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Abstract: This paper considers a batch gradient method with Ly, regularization for Pi —sigma neural networks. In origin, by
introducing an L, /, regularization term involves absolute value and is not differentiable into the error function. A key point of this
paper, specifically, the smoothing L, /, regularization is a term proportional to the norm of the weights. The role of the smoothing L4,
regularization term is to control the magnitude of the weights and to improve the generalization performance of the networks. The
weights are proved to be bounded during the training process, thus the conditions that are required for convergence analysis of batch

gradient method in literature are simplified.
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1. Introduction

In fact, higher order neural networks (HONN) have been
widely applied in many applications such as intention to
enhance the nonlinear descriptive capacity of the feed
forward multilayer perceptron networks [1 - 6]. Pi-sigma
neural network (PSNN) is a class of higher-order feed
forward polynomial neural network and is known to provide
inherently more powerful mapping abilities than traditional
feed forward neural networks. The (PSNN) modules are
widely used for pattern classification and approximation
problems [7 - 9]. By adding a penalty term of the error
function [10 - 16]. The penalty has become a common
practice to make the network weights keeping bounded
during the training process. The boundedness of the weights
is an obvious fact when a convergence training method “’
such as the quadratic programming used in support vector
machines in [17] is used to minimize the cost function with
penalty term. When using online gradient method to
minimize the cost of error function with regularization
penalty term, the boundedness of weights is not obvious
because the decrease of the cost function and convergence of
the method during the learning process are usually obtained
by first condition the network weights are bounded. Recently,
most of the studies have been focused on the Lj»
regularization penalty term adding to the error function usual
is not smooth at the origin, which causes difficulty in the

convergence analysis to speed this drawback, we use the
modified Ly, regularization term is proposed by the usual one
at the origin [18, 19], in [18] the L,y regularization term is
introduced into the batch gradient learning algorithm for the
pruning of FNN. Some convergence analyses of the online
gradient method (OGM for short) with fixed order inputs
(OGM_F) and with special stochastic inputs (OGM_SS) for
PSNN were respectively presented in [20,21]. Especially,
convergence analysis of the online gradient learning
algorithm with L, regularization term for the pruning of
FNN [19]. However, in [19 - 21] obtain both the weak and
strong convergence results. The main purpose of this paper ,
in doing so, by prove that the weights are indeed bounded
deterministically in the batch gradient learning algorithm
process by adding a smoothing L, regularization, a term
proportional to the norm of the weights. That the weights of
the network will keep bounded in the training process.

The rest of this paper is organized as follows. The network
model and the batch gradient method with smoothing L,
regularization are described in the section. The convergence
of this algorithm is discussed and a convergence theorem is
established in section 3. and conclusion in section 4.
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PSNN and Randomized Batch gradient with smoothing
Ly, regularization

Structure of PSNN:

Consider a three- layer network consisting of P input node, N
hidden nodes, and 1-output nodes. Suppose that by w; =

(wi1, ...,wk,,)T € RP be the weight vector between the input
units and the hidden unit(k = 1,2, ..., N).
& =(&,¢),..€)) € RP, stands for input vector. To simplify
the presentation, we write all the weight parameters in a
compact form = (w7, ...,w}) € R¥? . The weights on the
connections between the product node and the summation
node are fixed to one. We have included a special input unit
&p = —1, corresponding to the biases w,, . Let g:R - R be
a transfer function for the hidden and output node, which is
typically, but not necessarily, a sigmoid function. For any
given input & and weight w , the output of the network is

N
y=g (H(%?)) (1)

i=1
Randomized Batch gradient method for PSNN

In general, the batch gradient method is a simple and efficient
learning method for feed-forward neural networks. Usually
PSNN and the networks with pi-sigma building blocks are
also trained by it but with randomized modification.

T ¥ oubput it

product unit
fixed weights

Seearetin g EEFtiLS

wyp adjustable unit

Figure 1 : A pi — sigms neural network

Let {x/,0/}/_; € RP X R is a given of training samples. The

usual mean square error function for the network is
J

J N 2 N
. 1 . . .
@) =5 (of -9 (ﬂmw)) - Z 9 (E[(wi.ff)) @
= =\
Where g, (t) = —(o/ - g(t)) (1<j<]JteR).
Batch gradient with L, ,,regularization (BG Ly)

We denote the error function with Ly, regularization penalty
term is

J N 2 N
E(@) =%Z<of —g(]l:[(wi.sf)» +2 ;mwz
' J N N
=>4 (ﬂ(mf)) +2 )10l (3)
j=1 i=1 k=1

