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Abstract: In this paper, we introduce the Fractional Fourier-Laplace Transform (FrFLT), rigorously defining its 

structure, extending it to all fractional parameters. A comprehensive operational calculus for the FrFLT is developed by 

proving its core properties, including linearity, shifting, scaling, differentiation, and modulation. These properties describe 

how the FrFLT interacts with linear combinations of functions, spatial shifts, partial derivatives, scaling transformations, 

and harmonic modulations. Additionally, we analyze the behavior of the FrFLT for various parameter values, providing 

insights into its structure and operational utility. These results demonstrate the FrFLT’s versatility and potential for 

applications in signal processing, mathematical physics, and engineering. Furthermore, this research establishes a 

foundation for future exploration of the FrFLT in solving fractional differential equations and related problems. 
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1. Introduction 
 

The Fractional Fourier Transform (FRFT) serves as a generalization of the classical Fourier transform and has 

garnered significant interest over the past two decades due to its diverse applications in areas such as signal 

analysis, optics, and signal reconstruction [1, 2]. Moreover, it has also found utility in advanced fields such as 

pattern recognition, cryptography, and fractal signal processing, highlighting its importance in both theoretical and 

practical domains [3, 4, 5, 6]. The FRFT provides a framework for addressing certain mathematical problems that 

the traditional Fourier transform cannot efficiently handle [2]. The concept of FRFT was implicitly introduced by 

N. Wiener in 1929 [7] as a tool for solving specific ordinary and partial differential equations encountered in 

quantum mechanics. However, it was not until 1980 that V. Namias, seemingly unaware of Wiener’s earlier work, 

formally defined the FRFT to address similar problems arising from classical quadratic Hamiltonians in quantum 

mechanics [8]. Subsequent refinements were made by McBride and Kerr [9]. 

 

Namias conceptualized the FRFT as an extension of the Fourier transform to fractional orders, in which the 

standard Fourier transform corresponds to an order of one and the identity transform to an order of zero. 

Importantly, the semi-group (additive) property was preserved, ensuring that applying the transform of order one-

half twice would yield the ordinary Fourier transform. Mathematically, the FRFT constitutes a family of operators 
{ℱ𝛼}, indexed by a parameter 𝛼, where 0 ≤ 𝛼 ≤ 1. Specifically,  

ℱ0[𝑓] = 𝑓,  ℱ1[𝑓] = 𝑓 

where 𝑓 represents the Fourier transform of 𝑓, and the composition satisfies ℱ𝛼ℱ𝛽 = ℱ𝛼+𝛽. 

 

By employing a suitable scaling, the FRFT can be parameterized by an angular parameter 𝜃, with 0 ≤ 𝜃 ≤ 2𝜋. 

Under this framework, ℱ0 remains the identity transformation, ℱ𝜋/2 represents the Fourier transform, and 

additional properties include ℱ𝜃 = ℱ𝜃+2𝜋. Explicitly, 

ℱ0[𝑓] = 𝑓,  ℱ𝜋/2[𝑓] = 𝑓,  ℱ𝜋[𝑓(𝑥)] = 𝑓(−𝑥),  ℱ2𝜋[𝑓] = 𝑓. 

Similarly, the Fractional Laplace Transform (FRLT) extends the classical Laplace transform to fractional orders 

and serves as an important tool in both theoretical and applied mathematics. Analogous to the FRFT, the FRLT 

generalizes its corresponding classical transform, enabling continuous interpolation between different orders 

through a parameter that governs its behaviour. Introduced within the framework of canonical transforms, the 

FRLT has been shown to be relevant to solving certain parabolic differential equations and to quantum mechanical 

problems involving repulsive oscillators. Moreover, the FRLT exhibits properties such as continuity with respect 

to its order parameter and adherence to the semi-group property, allowing compositions of fractional transforms to 

yield transforms of combined orders. The FRLT also reduces to the standard Laplace and Bargmann transforms for 
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specific parameter values, ensuring consistency with classical cases [10]. 

 

Both of these transforms and similar transforms exhibit several key mathematical properties, including linearity, 

shifting, scaling, differentiation, and modulation, which underpin their utility in theoretical and applied contexts 

[8, 11, 12, 13, 14, 15, 16, 17, 18]. These properties describe how the transforms respond to basic operations such 

as linear combinations, spatial or parameter shifts, scaled transformations and frequency modulations, forming the 

foundation for their practical applications. 

 

In this paper, we introduce the fractional Fourier-Laplace Transform (FrFLT), a novel transformation that 

combines essential features of the fractional Fourier transform (FRFT) and fractional Laplace transform (FRLT) 

[19]. While the FrFLT was previously defined in [19] only for the fractional parameters 𝛼, 𝜃 ∉ {0, 𝜋/2, 𝜋}, we 

extend its definition to encompass all values of 𝛼 and 𝜃. Additionally, we develop a comprehensive operational 

calculus for the FrFLT by rigorously establishing its fundamental properties, including linearity, shifting, 

differentiation, scaling, and modulation. 

 

The paper is organized as follows. In the next section, we provide the necessary definitions, including a modified 

definition of the fractional Laplace transform, the fractional Fourier-Laplace Transform (FrFLT), the testing 

function space, and the distributional generalized fractional Fourier-Laplace Transform. In Section 3, we 

investigate the behavior of the FrFLT for various parameter values. In Section 4, we rigorously derive the core 

properties of the FrFLT. Finally, in the last section, Section 5, we conclude with a discussion of our findings and 

their potential applications. 

 

2. Preliminaries 
 

I. The Fractional Fourier transform 

 

The fractional Fourier transform (FRFT) with angle 𝛼 of a function 𝑓(𝑥) is defined in [11], can be expressed as  

 
ℱ𝛼{𝑓(𝑥)}(𝑢) = 𝐹𝛼(𝑢) = ∫ 𝑓(𝑥)

∞

−∞

 𝐾𝛼(𝑥, 𝑢) 𝑑𝑥 (2.1) 

where, 

 

𝐾𝛼(𝑥, 𝑢) =

{
 
 

 
 

 
√
1 − 𝑖 cot 𝛼

2𝜋
𝑒
𝑖[(𝑥2+𝑢2)

cot𝛼
2

−𝑥𝑢 csc𝛼]
,      if 𝛼 ≠ 𝑚𝜋

𝛿(𝑥 − 𝑢),                                                        if 𝛼 = 2𝑚𝜋
𝛿(𝑥 + 𝑢),                                                        if 𝛼 = (2𝑚 − 1)𝜋

 (2.2) 

is a transformational kernel with 𝛼 ∈ ℝ, 𝑚 ∈ ℤ and 𝛿 denotes the Dirac delta function. 

