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Abstract: In this paper we define smooth graceful labeling and we prove that cycle nC , complete bipartite graph nK2,  and path nP  

are smooth graceful graphs. Using this smooth graceful labeling we prove that a graph obtained by joining +
mC  ( 2≡m  (mod 4 )) and 

nC  ( 0≡n  (mod 4 )) with a path of arbitrary length is graceful. We also prove a graph obtained by joining mC  ( 0≡m  (mod 

4 )) and nW  with a path of arbitrary length is graceful.  
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1. Introduction 
 
Let ),(= EVG  be a simple, undirected graph of size 

),( qp  i.e. pV |=| , qE |=| . For all standard 
terminology and notations we follow Harary (Harary 
1972 ). We will give brief summery of definitions which 
are used in this paper. 
 
Definition 1.1− :  If the vertices of the graph are assigned 
values subject to certain conditions then it is known as 
graph labeling.  
 
Most interesting graph labeling problems have three 
important ingrediants: 
 
•  A set of numbers from which vertex labels are chosen. 
•  A rule that assigns a value to each edge. 
•  A condition that these values must satisfies.  
 
Definition 1.2− :   A function f  is called graceful 
labeling of a graph ),(= EVG  if 

},{0,1,: qVf →  is injective and the induce 

function },{1,2,: qEf →å  defined as )(ef å  

=  |)()(| vfuf −  is bijective for every edge 

Evue ∈),(= . A graph G  is called graceful graph if it 
admits a graceful labeling.  
 
The graceful labeling was introduced by A. Rosa (Rosa, 
1967 , p. 349 − 355). He proved that cycle nC  is 

graceful, when 0,3≡n  (mod 4 ). Bloom and Golumb 
(Bloom and Golomb, 1978 , p. 53−65) proved that the 
complete graph nK  is graceful, when 4≤n . Hoede 

and Kuiper (Hoede and Kuiper, 1987 , 311), Frucht 

(Frucht, 1979 , 219 − 229) proved that wheels 

1= KCW nn +  are graceful. For detail survey of graph 

labeling one can refer Gallian (Gallian, 2013 ). 
 
In this paper we introduce smooth graceful labeling and 
using this we prove that a graph obtained by joining +

mC  

( 2≡m  (mod 4 )) and nC  ( 0≡n  (mod 4 )) with a 
path is graceful. We also prove a graph obtained by 
joining mC  ( 0≡m  (mod 4 )) and nW  with a path is 
graceful.  
 
Definition 1.3− : A bipartite graceful graph G  with 
graceful labeling f  is said to be smooth graceful graph 
if it admits an injective map 

lqlqqVg +
+

+
+


−

→
2

3,
2

1,
2

1,{0,1,:  , 

}, lq +  such that its induce edge labeling map 

},,,2{1: lqllEg +++→ å  defined as 

|)()(=|)( vgugeg −å , for every edge Evue ∈),(=
, for any Nl∈  is a bijection.  
 
Smooth graceful graph will help to produce new 
disconnected as well as connected graceful graphs. 
  
2. Main Results 
 
Theorem 2.1−  : A cycle nC , ( 0≡n  (mod 4 )) is a 
smooth graceful graph. 
Proof : Let nvvv ,,, 21   be vertices of nC . We know 

that nC  ( 0≡n  (mod 4 )) is a bipartite graph and 

},{0,1,)(: nCVf n →  defined by 
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)( ivf  =  
2

1−i
, ∀  1,1,3,= −ni  . 

=  )
2

2( −
−

iq , ∀  
2

,2,4,= ni   

=  )
2

( iq − , ∀  nnni ,4,
2

2,
2

= ++  is graceful 

labeling for nC , when 0≡n  (mod 4 ). 
Now we define 

},,
2

3,
2

1,
2

1,{0,1,)(: lnlnlnnCVg n ++
+

+
+


−

→ 

 such that its induce edge labeling map 
},,,2{1)(: lqllCEg n +++→ å  defined by 

 
)(=)( ufug , ∀  },,,{ 131 −∈ nvvvu   

luf +)(= ,   ∀  },,,{ 42 nvvvu ∈  and 

|)()(=|)( vgugeg −å , for every edge Evue ∈),(=
.  
 