The gradient of error f_unction with L/, regularization respect
to the weight vector w, (k=12,..N)is

Ew,,(w)—zgj (]_[(w w)]_[(w e+ ffx)é‘) )
i#k

Starting from an arbitrary initial weightiW?, the batch
gradient method with L;, regularization update the weights

iteratively by:

WP = VI A ol VTN m=0,1.2,... (5)
and
N N +j-1
o , L i1 ... Asgn(w 4= )
oMt = A g | M gy g k
b g <L—1[(ml o )> i=1(wl ner | ;(n]ﬂ 1|1/2 ©

i#k
Wherek = 1,2,,...N ; andn,, > 0 represents the learning
rate.
Smoothing L, regularization (BGSLy,)
A modified L, regularization term is proposed by smoothing
the usual one at the origin, resulting in the following error

function with a smoothing Ly, regularization penalty term;

J
E@) =) g, (]_[(w E’)) + +A Zf(wsz @

£=1 i=1
Where f(x) is a smooth function that approxmates |x]|. for

definiteness and simplicity, we choose f(x) as a piecewise
polynomial function:

|x| if IXI Za
f@) = 30
{ 83 —x* +4ax + ,zf|x|<a(8)

Where a is a small positive constant. Then it is easy to get
3 , P 3
Fx) € [ga, +eo),f O e[-11]f @) € [oz] ©
The gradient of the error function can be written as (4) with

J N N
B @)= ) g (ﬂ(w@f))]_[(wi.ff)ff ¢ 2L )
j=1 i=1 i=1

27 f @ 10
i#k
Where A > 0 is a penalty parameter and k = 1,2,3, ... N.
Starting from an arbitrary initial weighti?, the batch

gradient method with L, regularization update the weights
iteratively by

mj] +j— 1

o V= @l VT A ) =012, .. (11)
and
o = n(w’"’*’ Le) n(w’"’” ORI AC JeP
2] flwf)'7?
L==k
Where k = 1,2,3,...N ; and n,, > 0 represents the learning
rate

2. Main Results

Suppose that K is any positive integer and consider the
Euclidean space RX. For x = (x,xy,..,x¢) T and y =
W1, y2, - ¥k) T, we define x.y = X, xy;,and lx||* =
(x.x)? , the following assumptions in this paper are
described below:

Assumption (Al)
lg;®].|9;®].lg/ ®©] G =12, .....)) are uniformly bounded for
teR.

Assumption (A2)

0< Ny, <1,ie, Xm_oNym < o,

Assumption (A3)

n and A are chosen to satisfy 0 < < ﬁ where
1
AM 1 1
¢ = T(1 +C3mp)? +C4N + zCC§(1 + NC3n,)? + EjC“V“)(N -1)¢?

C, =max{C; + C;Cp;_y NG — 1)1y, Cp 51} (13)
Assumption (A4)

The set o, € {w € Q:E, (w) = 0} Contains finite points, where Q
is closed bounded region such that {w™} c Q.
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Theorem 3.1 (boundedness Theorem).

Suppose that the weight sequence {w™} is generated by the
algorithm (11) for any initial valuew®, that (A1) is valid, and
then {w™} is uniformly bounded.

Theorem 3.2 (convergence Theorem).

Suppose that the error function is given by (7), that the
weight sequence {w™} is generated by the algorithm (11) for
any initial valuew®, and Assumption (A1) is valid.

Then we have

(@ E(w™ ) < E(0™),

(b) There is E* = 0 such that lim,,, ., E(w™) = E*;

© T}I%HA,%;"/ =0, lim |IE,, (@™)]| = 0.

Moreover, if Assumption (A4) is valid, then we have the

strong convergence:
(d) There exists w* € Qg such that lim,,_,,, ™ = w*.

Proofs

The next two lemmas will be used to prove our convergence
result. Their proofs are omitted since they are quite similar to
those of lemma 3.5 in [22] and Theorem 3.5.10 in [23],
respectively.