 

II. Fractional Laplace transform 

 

The fractional Laplace transform (FRLT) with angle 𝜙 of a function 𝑓(𝑡) is defined in [10]. We now extend the 

definition of fractional Laplace transform given in [10] to include the case where 𝜙 is integral multiple of 𝜋, which 

were previously undefined. In this paper, we use the notation 𝜃 instead of 𝜙. This extension ensures that the FRLT 

framework is complete and facilitates its seamless application in defining the Fractional Fourier-Laplace 

transform. The extended definition of FRLT is as follows: 

 

The fractional Laplace transform (FRLT) with angle 𝜃 of a function 𝑓(𝑡) is defined as 

 
ℒ𝜃{𝑓(𝑡)}(𝑢) = ℒ𝜃(𝑢) = ∫ 𝑓(𝑡)

∞

−∞

 𝐾𝜃(𝑡, 𝑣) 𝑑𝑡 (2.3) 

where,  

 

𝐾𝜃(𝑡, 𝑣) =

{
 
 

 
 

 
√
1 − 𝑖 cot 𝜃

2𝜋𝑖
𝑒
[(𝑡2+𝑣2)

cot𝜃
2

−𝑡𝑣 csc𝜃]
,       if 𝜃 ≠ 𝑛𝜋

𝛿(𝑡 − 𝑣),                                                    if 𝜃 = 2𝑛𝜋
𝛿(𝑡 + 𝑣),                                                    if 𝜃 = (2𝑛 − 1)𝜋

 (2.4) 

is a transformational kernel with 𝜃 ∈ ℝ, 𝑛 ∈ ℤ and 𝛿 denotes the Dirac delta function. 
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This extended definition agrees with the definition given by Torre in [10] when 𝜃 ≠ 𝑛𝜋 and it also include the 

case where 𝜃 is integral multiple of 𝜋. In accordance with this extended definition, the FRLT reduced to the 

identity transform at 𝜃 = 2𝑛𝜋  and at it reduce to reflection transform 𝑓(−𝑣) at 𝜃 = (2𝑛 − 1)𝜋. 

 

III. The Conventional Fractional Fourier-Laplace Transform 

 

The fractional Fourier-Laplace transform with angle parameters 𝛼 and 𝜃 of 𝑓(𝑥, 𝑡) is a linear operator given by the 

integral transform, 

 
ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} = 𝐹𝛼,𝜃(𝑢, 𝑣) = ∫  

∞

−∞

∫ 𝑓(𝑥, 𝑡)
∞

−∞

 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣)𝑑𝑥 𝑑𝑡 (2.5) 

where,  

𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) =

{
 
 
 
 
 

 
 
 
 
 

 

𝐶(𝛼, 𝜃)𝑒𝑖[𝑎(𝛼)(𝑥
2+𝑢2)−𝑝(𝛼)𝑥𝑢]𝑒[𝑏(𝜃)(𝑡

2+𝑣2)−𝑞(𝜃)𝑡𝑣],   if 𝛼, 𝜃 ∉ {𝑘𝜋 ∶ 𝑘 ∈ ℤ}

𝐶1(𝛼)𝛿(𝑡 − 𝑣)𝑒
𝑖[𝑎(𝛼)(𝑥2+𝑢2)−𝑝(𝛼)𝑥𝑢],                           if 𝛼 ≠ 𝑚𝜋 and  𝜃 = 2𝑛𝜋

𝐶1(𝛼)𝛿(𝑡 + 𝑣)𝑒
𝑖[𝑎(𝛼)(𝑥2+𝑢2)−𝑝(𝛼)𝑥𝑢],                           if 𝛼 ≠ 𝑚𝜋 and 𝜃 = (2𝑛 − 1)𝜋

𝐶2(𝜃)𝛿(𝑥 − 𝑢)𝑒
[𝑏(𝜃)(𝑡2+𝑣2)−𝑞(𝜃)𝑡𝑣],                             if 𝛼 = 2𝑚𝜋 and 𝜃 ≠ 𝑛𝜋

𝐶2(𝜃)𝛿(𝑥 + 𝑢)𝑒
[𝑏(𝜃)(𝑡2+𝑣2)−𝑞(𝜃)𝑡𝑣],                             if 𝛼 = (2𝑚 − 1)𝜋 and 𝜃 ≠ 𝑛𝜋

𝛿(𝑥 − 𝑢)𝛿(𝑡 − 𝑣),                                                             if 𝛼, 𝜃 ∈ {2𝑘𝜋 ∶ 𝑘 ∈ ℤ}

 𝛿(𝑥 − 𝑢)𝛿(𝑡 + 𝑣),                                                             if 𝛼 = 2𝑚𝜋 and 𝜃 = (2𝑛 − 1)𝜋

 𝛿(𝑥 + 𝑢)𝛿(𝑡 − 𝑣),                                                             if 𝛼 = (2𝑚 − 1)𝜋 and  𝜃 = 2𝑛𝜋
𝛿(𝑥 + 𝑢)𝛿(𝑡 + 𝑣),                                                             if 𝛼, 𝜃 ∈ {2(𝑘 − 1)𝜋: 𝑘 ∈ ℤ}

 

  (2.6) 

is a transformation kernel with 

𝐶1(𝛼) = √
1 − 𝑖 cot 𝛼

2𝜋
,   𝐶2(𝜃) = √

1 − 𝑖 cot 𝜃

2𝜋𝑖
,   𝐶(𝛼, 𝜃) = 𝐶1(𝛼)𝐶2(𝜃), 

 𝑎(𝛼) =
cot𝛼

2
,   𝑏(𝜃) =

cot 𝜃

2
,    𝑝(𝛼) = csc𝛼 ,   𝑞(𝜃) = csc𝜃  

Where 𝛼, 𝜃 ∈ ℝ, 𝑚, 𝑛 ∈ ℤ and 𝛿 denotes the Dirac delta function. For simplicity we may write 𝐶1, 𝐶2, 𝐶, 𝑎, 𝑏, 𝑝, 

and 𝑞 instead of 𝐶1(𝛼), 𝐶2(𝜃), 𝐶(𝛼, 𝜃), 𝑎(𝛼), 𝑏(𝜃), 𝑝(𝛼) and 𝑞(𝜃). 
 

