔(𝑥) are two functions with Fourier transforms 

ℱ(𝑓) and ℱ(𝑔) respectively, then the convolution of 𝑓 and 

𝑔 is given by: 

 (𝑓 ∗ 𝑔)(𝑥) = ∫ 𝑓(𝑡)𝑔(𝑥 − 𝑡)
∞

−∞

𝑑𝑡  (1.1) 

The convolution of two two-dimensional functions 𝑓(𝑥, 𝑦) 

and 𝑔(𝑥, 𝑦) is defined in ([16] page 331). Similarly, we can 

define the convolution of two fractional Fourier-Laplace 

transformable functions 𝑓(𝑥, 𝑡) and 𝑔(𝑥, 𝑡) by 

   (3.2) 

The convolution theorem for the Fourier transform states 

that, the Fourier transform of the convolution of two 

functions is equal to the product of the Fourier transforms of 

the individual functions i.e. 

 
However, the corresponding theorem for the FrFLT appears 

to lack the same elegance and practicality. This discrepancy, 

in our view, stems from the convolution operation defined 

by equation (3.2) not being the suitable type of convolution 

for the FrFLT. 

 

Zayed defined the convolution structure for the fractional 

Fourier transform (FrFT) in [20]. Similarly, we introduce the 

convolution structure for the fractional Fourier-Laplace 

transform (FrFLT). For this, we first define the function 𝑓 as 

follows: 

 

Definition: For any function 𝑓(𝑥, 𝑦) we define 𝑓(𝑥, 𝑦) by 

𝑓(𝑥, 𝑦) = 𝑓(𝑥, 𝑦)𝑒𝑖(𝑎𝑥2−𝑖𝑏𝑦2) where 𝑎 = 𝑎(𝛼) & 𝑏 = 𝑏(𝜃) 

are as given in(2.2). Then for any two functions 𝑓 and 𝑔, we 

define the convolution operation ⋆ by 

 
 

Where ∗ is the convolution operation given in (3.2) & 𝐶 =
𝐶(𝛼, 𝜃) as given in (2.2). This gives the convolution 

structure for FrFLT. See Fig. 1 for a realization of 

Convolution operation ⋆ 

 

 

Fig. 1    Convolution for the FrFLT 

 

 

4. Convolution Theorem for Fractional 

Fourier-Laplace Transform 

 
Let ℎ(𝑥, 𝑡) = (𝑓 ⋆ 𝑔)(𝑥, 𝑡) and 𝐹𝛼,𝜃  , 𝐺𝛼,𝜃 &  𝐻𝛼,𝜃 denotes 

the fractional Fourier-Laplace transform (FrFLT) of 𝑓, 𝑔 and 

ℎ respectively. Then 

𝐻𝛼,𝜃(𝑢, 𝑣) = 𝐹𝛼,𝜃(𝑢, 𝑣)𝐺𝛼,𝜃(𝑢, 𝑣) 𝑒−𝑖(𝑎𝑢2−𝑖𝑏𝑣2) (4.1) 

 

Proof: From the definition of FrFLT we have,  

𝐻𝛼,𝜃(𝑢, 𝑣) =

𝐶 ∫  
∞

−∞ ∫ ℎ(𝑥, 𝑡)𝑒𝑖𝑎(𝑥2+𝑢2−2𝑥𝑢𝑝) 𝑒𝑏(𝑡2+𝑣2−2𝑡𝑣𝑞)𝑑𝑥 𝑑𝑡
∞

−∞
  

 = 𝐶 ∫  
∞

−∞ ∫ (𝑓 ⋆ 𝑔)(𝑥, 𝑡)𝑒𝑖𝑎(𝑥2+𝑢2−2𝑥𝑢𝑝)∞

−∞
× 

𝑒𝑏(𝑡2+𝑣2−2𝑡𝑣𝑞)𝑑𝑥 𝑑𝑡 

 = 𝐶2 ∫  
∞

−∞ ∫ 𝑒−𝑖(𝑎𝑥2−𝑖𝑏𝑡2)(𝑓 ∗ 𝑔̃)(𝑥, 𝑡)
∞

−∞
× 

𝑒𝑖𝑎(𝑥2+𝑢2−2𝑥𝑢𝑝)𝑒𝑏(𝑡2+𝑣2−2𝑡𝑣𝑞)𝑑𝑥 𝑑𝑡 

 = 𝐶2 ∫  
∞

−∞ ∫ 𝑒−𝑖(𝑎𝑥2−𝑖𝑏𝑡2)∞

−∞
{ ∫  ∫ 𝑓(𝑟, 𝑠)

∞

−∞

∞

−∞
  

    × 𝑔̃(𝑥 − 𝑟, 𝑡 − 𝑠)𝑑𝑟𝑑𝑠 }  
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× 𝑒𝑖𝑎(𝑥2+𝑢2−2𝑥𝑢𝑝) 𝑒𝑏(𝑡2+𝑣2−2𝑡𝑣𝑞) 𝑑𝑥𝑑𝑡 

 