Lemma 4.1

Suppose that the learning rate n,, satisfies (A2) and that the
sequence {a,, }(m € N) satisfies a,, = 0

Yo oNmah <o and  |apes — Gpl <y, for
constants 8 and u . Then we have lim,, ., a,, = 0.

some

Lemma 4.2

Let F:® c RP - R(p =1) be continuous for a bounded
closed region @. if the set ®, = {x € ®: F,(x) = 0} has finite
points and the sequence {x,} €@
satisfy: lim,, . || F, (x,) || = 0 and lim,, L[|, 1 — %, ] = 0.
Then, there exists x* € &, such that lim,,_,¢, x, = x*
In this work, by choosing an initial n, € (0,1] and positive
constantg, we inductively, determine n,, in (16) by (cf. [22])
! =i+ﬁ m=0,12....(14)

Mm+1 M
First, we define r"/ = Amwp’ ¥~

=0, 1<k<N m=0,12,..
o = o (16)

A}"w;”/

(15)
and 4"/ =
Then, we have

ZIJ =anAm m] +j =an(Am

1<J<]1<k<Nm 0,12.
Then, by the error function (7), we have

J N
E(w(m+1)]) - Zg] (H( (m+1)] f] >+Azf( (m+1)])2 (18)

j=1 i=1

N N 1
E(wmf)_ g (n(w[’”‘ ff)) +AZf(w,'f’)7 (19)
j=1

i=1 k=1

Sty (17)

Lemma 4.3

Let t {n,,} be given by (15).There hold

0< Ny <M1 <1,m=12,....(20)

T p M
m<n'"<m'T 1+n,8'" " B

=12,....(21)

Proof.

This lemma is easy to validate by virtue of (15) and n, €
(0,1], see Lemma 4 in [24] and Lemma 2.1. in [25]

Lemma 4.4

Suppose that (A1) and (A2) are satisfied. Then, there exists
constantsC,, C5, C, > 0, such that forany m = 0,1, ...

N j-1

< e ) Y larer | 2<j<)1<k<N@2)

i=1t=1

lare™ |, 1<j</1<k<N(23)

t=1 i=1 't—

N J

llz SC4ZZ||A’" M| 1<j</1<k<N(24)

i=1t=1
Proof.

By Assumption (A2), (18) and Cauchy- Schwartz inequality,
we have

ﬁ(w:"f“.w—ﬁ(wr’-ef
i=1 i=1

: l_l(w'"“f )

+ ﬂ(«ﬂ“ &) (0 )

v g(w:"f.m
N J N J

< (ZZnArwr'n D | ) (25)

i=1t=1 i=1t=1
Wherec;=c"(1<j</m=012..)

Similarly, easy to get
n(mmw ) - n(wm/ &) <C6<ZZ“M m/||+ZZ"rtm||> (26)
i=1t=1 i=1t=1

L#k L#k
Where ¢, =c¥1(1<j</m=012..)

By Assumption (A1), (A2), (12), (16), (26), (27) and differential
mean value theorem, for 1<j</1<k<Nm=012,.,We

have
N N
;) (w;"’*”.ff)) (AN T2
([ []
N i#k N
~ g (ﬂ(wi’"’.fi)) [ Jewr.e¢
i=1 i=1
i#k
™) fep
( ITHJ 1)1/2 f(wf(")l/z
N N N
< |\mmg; (ﬂ(w!"’ff)) [Jer e -] Jwr.¢ |o
= iz izt
N N
g @) | ] Jeor =) (]_[(w:"“f‘l.ff)
i=1 i=1

i#k

N
- ﬂ(w{"’ff))ff
i=1

Iy = oy )¢/|

|(wm]+] - wy’ 1)5"

-

o’ )¢

511 =

P .
+§71mF (ti;)d |
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<, (iinwwr’ || +iinwn) @)

i=1t=1 i=1t=1

Where ¢;,, € R is on the line segment between w!".& and
o™t & and C; = C,C? + CsCNFE + AM /).

By mathematical induction to prove the following formula

N j-L

7 < Comn Y D llaral || 2<j <) 1< k<N m=012,..28)
Where C; constant.
By (16) and (28), for j = 2 the (29) is clearly established.
Suppose that j < J (2 <j <J) ,(27) establish. Then, proof
for (29) also founded By (28) and (21), we have

N J-1 N -1

i |sc7nm22|w O+ GGy Y D [ael |

i=1j=1 i=1t=1i1=1¢t1=1
N J-1

< Cojtm ZZHA?(UZ"’ [1<k<Nm=012,..

i=1j=1

Where C,; = max{C; + C;C,;_1 NG — Dno, Coj_1 }.
Therefore,j =], (29) established. By the mathematical
induction for 2 <j <j , then (29) it is also establish.
Suppose C, = C; in (23) easily to get (29).

Next, by (16) and (23), we have

J J J N
N AR A EPN=")
t=1 t=2 i

) t=2 i=1t;=1
N )
< GG =D > [l |

i=1t=1

AN

t—

lla7 e |

N
< Cann ) ) llaral | @9)

i=1t=1

Where C; =C,(J—1)and2<;</,1<k<Nm=012,..