IV. The Testing Function space 𝑬(ℝ𝒏) 
 

An infinitely differentiable complex valued smooth function ∅ on ℝ𝑛 belongs to 𝐸(ℝ𝑛), if for each compact 

subset 𝐾 ⊂ 𝑆𝑎 , 𝐼 ⊂ 𝑆𝑏 where,  𝑆𝑎 = {𝑥 ∈  ℝ
𝑛: |𝑥| ≤ 𝑎, 𝑎 > 0},  𝑆𝑏 = {𝑡 ∈  ℝ

𝑛: |𝑡| ≤ 𝑏, 𝑏 > 0} such that, 

 

 𝛾𝐸,𝑙,𝑞(∅) = sup
𝑥∈𝐾
𝑡∈𝐼

|𝐷𝑥
𝑙𝐷𝑞

𝑡∅(𝑥, 𝑡)| < ∞ ,        𝑙, 𝑞 = 0,1,2,… 
(2.7) 

Thus 𝐸(ℝ𝑛) will denote space of all ∅ ∈ 𝐸(ℝ𝑛) with compact support contained in 𝑆𝑎 ∩ 𝑆𝑏. Moreover, we say 

that 𝑓 is a fractional Fourier-Laplace transformable if it is a member of 𝐸∗, the dual space of 𝐸. 

 

V. Distributional Generalized Fractional Fourier-Laplace Transform 

 

The distributional fractional Fourier-Laplace transform of 𝑓(𝑥, 𝑡) ∈ 𝐸(ℝ𝑛) is defined by 

 𝐹𝑟𝐹𝐿𝑇{𝑓(𝑥, 𝑡)} = 𝐹𝛼,𝜃(𝑢, 𝑣) = 〈𝑓(𝑥, 𝑡), 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 〉 (2.8) 
where, 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) is as given in (2.6). The R.H.S. of (2.8) is meaningful because 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) ∈ 𝐸 and  

𝑓(𝑥, 𝑡) ∈ 𝐸∗. 
 

3. Analysis of FrFLT for different parametric values 
 

The FrFLT of 𝑓(𝑥, 𝑡), for some special values of 𝛼 & 𝜃 are given in the Table 1. Since the calculations are 

straightforward, only final results will be tabulated. Note that, here 𝑓(𝑥, 𝑡) belongs to space 𝑊 of all integrable 

functions with property that 𝑓(𝑥, 𝑡) ∈ 𝑊 if and only if  ℱ𝛼[𝑓(𝑥, 𝑡)]𝑥 , ℒ𝜃[𝑓(𝑥, 𝑡)]𝑡 ∈ 𝑊. Where, ℱ𝛼[𝑓(𝑥, 𝑡)]𝑥 is 

fractional Fourier transform of 𝑓(𝑥, 𝑡) with respect to 𝑥 at angle 𝛼 and ℒ𝜃[𝑓(𝑥, 𝑡)]𝑡 denotes the fractional Laplace 

transform of 𝑓(𝑥, 𝑡) with respect to 𝑡 at angle 𝜃. 
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Table 1: FrFLT for different parametric values  

Values of 𝜶, 𝜽 𝑲𝜶,𝜽(𝒙, 𝒖, 𝒕, 𝒗) 𝓕𝓛𝜶,𝜽[𝒇(𝒙, 𝒗)] = 𝑭𝜶,𝜽(𝒖, 𝒗) 

𝛼, 𝜃 ∈ {2𝑘𝜋 ∶ 𝑘 ∈ ℤ} 𝛿(𝑥 − 𝑢)𝛿(𝑡 − 𝑣)  𝐹𝛼,𝜃[𝑓](𝑢, 𝑣) = 𝑓(𝑢, 𝑣)  

𝛼, 𝜃 ∈ {2(𝑘 − 1)𝜋: 𝑘 ∈ ℤ} 𝛿(𝑥 + 𝑢)𝛿(𝑡 + 𝑣)  𝐹𝜋, 𝜋[𝑓](𝑢, 𝑣) = 𝑓(−𝑢,−𝑣)  

𝛼 = 2𝑚𝜋, 𝜃 = (2𝑛 − 1)𝜋 𝛿(𝑥 − 𝑢)𝛿(𝑡 + 𝑣)  𝐹0, 𝜋[𝑓](𝑢, 𝑣) = 𝑓(𝑢,−𝑣)  

𝛼 = (2𝑚 − 1)𝜋, 𝜃 = 2𝑛𝜋 𝛿(𝑥 + 𝑢)𝛿(𝑡 − 𝑣)  𝐹𝜋, 0[𝑓](𝑢, 𝑣) = 𝑓(−𝑢, 𝑣)  

𝛼 = 2𝑚𝜋 and 𝜃 ≠ 𝑛𝜋 𝐶2𝛿(𝑥 − 𝑢)𝑒
[𝑏(𝑡2+𝑣2)−𝑞𝑡𝑣] 𝐹𝛼,𝜃[𝑓](𝑢, 𝑣) = ℒ𝜃[𝑓(𝑢, 𝑡)]𝑡(𝑣) 

𝛼 = (2𝑚 − 1)𝜋 and 𝜃 ≠ 𝑛𝜋 𝐶2𝛿(𝑥 + 𝑢)𝑒
[𝑏(𝑡2+𝑣2)−𝑞𝑡𝑣] 𝐹𝜋, 𝜃[𝑓](𝑢, 𝑣) = ℒ𝜃[𝑓(−𝑢, 𝑡)]𝑡(𝑣) 

𝛼 ≠ 𝑚𝜋 and  𝜃 = 2𝑛𝜋 𝐶1𝛿(𝑡 − 𝑣)𝑒
𝑖[𝑎(𝑥2+𝑢2)−𝑝𝑥𝑢] 𝐹𝛼,𝜃[𝑓](𝑢, 𝑣) = ℱ𝛼[𝑓(𝑥, 𝑣)]𝑥(𝑢) 

𝛼 ≠ 𝑚𝜋 and 𝜃 = (2𝑛 − 1)𝜋 𝐶1𝛿(𝑡 + 𝑣)𝑒
𝑖[𝑎(𝑥2+𝑢2)−𝑝𝑥𝑢] 𝐹𝛼,𝜃[𝑓](𝑢, 𝑣) = ℱ𝛼[𝑓(𝑥, −𝑣)]𝑥(𝑢) 