Since for any },{1,2, nk ∈ , Evve kkk ∈+ ),(= 1 , 

by taking 11 = vvn+ , 

|)((=|)( 1+− kkk vgvgeg å  

lvfvf kk +− + |)((=| 1  

lef k +)(= å , so },,,2{1=)( lnllEg +++ å . 
 
Therefore åg  is a bijective map. Hence nC , ( 0≡n  

(mod 4 )) is a smooth graceful graph.  
 
Theorem 2.2−  : A complete bipartite graph nK2,  is a 

smooth graceful graph. 
Proof : Let nvvvuu ,,,,, 2121   be vertices of nK2, . 

 
We know that },2{0,1,)(: 2, nKVf n →  defined 

by 
)( ivf  =  1−i , ∀  ni ,1,2,=  . 

)( iuf  =  in , ∀  1,2=i        is a graceful 

labeling nK2, . 

 
Now we define 

},,1,1,,{0,1,)(: 2, lnlnlnnKVg n ++++−→ 

 and its induce edge labeling map 
},,,2{1)(: 2, lnllKEg n +++→ å  defined by 

lufug +)(=)( , ∀  },{ 21 uuu∈  

)(= vf , ∀  },,,{ 21 nvvvv ∈  and )(eg å  =  

|)()(| vgug − , ∀  Evue ∈),(= .  
 
 

Since for any Evue ji ∈),(=  ( nji ≤≤1,2,1= ), 

|)()(=|)( ji vgugeg −å  

=  lvfuf ji +− |)()(  

=  lef +)(å . 
 
So },2,,2{1=)( lnllEg +++ å . Therefore åg  is 
a bijection. 
 
Hence nK2,  is a smooth graceful graph.  

 
Theorem 2.3−  : A path nP  of length 1−n  is a 

smooth graceful graph, ∀  Nn∈ . 
 
Proof : Let nvvv ,,, 21   be vertices of nP . We know 

that nP  is a bipartite and graceful graph with graceful 

labeling 1},{0,1,)(: −→ nPVf n   defined by 

)( ivf  =  
2

2−i
, if 0≡i  (mod 2 ) 

=  )
2

1( +
−

in , if 1≡i  (mod 2 ), ∀  ni ,1,2,=  . 

Now we define 

}1,,
2

2,
2

,
2

2,{0,1,)(: lnlnlnnPVg n +−+
+

+
−

→ 

 and its induce edge labeling map 
}1,,,2{1)(: lnllPEg n +−++→ å  defined by 

)(vg  =  lvf +)( , if 1≡i  (mod 2 ) 
=  )(vf , if 0≡i  (mod 2 ), ∀  ni ,1,2,=   

and |)()(=|)( vgugeg −å , for every Evue ∈),(= . 
 
Since for any Evve ii ∈+ ),(= 1  ( 11 −≤≤ ni ), 

|)()(=|)( 1+− ii vgvgeg å  

=  lvfvf ii +− + |)()(| 1  

=  lef +)(å , we shall have 

}1,,,2{1=)( lnllEg +−++ å . 
 

Therefore åg  is a bijection and so nP  of length 1−n  

is a smooth graceful, ∀  Nn∈ .  
 
Theorem 2.4− : Let +

mC  ( 2≡m  (mod 4 )) be a cycle 
with twin chords, they form a triangle with an edge of the 
cycle mC . Then the graph obtained by joining +

mC  and 

a cycle nC  ( 0≡n  (mod 4 )) with a path 1+tP  of 
arbitrary length t  is graceful. 
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Proof : Let G  be a graph obtained by joining +
mC  and 

nC  with 1+tP , where +
mC  is a cycle with twin chords 

and they form a triangle with an edge of the cycle mC , 

nC  is a cycle on n  vertices and 1+tP  is a path on 

1+t  vertices. Let muuu ,,, 21   be vertices of +
mC  

with twin chords ),(),,( 122 −mm uuuu  

1221 ,,,= +− tm vvuv   be vertices of the path 1+tP  of 

t  length and nt wwvw ,,,= 211 +  be vertices of the 

cycle nC .  
 