Finally, (24) established on the basis of proof (25). By Lemma
43for2<j</,1<k<Nm=01.2,..,

We have

J J
o =i Il = ) larai”ll+ 2

t=1

N

I Vecn Y Yoo
1¢t= i=1t=1
N J
=(1+cam, )Z

IIA’" l
=1 t=

ZZW”M@

i=1 t=1

WhereCy = 1 + C3n,, the proof it is completed

-

Proof (of Theorem 1).

See [19], and By the Assumption (A2), i.e., Yor—oNm < 0,
we can easily get that the sequence S,, =1 + 71 + - + ;1
is convergence sequence. By the Cauchy’s test for
convergence, for VE > 0, there exists a positive integer
N; € N, forvm > N; ,Vp € N, we have
- Sm| =Mm + NMm+1 + "'+nm+p71 <e&

|Sm+p+1 - 5m+1| =MNms1 T Npg2 + 0+ T]m+p <e
By (11), (12) and Assumption (A2) result in

o178 = | = 7|

] N N
<tnl| ) g ( (wZ"”“ff)) @) | 6D
B[]
By Assumption (A1), there is a constant C4; > 0 such that all
(meN.;j=12,..,))

[Sm+p

J

N N
G =supd g (]_[(w:"“"l.ff)> [T enlg |l { G2

j=1
L#—‘k

In addition, for all f(x) € [ a, +oo) f'® €[-1,1] holds.
By the updating (31), we have

J
mJ +j mj +j—1
lap” ™ = wy <
j=1

N N
9 (wZ"”H-ff)) o VL) g
2i(l] | e
i#k
Af' @y’

2J f(wp! P 7H12

< (C7 + %@) < 1. Cs (33)
Where Cs = C; + (A/3a)V6 a. Then

|w15m+1)/+j _ w]:n]+j| < |wl(cm+1)]+j _ w,EmH)Hj_l
+ |w(m+1)]+j—1 _ w(m+1)l+/'*2| 4o
Kk K
+| (m+1)J+1 _ (m+1)/|+| m/+] _ ml+j*1
+ |wm/+] -1 _ m]+1—2| +oe gt |wml+1+1 ml+/|
< (]nm+1 + (j _j)nm)cé (34’)
Since
|w£m+p)]+j _ wlr(n]Jrjl < |w£m+p)1+f _ w£m+p71)l+f
+ |w)(cm+p—1)]+j _ w}(cm+p—2)]+j| 4o
(m+1)] +j mJ +j
+ oy —w
< Céj(r]erp + Nm+p-1 + o +r]m+1)
+ CZ(] _j)(nm+p—1 + nm+p—Z + o +T]m)
< JCse (35)

Therefore, the weight sequence {“’1:”]+j} is a convergence
sequence.
By the properties of convergence sequence, {w;” ™/} must be
a bounded sequence, so we get ||w;” || (m =01, ... .k =
12.,P j=12.,/ is also bounded. Then we obtaln the
uniform boundedness of the weight sequence {w;”*'} .
Namely, there exists a constant M > 0 such that

lof || <M,m=012.;1<j<];1<k<P(36)
Naturally, there also exists a constant M > 0 such that

lapol ™ | <M, k=12,...,].37)

This proof is completed.

Proof (of Theorem 2).

Using Taylor expansion to first and second orders, we have
( (m+l)j {j)_ (mm] f])"' (w(m+l)] f]) (m+1)/ m/ Ej
ﬂ ﬂ kZ H )

N N

1_[ i [(w(erl)]

kikp=1\ =i
ik k2

Where t;,,,; € R is on the line segment between w}*.¢/ and
o™, &, Again applying the Taylor expansion and noting
(11) and (38), we have

s o)
N N N

+g, (l_[w;”’ .s»)Z [ @ enr - a)e
i=1 k=1\ i=1

i#k

o (0™ - wi)] & (38)

N N

[T toms |l -

kqky=1 i=1
ki#ky  Ni#Fky ks

o (] =) )] ¢

2

N N
1. i .
+ 5] (tn) (E[(wi 1) - E[(wi ’-E’)) (39
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Where t;, € R is on the line segment between w*.&
andw™*1. &, by combination (7), (11), and (12) and (39), we
have

B ™) = B@") < ——ZZIIA'” g

ll]

+ F (tnjem)ay” (w""“)’ _ w”‘])
m/\1/ k K
Zf;;<f( o) )

+6; + 6, + 63 (40)