𝛼 = 𝜃 =
𝜋

2
 √

1

2𝜋
√
1

2𝜋𝑖
𝑒−𝑖𝑥𝑢𝑒−𝑡𝑣 

𝐹𝜋
2
, 
𝜋

2

[𝑓](𝑢, 𝑣) =

√
1

2𝜋
√

1

2𝜋𝑖
𝐹𝐿{𝑓(𝑥, 𝑡)}(𝑢, 𝑣)  

 

Where 𝐹𝐿{𝑓(𝑥, 𝑡)}(𝑢, 𝑣) denotes Fourier-Laplace transform of 𝑓(𝑥, 𝑡) as defined in [18]. Based on the analysis in 

Table 1, we shall now focus on 𝐹𝛼,𝜃 for 𝛼, 𝜃 ∉ {𝑘𝜋 ∶ 𝑘 ∈ ℤ}. In this case the kernel of FrFLT is: 

 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) = 𝐶(𝛼, 𝜃)𝑒
𝑖[𝑎(𝑥2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] (3.1) 

that is,  

𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) = √
1 − 𝑖 cot 𝛼

2𝜋
√
1 − 𝑖 cot 𝜃

2𝜋𝑖
𝑒

𝑖
2 sin𝛼

 [(𝑥2+𝑢2) cos𝛼−2𝑥𝑢]𝑒
1

2sin𝜃
 [(𝑡2+𝑣2) cos𝜃−2𝑡𝑣]

 

 

4. Some properties of FrFLT 
 

In this section, we derived various operational transform formulae for the FrFLT, including results related to 

linearity, shifting, scaling, differentiation and modulation.  

 

4.1 Linearity property 

 ℱℒ𝛼,𝜃{𝑐1𝑓(𝑥, 𝑡) + 𝑐2𝑔(𝑥, 𝑡)} = 𝑐1ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} + 𝑐2ℱℒ𝛼,𝜃{𝑔(𝑥, 𝑡)} (4.1) 
Proof: From the definition of FrFLT we have,  

ℱℒ𝛼,𝜃{𝑐1𝑓(𝑥, 𝑡) + 𝑐2𝑔(𝑥, 𝑡)} = ∫  
∞

−∞

∫ ( 𝑐1𝑓(𝑥, 𝑡) + 𝑐2𝑔(𝑥, 𝑡)) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣)𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝐶∫  
∞

−∞

∫ ( 𝑐1𝑓(𝑥, 𝑡) + 𝑐2𝑔(𝑥, 𝑡)) 𝑒
𝑖[𝑎(𝑥2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝑐1𝐶∫  
∞

−∞

∫ 𝑓(𝑥, 𝑡) 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡
∞

−∞

 

+𝑐2𝐶∫  
∞

−∞

∫ 𝑔(𝑥, 𝑡) 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡
∞

−∞

 

=  𝑐1∫  
∞

−∞

∫ 𝑓(𝑥, 𝑡) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡
∞

−∞

+  𝑐2∫  
∞

−∞

∫ 𝑔(𝑥, 𝑡) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝑐1ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} + 𝑐2ℱℒ𝛼,𝜃{𝑔(𝑥, 𝑡)}                                                                                                          ∎ 
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4.2 Modulated shifting property 

 
ℱℒ𝛼,𝜃{𝑒

𝑖(𝜔𝑥−𝑖𝜓𝑡)𝑓(𝑥, 𝑡)}(𝑢, 𝑣) = 𝑒
2𝑖𝑎(𝑢−

𝜔
2𝑝
)
𝜔
𝑝𝑒

2𝑏(𝑣−
𝜓
2𝑞
)
𝜓
𝑞ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

𝜔

𝑝
, 𝑣 −

𝜓

𝑞
) (4.2) 

Proof: By definition of FrFLT we have, 

ℱℒ𝛼,𝜃{𝑒
𝑖(𝜔𝑥−𝑖𝜓𝑡)𝑓(𝑥, 𝑡)}(𝑢, 𝑣) = ∫  

∞

−∞

∫ 𝑒𝑖(𝜔𝑥−𝑖𝜓𝑡)𝑓(𝑥, 𝑡) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖(𝜔𝑥−𝑖𝜓𝑡)𝑓(𝑥, 𝑡) 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝐶𝑒
2𝑖𝑎(𝑢−

𝜔
2𝑝
)
𝜔
𝑝𝑒

2𝑏(𝑣−
𝜓
𝑞
)
𝜓
𝑞  

×∫  
∞

−∞

∫ 𝑓(𝑥, 𝑡)𝑒
𝑖[𝑎(𝑥2+(𝑢−

𝜔
𝑝
)
2
)−𝑝𝑥(𝑢−

𝜔
𝑝
)]
 𝑒
[𝑏(𝑡2+(𝑣−

𝜓
𝑞
)
2

)−𝑞𝑡(𝑣−
𝜓
𝑞
)]
 𝑑𝑥 𝑑𝑡

∞

−∞

 

= 𝑒
2𝑖𝑎(𝑢−

𝜔
2𝑝
)
𝜔
𝑝𝑒

2𝑏(𝑣−
𝜓
2𝑞
)
𝜓
𝑞ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

𝜔

𝑝
, 𝑣 −

𝜓

𝑞
)                                                                                     ∎ 

 

4.3 Shifting properties 
 

I ℱℒ𝛼,𝜃{𝑓(𝑥 − 𝑥0, 𝑡)}(𝑢, 𝑣) = 𝑒
𝑖(𝑎𝑥0

2−𝑝𝑥0𝑢)𝑒
𝑖(𝑢−

𝑎𝑥0
𝑝
)
4𝑎2𝑥0
𝑝 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

2𝑎𝑥0
𝑝

, 𝑣) (4.3) 

II ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡 − 𝑡0)}(𝑢, 𝑣) = 𝑒
(𝑏𝑡0

2−𝑞𝑡0𝑣)𝑒
(𝑣− 

𝑏𝑡0
𝑞
)
4𝑏2𝑡0
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢, 𝑣 −

2𝑏𝑡0
𝑞
) (4.4) 