We define labeling function },{0,1,)(: qGVf → , 

where 2= +++ ntmq  as follows: 
 

1=)( 1 −quf , quf m =)( , 2=)( 1 −− quf m , 

)( juf  =  
2

2−j
, ∀  1

2
,2,4,= −
mj   

=  
2
j

, ∀  2,3,
2

1,
2

= −++ mmmj   

=  )
2

3( +
−

jq , ∀  3,3,5= −mj  ; 

)( ivf  =  )
2

( imq +
− , when 0≡i  (mod 2 ) 

=  
2

3−+ im
, when 1≡i  (mod 2 ), ∀  

1,2,3,= +ti  ; 

)( kwf  =  
2

3−++ ktm
, ∀  1,3,5,= −nk   

and t  is even or 

∀  
2

,2,4,= nk   and t  is odd 

=  )
2

( ktmq ++
− , ∀  1,3,5,= −nk   and t  is 

odd or 

∀  
2

,2,4,= nk   and t  is even 

=  )
2

2( +++
−

ktmq , ∀  nnnk ,4,
2

2,
2

= ++  

and t  is even 

=  
2

1−++ ktm
, ∀  nnnk ,4,

2
2,

2
= ++  and t  

is odd. 
 
 
Above labeling pattern give rise graceful labeling to the 
given graph G . 
 
Illustration 2.5−  : A cycle +

10C  with twin chords, 12C  

joining by a path 9P  of 8  length with its graceful 

labeling shown in figure 1− . 
 
Theorem 2.6−  : A graph obtained by joining mC  (

0≡m  (mod 4 )) and a wheel nW  =  1KCn +  with 
a path of arbitrary length t  is graceful.  
 
Proof : Let G  be a graph obtained by joining mC  and 

nW  with 1+tP  a path of length t  on 1+t  vertices. 

Let muuu ,,, 21   be vertices of mC , 

121 ,,,= +tm vvuv   be vertices of path 1+tP  of t  

length and 110 =,,, +tn vwww   be vertices of the 

wheel nW  in which 0w  is adjacent with each iw  (

ni ≤≤1 ). 
 
We know that wheel nW  is a graceful graph with 

labeling function 1f  defined as follows: 
 

0=)( 01 wf , nwf n 2=)(1  

)(1 iwf  =  12 −− in , if i  is even ( 22 −≤≤ ni ) 
and n  is even 
=  2 , if 1= −ni  and n  is even 
=  i , if i  is odd ( 31 −≤≤ ni ) and n  is even 
=  i2 , if 1=i  and n  is odd 
=  in + , if i  is even ( 12 −≤≤ ni ) and n  is odd 
=  in −+1 , if i  is odd ( 23 −≤≤ ni ) and n  is 
odd.  
 
We define function },{0,1,)(: qGVf → , where 

ntmq 2= ++  as follows: 

)( juf  =  )
2

1( −
−

jq , ∀  1,1,3,= −mj  . 

=  
2

2−j
, ∀  

2
,2,4,= mj   

=  
2
j

, ∀  mmmj ,4,
2

2,
2

= ++ ; 

)( ivf  =  )
2

(1 imq +
−+ , when 0≡i  (mod 2 ) 

=  
2

1−+ im
, when 1≡i  (mod 2 ), ∀  

ti ,2,3,=  ; 

)( kwf  =  )()
2

(2 1 kwftmn −
+

+ , when t  is even 

=  
2

1)(1
++

+
tmwf k , when t  is odd, ∀  

nk ,0,1,=  . 
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Above labeling pattern give rise graceful labeling to the 
given graph G .  
 
Illustration 2.7−  : A cycle 12C , a wheel 7W  joining 

by a path 6P  of 5  length with its graceful labeling 

shown in figure 2− .  
 
3. Concluding Remarks 
 
We have introduced a new graph labeling is called smooth 
graceful labeling. We have proved that nC  0≡n  

(mod 4 ), nK2, , nP  are smooth graceful graphs. Using 

these we have got graceful labeling for two new families 
of graphs. Present work contribute five new results. The 
labeling pattern is demonstrated by illustrations.  
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Figure 1: A cycle +

10C  with twin chords, 12C  joining by 

a path 9P  of 8  length and its graceful labeling 
 

 
Figure 2: A cycle 12C , a wheel 7W  joining by a path 

6P  of 5  length with its graceful labeling 
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