Where
iy (]_[(wm’ &) )Z(]_[(wmf &) (" - ’"’)9‘)

=1
J

=Z% : lm)<1_[(w(’"*”’ g ]_[(w’”’ f/))

1 ] N N N
5, =—229}< (w{"’.ff)) YT s |l
£=1 1
i#kq,ky

i= kido=1\ ‘=1

ki#ky
~wo)[(wi ™ w0 )] &

Where £, and t,j;,; lies in  between w . x)
andw<m+1” and from (23), (24) and (45), M =
1
J£_3 ,and F(x) = (f(x))? . Note that
, f'(x)
F =
e 2
F' () = 2f (). f (x) —3[f ()]
4[f (]2
< f"'(x) < V6
2Jf(x) ~ 2vVa®

By (25), (30) and Lemma 4.3 for 1<j<j,1<k<Nm=
0,1,2, .., and Cauchy- Schwartz Theorem, we have

A g Con| (2B 4 (ol o))

2

N ]
<am ) D1 o™ = o

i=1j=1

M N ]
ety Y lara |’

i=1j=1

<

]
ZIIA%{"JIIZ 1)
j=1

Where C;p = AM(1 + C3n0)2/] and ¢, ., lies in between

o™ .x) and 0™ x

By Assumptlon (AL), (A2), (12) and (25), we have

I/\
lMZ

N ] N N

1 , . S

ol < Z}l (y,- (H(w ff))]i:[wi R
i*k

’ mJ
2 f(“’k )
t 2 i flog™ Y — ||
f(“’k )
N ]

<cuy Y lare | @2

i=1j=1

WheI’EC11 = C4N]

By Assumption (Al), (21), (24), and (26) for
m =0,1,2, ..., we have

N ]
1
0l £ 5CCEA 4N ) D ol

i=1j=1

N ]
<Go) o[ 43)

i=1j=1

WhereCy, = CCE(1 + NG, )2

Using Assumption (A1), (A2), (25) and Cauchy- Schwartz
Theorem, we get

J N
1 .
R N N (C R A B )
j=1k1,k2=1
k1#ky
1 / ) )
gich+lz z 1:]|.|d;("2:1
t=1kyko=
kﬁtkz
1 N N 2
< SJCODW = 1) Z Dllarar|
k=1 \i=1j=1
< G ZZHA}%}"’ I*,m=012.. (44)

i=1j=

WhereC;5 = C<N+1>(N —1)C%/2.
Substituting (41) - (44) into (40), then, we have

N ]

1
E(0™ ) - E(w™) < (_n_ + G+ G+ G+ G Y Yl

i=1j=1

<-(—- cl)iﬁnwwz"’ I

i=1j=1

< 0.(45)
This completes the proof to statement (i) of theorem 3.2.

Proof to (ii) of theorem 3.2.

From the conclusion of (i) , we know that the nonnegative
sequence {E (W™)} is monotone. However, it is also bounded

below. Hence there must exist E*>0 such
thatlim,_,, E(W™) = E*. The proof to (ii) it thus
completed.

Proof to (iii) of theorem 3.2.

It is follows from Assumption (A4) that g > 0. Taking
B = ni — C; and using (45), we suppose that M is positive
integer, we have

E(W(M“/))SE(WMJ) B ”Am M/”

\llM\.
LN

Mngz

2
||A}"w5"] I

M=

<EW% -8

3
Il
o
Il
kA
S
L

SinceE(W™+1) > 0 we have

ﬁZZZnAm S DRSS

m=0i=1j=

LetM — oo, then
N ]
> Yllaror I < 2w <o

©
m=0 i=1 j=1

Thus results in
N ]
lim ZZ”M ™ * =o.

i=1j=1
From (10) - (12) and (A1) it is easily get
Jim a7 || = 0, 1im [[£,,, (0™ = 0 (46)

The proof to (iii) is thus completed.
Proof to (iv) of theorem 3.2.

Note that the error function E(W) defined in (7) is
continuous and differentiable. According to (46), (A5) and
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Lemma 4.2, we can easily get the desired results, i.e., there
exists a point w* € Q, such that
lim (V) = w;

This completes the proof to (iv)
3. Conclusions

In this paper, we investigate a Batch Gradient Method with
Smoothing L;,, Regularization for Pi-sigma Neural
Networks. The Smoothing L;,, Regularization is a term
proportional to the magnitude of the weights. We prove under
moderate conditions that the weights of the networks are
keeping bounded in the learning process. The both weak and
convergence results require the boundedness of the weights is
precondition.
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