III 
ℱℒ𝛼,𝜃{𝑓(𝑥 − 𝑥0, 𝑡 − 𝑡0)}(𝑢, 𝑣) = 𝑒

𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)𝑒(𝑏𝑡0

2−𝑞𝑡0𝑣)𝑒
𝑖(𝑢−

𝑎𝑥0
𝑝
)
4𝑎2𝑥0
𝑝 𝑒

(𝑣−
𝑏𝑡0
𝑞
)
4𝑏2𝑡0
𝑞  

× ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −
2𝑎𝑥0

𝑝
, 𝑣 −

2𝑏𝑡0

𝑞
)  

(4.5) 

Proof: By definition of FrFLT we have, 

(I)    ℱℒ𝛼,𝜃{𝑓(𝑥 − 𝑥0, 𝑡)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑥 − 𝑥0, 𝑡) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡
∞

−∞

 

Substituting 𝑥 − 𝑥0 = 𝑧 ⇒ 𝑑𝑥 = 𝑑𝑧 we get,  

ℱℒ𝛼,𝜃{𝑓(𝑥 − 𝑥0, 𝑡)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑧, 𝑡) 𝐾𝛼,𝜃(𝑧 + 𝑥0, 𝑢, 𝑡, 𝑣) 𝑑𝑧 𝑑𝑡
∞

−∞

 

= 𝐶∫  
∞

−∞

∫ 𝑓(𝑧, 𝑡)  𝑒𝑖[𝑎((𝑧+𝑥0)
2+𝑢2)−𝑝(𝑧+𝑥0)𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑧 𝑑𝑡
∞

−∞

 

= 𝐶𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)∫  

∞

−∞

∫ 𝑒2𝑖𝑎𝑧𝑥0𝑓(𝑧, 𝑡) 𝑒𝑖[𝑎(𝑧
2+𝑢2)−𝑝𝑧𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]  𝑑𝑧 𝑑𝑡
∞

−∞

 

= 𝐶𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)∫  

∞

−∞

∫ 𝑒2𝑖𝑎𝑥𝑥0𝑓(𝑥, 𝑡) 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]  𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)ℱℒ𝛼,𝜃{𝑒

2𝑖𝑎𝑥𝑥0𝑓(𝑥, 𝑡) } 

= 𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)𝑒

𝑖(𝑢−
𝑎𝑥0
𝑝
)
4𝑎2𝑥0
𝑝 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

2𝑎𝑥0
𝑝

, 𝑣)                    By (4.2) 

(II)   ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡 − 𝑡0)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑥, 𝑡 − 𝑡0) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡
∞

−∞

 

Substituting 𝑡 − 𝑡0 = 𝑦 ⇒ 𝑑𝑡 = 𝑑𝑦 we get, 𝑒𝑏(𝑦
2+𝑣2−𝑞𝑦𝑣) 

        ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡 − 𝑡0)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑥, 𝑦) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑦 + 𝑡0, 𝑣) 𝑑𝑥 𝑑𝑦
∞

−∞

 

∴   ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡 − 𝑡0)}(𝑢, 𝑣) = 𝐶∫  
∞

−∞

∫ 𝑓(𝑥, 𝑦)  𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏((𝑦+𝑡0)

2+𝑣2)−𝑞(𝑦+𝑡0)𝑣] 𝑑𝑥 𝑑𝑦
∞

−∞

 

= 𝐶𝑒(𝑏𝑡0
2−𝑞𝑡0𝑣)∫  

∞

−∞

∫ 𝑒2𝑏𝑦𝑡0𝑓(𝑥, 𝑦)𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 𝑒[𝑏(𝑦

2+𝑣2)−𝑞𝑦𝑣]  𝑑𝑥 𝑑𝑦
∞

−∞

 

= ∫  
∞

−∞

∫ 𝑒2𝑏𝑡𝑡0𝑓(𝑥, 𝑡) 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝑒(𝑏𝑡0
2−𝑞𝑡0𝑣) ℱℒ𝛼,𝜃{𝑒

2𝑏𝑡𝑡0𝑓(𝑥, 𝑡)} 
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= 𝑒(𝑏𝑡0
2−𝑞𝑡0𝑣)𝑒

(𝑣 − 
𝑏𝑡0
𝑞
)
4𝑏2𝑡0
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢, 𝑣 −

2𝑏𝑡0
𝑞
)                      By (4.2) 

(III)   ℱℒ𝛼,𝜃{𝑓(𝑥 − 𝑥0, 𝑡 − 𝑡0)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑥 − 𝑥0, 𝑡 − 𝑡0) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡
∞

−∞

 

Substituting 𝑥 − 𝑥0 = 𝑧, 𝑡 − 𝑡0 = 𝑦 and hence 𝑑𝑥 = 𝑑𝑧 and 𝑑𝑡 = 𝑑𝑦 we get,  

ℱℒ𝛼,𝜃{𝑓(𝑥 − 𝑥0, 𝑡 − 𝑡0)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑧, 𝑦) 𝐾𝛼,𝜃(𝑧 + 𝑥0, 𝑢, 𝑦 + 𝑡0, 𝑣) 𝑑𝑧 𝑑𝑦
∞

−∞

 

= ∫  
∞

−∞

∫ 𝑓(𝑧, 𝑦) 𝑒𝑖[𝑎((𝑧+𝑥0)
2+𝑢2)−𝑝(𝑧+𝑥0)𝑢]𝑒[𝑏((𝑦+𝑡0)

2+𝑣2)−𝑞(𝑦+𝑡0)𝑣] 𝑑𝑧 𝑑𝑦
∞

−∞

 

= 𝐶𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)𝑒(𝑏𝑡0

2−𝑞𝑡0𝑣)∫  
∞

−∞

∫ 𝑒2(𝑖𝑎𝑧𝑥0+𝑏𝑦𝑡0)𝑓(𝑧, 𝑦)
∞

−∞

𝑒𝑖[𝑎(𝑧
2+𝑢2)−𝑝𝑧𝑢]𝑒[𝑏(𝑦

2+𝑣2)−𝑞𝑦𝑣] 𝑑𝑧 𝑑𝑦 

= 𝐶𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)𝑒(𝑏𝑡0

2−𝑞𝑡0𝑣)∫  
∞

−∞

∫ 𝑒2(𝑖𝑎𝑥𝑥0+𝑏𝑡𝑡0)𝑓(𝑥, 𝑡)
∞

−∞

𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡 

= 𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)𝑒(𝑏𝑡0

2−𝑞𝑡0𝑣)ℱℒ𝛼,𝜃{𝑒
2(𝑖𝑎𝑥𝑥0+𝑏𝑡𝑡0)𝑓(𝑥, 𝑡)} 

= 𝑒𝑖(𝑎𝑥0
2−𝑝𝑥0𝑢)𝑒(𝑏𝑡0

2−𝑞𝑡0𝑣)𝑒
𝑖(𝑢−

𝑎𝑥0
𝑝
)
4𝑎2𝑥0
𝑝 𝑒

(𝑣−
𝑏𝑡0
𝑞
)
4𝑏2𝑡0
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

2𝑎𝑥0
𝑝

, 𝑣 −
2𝑏𝑡0
𝑞
)   By (4.2) 