 = 𝐶2 ∫  
∞

−∞ ∫ 𝑒−𝑖(𝑎𝑥2−𝑖𝑏𝑡2){∫  ∫ 𝑓(𝑟, 𝑠)
∞

−∞

∞

−∞

∞

−∞
  

 × 𝑒𝑖(𝑎𝑟2−𝑖𝑏𝑠2)𝑔(𝑥 − 𝑟, 𝑡 − 𝑠)𝑒𝑖(𝑎(𝑥−𝑟)2−𝑖𝑏(𝑡−𝑠)2)𝑑𝑟𝑑𝑠}  

× 𝑒𝑖𝑎(𝑥2+𝑢2−2𝑥𝑢𝑝) 𝑒𝑏(𝑡2+𝑣2−2𝑡𝑣𝑞) 𝑑𝑥𝑑𝑡  

Substituting  𝑥 − 𝑟 = 𝑚, 𝑡 − 𝑠 = 𝑛 

 ⇒ 𝑥 = 𝑚 + 𝑟 & 𝑡 = 𝑛 + 𝑠 then,  

𝐻𝛼,𝜃(𝑢, 𝑣) =  

𝐶2 ∫  
∞

−∞ ∫ ∫  
∞

−∞ ∫ 𝑓(𝑟, 𝑠)𝑔(𝑚, 𝑛)
∞

−∞

∞

−∞
  

× 𝑒−𝑖(𝑎(𝑚+𝑟)2−𝑖𝑏(𝑛+𝑠)2)𝑒𝑖(𝑎𝑟2−𝑖𝑏𝑠2)𝑒𝑖(𝑎𝑚2−𝑖𝑏𝑛2)  

× 𝑒𝑖𝑎((𝑚+𝑟)2+𝑢2−2(𝑚+𝑟)𝑢𝑝) 

× 𝑒𝑏((𝑛+𝑠)2+𝑣2−2(𝑛+𝑠)𝑣𝑞)𝑑𝑟𝑑𝑠𝑑𝑚𝑑𝑛 

 

= 𝐶2 ∫  
∞

−∞ ∫ ∫  
∞

−∞ ∫ 𝑓(𝑟, 𝑠)𝑔(𝑚, 𝑛)
∞

−∞

∞

−∞
  

       × 𝑒
−𝑖(𝑎𝑚2+𝑎𝑟2+2𝑎𝑚𝑟−𝑖(𝑏𝑛2+𝑏𝑠2+2𝑏𝑛𝑠))

𝑒𝑖(𝑎𝑟2−𝑖𝑏𝑠2)  

× 𝑒𝑖(𝑎𝑚2−𝑖𝑏𝑛2)𝑒𝑖(𝑎𝑚2+𝑎𝑟2+2𝑎𝑚𝑟+𝑎𝑢2−2𝑎𝑚𝑢𝑝−2𝑎𝑟𝑢𝑝) 

× 𝑒(𝑏𝑛2+𝑏𝑠2+2𝑏𝑛𝑠+𝑏𝑣2−2𝑏𝑛𝑣𝑞−2𝑏𝑠𝑣𝑞)𝑑𝑟𝑑𝑠𝑑𝑚𝑑𝑛 

=

𝐶 ∫  
∞

−∞ ∫ 𝑓(𝑟, 𝑠)𝑒𝑖𝑎(𝑟2+𝑢2−2𝑟𝑢𝑝) 𝑒𝑏(𝑠2+𝑣2−2𝑠𝑣𝑞)𝑑𝑟 𝑑𝑠
∞

−∞
  

× 𝐶𝑒−𝑖𝑎𝑢2
𝑒−𝑏𝑣2

∫  
∞

−∞ ∫ 𝑔(𝑚, 𝑛)𝑒𝑖𝑎(𝑚2+𝑢2−2𝑚𝑢𝑝)∞

−∞
  

× 𝑒𝑏(𝑛2+𝑣2−2𝑛𝑣𝑞)𝑑𝑚 𝑑𝑛  
 

= 𝑒−𝑖𝑎𝑢2
𝑒−𝑏𝑣2

𝐶 ∫  
∞

−∞ ∫ 𝑓(𝑟, 𝑠)𝑒𝑖𝑎(𝑟2+𝑢2−2𝑟𝑢𝑝)∞

−∞
  

× 𝑒𝑏(𝑠2+𝑣2−2𝑠𝑣𝑞)𝑑𝑟 𝑑𝑠 

× 𝐶 ∫  
∞

−∞ ∫ 𝑔(𝑚, 𝑛)𝑒𝑖𝑎(𝑚2+𝑢2−2𝑚𝑢𝑝)∞

−∞
  

× 𝑒𝑏(𝑛2+𝑣2−2𝑛𝑣𝑞)𝑑𝑚 𝑑𝑛  

= 𝑒−𝑖(𝑎𝑢2−𝑖𝑏𝑣2)𝐹𝛼,𝜃(𝑢, 𝑣)𝐺𝛼,𝜃(𝑢, 𝑣)   

This completes the proof.    

5. Conclusion 
 

In this paper, we have proposed the convolution structure for 

Fractional Fourier-Laplace transform (FrFLT) and proved its 

convolution theorem. This may have applications in signal 

processing, mathematical physics, image processing & 

related fields. Additionally, we have presented 

generalization of FrFLT in a distributional sense. 
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