                                             ∎              

4.4 Scaling property 
 

For nonzero real constant 𝑟 and 𝑠, 
 

ℱℒ𝛼,𝜃{𝑓(𝑟𝑥, 𝑠𝑡)}(𝑢, 𝑣) = √
1 − 𝑖 cot 𝛼

𝑟2 − 𝑖 cot 𝛼
√
1 − 𝑖 cot 𝜃

𝑠2 − 𝑖 cot 𝜃
𝑒
𝑖[
cot𝛼
2

𝑢2(1−
cos2𝛼
cos2𝛽

)]
𝑒
[
cot𝜃
2

𝑣2(1−
cos2 𝜃
cos2 𝛾

)]
 

× ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 
sin 𝛽

𝑟 sin𝛼
, 𝑣 

sin 𝛾

𝑠 sin𝜃
)      

(4.6) 

where, 𝛽 = arctan(𝑟2 tan 𝛼) and 𝛾 = arctan(𝑠2 tan 𝜃) 
Proof:  By definition of FrFLT we have, 

ℱℒ𝛼,𝜃{𝑓(𝑟𝑥, 𝑠𝑡)}(𝑢, 𝑣) = ∫  
∞

−∞

∫ 𝑓(𝑟𝑥, 𝑠𝑡)
∞

−∞

 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡 

  = 𝐶 ∫  
∞

−∞

∫ 𝑓(𝑟𝑥, 𝑠𝑡) 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑑𝑥 𝑑𝑡
∞

−∞

 

Substituting 𝑦 = 𝑟𝑥 and 𝑧 = 𝑠𝑡  

Hence 𝑑𝑦 = 𝑟𝑑𝑥 and 𝑑𝑧 = 𝑠𝑑𝑡 ⇒ 𝑑𝑥 =
𝑑𝑦

𝑟
  and 𝑑𝑡 =

𝑑𝑧

𝑠
 

∴ ℱℒ𝛼,𝜃{𝑓(𝑟𝑥, 𝑠𝑡)}(𝑢, 𝑣) = 𝐶 ∫  
∞

−∞

∫ 𝑒
𝑖[𝑎(

𝑦2

𝑟2
+𝑢2)−𝑝

𝑦
𝑟
𝑢]
𝑒
[𝑏(

𝑧2

𝑠2
+𝑣2)−𝑞

𝑧
𝑠
𝑣]
 𝑓(𝑦, 𝑧)

𝑑𝑦

𝑟

𝑑𝑧

𝑠

∞

−∞

 

= √
1 − 𝑖 cot 𝛼

2𝜋
√
1 − 𝑖 cot 𝜃

2𝜋𝑖

1

|𝑟𝑠|
∫  
∞

−∞

∫ 𝑒
𝑖[
cot𝛼
2𝑟2

(𝑦2+𝑢2𝑟2)−𝑦𝑢
csc𝛼
𝑟

]
𝑒
[
cot𝜃
2𝑠2

(𝑧2+𝑣2𝑠2)−𝑧𝑣
csc𝜃
𝑠 ]
𝑓(𝑦, 𝑧)

∞

−∞

𝑑𝑦 𝑑𝑧 

Now , if we define 𝛽 = arccot (
cot𝛼

𝑟2
) = arctan(𝑟2 tan𝛼) and  𝛾 = arccot (

cot𝜃

𝑠2
) = arctan(𝑠2 tan 𝜃) then we 

get, 

= √
1 − 𝑖 cot 𝛼

2𝜋𝑟2
√
1 − 𝑖 cot 𝜃

2𝜋𝑠2𝑖
∫  
∞

−∞

∫ 𝑒
𝑖[
cot𝛽
2

(𝑦2+𝑢2𝑟2)−𝑦𝑢
csc𝛼
𝑟 csc𝛽

csc𝛽]
𝑒
[
cot 𝛾
2

(𝑧2+𝑣2𝑠2)−𝑧𝑣
csc𝜃
𝑠 csc𝛾

csc𝛾]
𝑓(𝑦, 𝑧)

∞

−∞

𝑑𝑦 𝑑𝑧 

= √
1 − 𝑖 cot 𝛼

2𝜋𝑟2
√
1 − 𝑖 cot 𝜃

2𝜋𝑠2𝑖
∫  
∞

−∞

∫ 𝑒
𝑖[
cot𝛽
2 (𝑦2+(𝑢 

csc𝛼
𝑟 csc𝛽

)
2

)−𝑦(𝑢
csc𝛼
𝑟 csc𝛽

) csc𝛽−
cot𝛽
2

(𝑢 
csc𝛼
𝑟 csc𝛽

)
2

+
cot𝛽
2

𝑢2𝑟2]∞

−∞

  

𝑒
[
cot𝛾
2 (𝑧2+(𝑣 

csc𝜃
𝑠 csc𝛾

)
2

)−𝑧(𝑣
csc𝜃
𝑠 csc𝛾

) csc𝛾−
cot𝛾
2

 (𝑣 
csc𝜃
𝑠 csc𝛾

)
2

+
cot𝛾
2

𝑣2𝑠2]
 𝑓(𝑦, 𝑧) 𝑑𝑦 𝑑𝑧 

= √
1 − 𝑖 cot 𝛼

2𝜋𝑟2
√
1 − 𝑖 cot 𝜃

2𝜋𝑠2𝑖
𝑒
𝑖[
cot𝛽
2

𝑢2𝑟2(1−
csc2 𝛼
𝑟4 csc2𝛽

)]
𝑒
[
cot𝛾
2

𝑣2𝑠2(1−
csc2 𝜃
𝑠4 csc2 𝛾

)]
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∫  
∞

−∞

∫ 𝑒
𝑖[
cot𝛽
2 (𝑦2+(𝑢 

csc𝛼
𝑟 csc𝛽

)
2

)−𝑦(𝑢
csc𝛼
𝑟 csc𝛽

)csc𝛽]∞

−∞

𝑒
[
cot𝛾
2 (𝑧2+(𝑣 

csc𝜃
𝑠 csc𝛾

)
2

)−𝑧(𝑣
csc𝜃
𝑠 csc𝛾

) csc𝛾]
𝑓(𝑦, 𝑧) 𝑑𝑦 𝑑𝑧 

= √
1 − 𝑖 cot 𝛼

2𝜋𝑟2
√
1 − 𝑖 cot 𝜃

2𝜋𝑠2𝑖
𝑒
𝑖[
cot𝛽
2

𝑢2𝑟2(1−
csc2 𝛼
𝑟4 csc2𝛽

)]
𝑒
[
cot𝛾
2

𝑣2𝑠2(1−
csc2 𝜃
𝑠4 csc2 𝛾

)]
  

∫  
∞

−∞

∫ 𝑒
𝑖[
cot𝛽
2 (𝑥2+(𝑢 

csc𝛼
𝑟 csc𝛽

)
2

)−𝑥(𝑢
csc𝛼
𝑟 csc𝛽

) csc𝛽]∞

−∞

𝑒
[
cot 𝛾
2 (𝑡2+(𝑣 

csc𝜃
𝑠 csc𝛾

)
2

)−𝑡(𝑣
csc𝜃
𝑠 csc𝛾

)csc𝛾]
𝑓(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡 

= √
1 − 𝑖 cot 𝛼

𝑟2(1 − 𝑖 cot 𝛽)
√

1 − 𝑖 cot 𝜃

𝑠2(1 − 𝑖 cot 𝛾)
𝑒
𝑖[
cot𝛼
2

𝑢2(1−
csc2𝛼
𝑟4 csc2𝛽

)]
𝑒
[
cot𝜃
2

𝑣2(1−
csc2 𝜃
𝑠4 csc2 𝛾

)]
 

× ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 
csc𝛼

𝑟 csc𝛽
, 𝑣 

csc 𝜃

𝑠 csc 𝛾
) 

 

= √
1 − 𝑖 cot 𝛼

𝑟2 − 𝑖 cot 𝛼
√
1 − 𝑖 cot 𝜃

𝑠2 − 𝑖 cot 𝜃
𝑒
𝑖[
cot𝛼
2

𝑢2(1−
cos2 𝛼
cos2𝛽

)]
𝑒
[
cot𝜃
2

𝑣2(1−
cos2 𝜃
cos2 𝛾

)]
ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 

sin 𝛽

𝑟 sin𝛼
, 𝑣 

sin 𝛾

𝑠 sin𝜃
) 

                                                  ∎ 

 

4.5 Differential properties 

 

I     ℱℒ𝛼,𝜃 {
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)} (𝑢, 𝑣) = −2𝑎𝑖 ℱℒ𝛼,𝜃{𝑥𝑓(𝑥, 𝑡)} + 𝑖𝑢𝑝 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (4.7) 

II ℱℒ𝛼,𝜃 {
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)} (𝑢, 𝑣) = −2𝑏 ℱℒ𝛼,𝜃{𝑡𝑓(𝑥, 𝑡)} + 𝑣𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (4.8) 

Proof:  By definition of FrFLT we have 

(I)    ℱℒ𝛼,𝜃 {
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)} (𝑢, 𝑣) = ∫  

∞

−∞

∫
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡

∞

−∞

 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]  
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡

∞

−∞

 

= 𝐶∫ 𝑒[𝑏(𝑡
2+𝑣2)−𝑞𝑡𝑣] 

∞

−∞

{∫  𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]

∞

−∞

𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)  𝑑𝑥}  𝑑𝑡  

= 𝐶∫  𝑒[𝑏(𝑡
2+𝑣2)−𝑞𝑡𝑣]

∞

−∞

{[𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑓(𝑥, 𝑡)]

−∞

∞
−∫ 𝑒𝑖[𝑎(𝑥

2+𝑢2)−𝑝𝑥𝑢] 𝑖[2𝑎𝑥 − 𝑢𝑝] 𝑓(𝑥, 𝑡) 𝑑𝑥
∞

−∞

}  𝑑𝑡 

= 𝐶∫  
∞

−∞

 𝑒[𝑏(𝑡
2+𝑣2)−𝑞𝑡𝑣] {−∫ 𝑒𝑖[𝑎(𝑥

2+𝑢2)−𝑝𝑥𝑢] 𝑖[2𝑎𝑥 − 𝑢𝑝] 𝑓(𝑥, 𝑡) 𝑑𝑥
∞

−∞

}  𝑑𝑡 

= −2𝑖𝑎𝐶 ∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑥𝑓(𝑥, 𝑡)𝑑𝑥 𝑑𝑡
∞

−∞

 

+𝑖𝑢𝑝𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑓(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡
∞

−∞

 

= −2𝑎𝑖 ℱℒ𝛼,𝜃{𝑥𝑓(𝑥, 𝑡)} + 𝑖𝑢𝑝 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} 

(II)   ℱℒ𝛼,𝜃 {
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)} (𝑢, 𝑣) = ∫  

∞

−∞

∫
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡) 𝐾𝛼,𝜃(𝑥, 𝑢, 𝑡, 𝑣) 𝑑𝑥 𝑑𝑡

∞

−∞

 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡

∞

−∞

 

= 𝐶∫  
∞

−∞

𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] {∫  𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]
∞

−∞

𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)  𝑑𝑡}  𝑑𝑥 

= 𝐶∫  
∞

−∞

𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] {[𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡)]
−∞

∞
−∫ 𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] [2𝑏𝑡 − 𝑣𝑞] 𝑓(𝑥, 𝑡) 𝑑𝑡
∞

−∞

}  𝑑𝑥 

= 𝐶∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢] 

∞

−∞

{−∫ 𝑒[𝑏(𝑡
2+𝑣2)−𝑞𝑡𝑣] [2𝑏𝑡 − 𝑣𝑞] 𝑓(𝑥, 𝑡) 𝑑𝑡

∞

−∞

}  𝑑𝑥 
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= −2𝑏𝐶∫  
∞

−∞

∫  𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣] 𝑡𝑓(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡
∞

−∞

+ 𝑣𝑞𝐶∫  
∞

−∞

∫  𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡) 𝑑𝑥 𝑑𝑡
∞

−∞

 

= −2𝑏 ℱℒ𝛼,𝜃{𝑡𝑓(𝑥, 𝑡)} + 𝑣𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)}                                                                                                        ∎ 

 

4.6 Modulation properties 

 

I ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡) cos(𝑟𝑥 + 𝑖𝑠𝑡)}(𝑢, 𝑣) 

=
1

2
𝑒
2𝑖𝑎(𝑢−

𝑟
2𝑝
)
𝑟
𝑝𝑒

−2𝑏(𝑣+
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

𝑟

𝑝
, 𝑣 +

𝑠

𝑞
) 

 +
1

2
𝑒
−2𝑖𝑎(𝑢+

𝑟
2𝑝
)
𝑟
𝑝𝑒

2𝑏(𝑣−
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 +

𝑟

𝑝
, 𝑣 −

𝑠

𝑞
) 

(4.9) 

II ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡) sin(𝑟𝑥 + 𝑖𝑠𝑡)}(𝑢, 𝑣) 

=
1

2𝑖
𝑒
2𝑖𝑎(𝑢−

𝑟
2𝑝
)
𝑟
𝑝𝑒

−2𝑏(𝑣+
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

𝑟

𝑝
, 𝑣 +

𝑠

𝑞
) 

 −
1

2𝑖
𝑒
−2𝑖𝑎(𝑢+

𝑟
2𝑝
)
𝑟
𝑝𝑒

2𝑏(𝑣−
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 +

𝑟

𝑝
, 𝑣 −

𝑠

𝑞
) 

(4.10) 

Proof: By definition of FrFLT we have, 
(I)      ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡) cos(𝑟𝑥 + 𝑖𝑠𝑡)}(𝑢, 𝑣) 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡) cos(𝑟𝑥 + 𝑠𝑡) 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡) (
𝑒𝑖(𝑟𝑥+𝑖𝑠𝑡) + 𝑒−𝑖(𝑟𝑥+𝑖𝑠𝑡)

2
)𝑑𝑥 𝑑𝑡

∞

−∞

 

=
𝐶

2
{∫  

∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡)𝑒𝑖(𝑟𝑥+𝑖𝑠𝑡)𝑑𝑥 𝑑𝑡
∞

−∞

} 

+
𝐶

2
{∫  

∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡)𝑒−𝑖(𝑟𝑥+𝑖𝑠𝑡)𝑑𝑥 𝑑𝑡
∞

−∞

} 

=
1

2
ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)𝑒

𝑖(𝑟𝑥+𝑖𝑠𝑡)}(𝑢, 𝑣) +
1

2
ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)𝑒

−𝑖(𝑟𝑥+𝑖𝑠𝑡)}(𝑢, 𝑣) 

=
1

2
𝑒
2𝑖𝑎(𝑢−

𝑟
2𝑝
)
𝑟
𝑝𝑒

−2𝑏(𝑣+
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

𝑟

𝑝
, 𝑣 +

𝑠

𝑞
) 

+
1

2
𝑒
−2𝑖𝑎(𝑢+

𝑟
2𝑝
)
𝑟
𝑝𝑒

2𝑏(𝑣−
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 +

𝑟

𝑝
, 𝑣 −

𝑠

𝑞
)        By (4.2) 

(II)      ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} sin(𝑟𝑥 + 𝑖𝑠𝑡) (𝑢, 𝑣) 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡) sin(𝑟𝑥 + 𝑖𝑠𝑡) 𝑑𝑥 𝑑𝑡
∞

−∞

 

= 𝐶∫  
∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡) (
𝑒𝑖(𝑟𝑥+𝑖𝑠𝑡) − 𝑒−𝑖(𝑟𝑥+𝑖𝑠𝑡)

2𝑖
)𝑑𝑥 𝑑𝑡

∞

−∞

 

=
𝐶

2𝑖
{∫  

∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡)𝑒𝑖(𝑟𝑥+𝑖𝑠𝑡)𝑑𝑥 𝑑𝑡
∞

−∞

} 

−
𝐶

2𝑖
{∫  

∞

−∞

∫ 𝑒𝑖[𝑎(𝑥
2+𝑢2)−𝑝𝑥𝑢]𝑒[𝑏(𝑡

2+𝑣2)−𝑞𝑡𝑣]𝑓(𝑥, 𝑡)𝑒−𝑖(𝑟𝑥+𝑖𝑠𝑡)𝑑𝑥 𝑑𝑡
∞

−∞

} 

=
1

2𝑖
ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)𝑒

𝑖(𝑟𝑥+𝑖𝑠𝑡)}(𝑢, 𝑣) −
1

2𝑖
ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)𝑒

−𝑖(𝑟𝑥+𝑖𝑠𝑡)}(𝑢, 𝑣) 

=
1

2𝑖
𝑒
2𝑖𝑎(𝑢−

𝑟
2𝑝
)
𝑟
𝑝𝑒

−2𝑏(𝑣+
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 −

𝑟

𝑝
, 𝑣 +

𝑠

𝑞
) 

−
1

2𝑖
𝑒
−2𝑖𝑎(𝑢+

𝑟
2𝑝
)
𝑟
𝑝𝑒

2𝑏(𝑣−
𝑠
2𝑞
)
𝑠
𝑞 ℱℒ𝛼,𝜃{𝑓(𝑥, 𝑡)} (𝑢 +

𝑟

𝑝
, 𝑣 −

𝑠

𝑞
)     By (4.2)                                          ∎ 
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5. Conclusion 

 

In this paper, we introduced the fractional Fourier-Laplace Transform (FrFLT), extending its applicability to all 

values of the fractional parameters 𝛼 and 𝜃. Previous studies on FrFLT primarily focused on specific parameter 

ranges, leaving certain cases undefined. To address this limitation, we extended a definition of the fractional 

Laplace Transform (FRLT) given by Torre. This extension completes the theoretical framework of the FrFLT, 

enabling a seamless operational calculus for FrFLT. 

 

The main results of this paper include several derived and rigorously proved properties of the FrFLT, such as 

linearity, shifting, differentiation, scaling, and modulation. Furthermore, we analyzed the FrFLT under various 

parameter values, providing insights into its structure. These findings provide a theoretical framework for applying 

the FrFLT in diverse fields such as signal processing, engineering, and mathematical physics, offering new 

perspectives and expanding its range of applications. By establishing these foundational results, this work lays the 

groundwork for further advancements in the study and application of the FrFLT. 
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