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1. Preliminaries

In 1965 Njastad [9] introduced the concept of a- open sets
in topology. A subset A of a topological space (X, T) is said
to be a- open if A < int(Cl(int(A))). Every open set is a-
open but the converse may not be true. Further in 1985,
Maheshwari and Thakur introduced a- continuous mapping.
A function f: (X,t) = (Y,0) is said to be a- continuous if for
every open set V in Y, (V) is a- open in X. [8]

In 1963 Kelly [5] introduced the concept of bitopological
spaces as an extension of topological spaces. A
bitopological space (X, Ty, T2) is @ nonempty set X equipped
with two topologies T, and T, [5]. The study of quasi open
sets in bitopological spaces was initiated by Datta [2] in
1971. In a bitopological space (X, T, T2) a set A of X is said
to be quasi open [2] if it is a union of a T;- open set and a 1,-
open set. Complement of a quasi open set is termed quasi
closed. Every t;- open (resp. T,- open) set is quasi open but
the converse may not be true. Any union of quasi open sets
of X is quasi open in X. The intersection of all quasi closed
sets which contains A is called quasi closure of A[7]. It is
denoted by qcl(A). The union of quasi open subsets of A is
called quasi interior of A. It is denoted by qlnt(A) [7].

In 1985, Thakur and Paik [10] introduced the concept of
quasi o- open sets in bitopological spaces. A set A in a
bitopological space (X, Ty, T») is called quasi a- open [10] if
it is a union of a Ti- open set and a T,,- open set.
Complement of a quasi a- open set is called quasi a- closed.
Every t,,- open (1,,- open, quasi open) set is quasi a- open
but the converse may not be true. Any union of quasi a-
open sets of X is a quasi a- open set in X. The intersection
of all quasi a- closed sets which contains A is called quasi
a- closure of A. It is denoted by qacl(A). The union of quasi
a- open subsets of A is called quasi o- interior of A. It is
denoted by qalnt(A)[10].

The concept of ideal topological spaces was initiated
Kuratowski [6] and Vaidyanathaswamy [11]. An Ideal I on
a topological space (X, T) is a non empty collection of
subsets of X which satisfies: i) A € TandBc A=B &1

andii) A ©ETand B €I = AUB £ I If 2(X) is the set
of all subsets of X, in a topological space (X, 1) a set
operator (.)":2(X) = 2 (X) called the local function [3] of
A with respect to T and I and is defined as follows:

A, I) = {xeX[UN A ¢ I,V Ue 1(x)}, where 1(x) = Ue
7| xeU}. Given an ideal bitopological space (X,t,T,,I) the
quasi local function [4] of A with respect to T, T, and I
denoted by Af (11,72, I) (in short A7) is defined as follows:
A% (1,1, D) = {xeX lUN A ¢ I,V quasi open set U
containing X}.

A subset A of an ideal bitopological space (X, T, T2) is said
to be qI- open [4] if A < qInt(Af). A mapping f: (X,1,,7,,I)
— (Y,0,,0,) is called qI- continuous [4] if f "Wy is ql-
open in X for every quasi open set V of Y.

2. Quasi a- Local Functions

Definition 2.1. Given an ideal bitopological space
(X,11,12,I) the quasi o- local function of A with respect to
1, T2 and I denoted by Aj, (11,72, I) is defined as follows:
AT, D) = {xeX U A ¢ I V quasi o- open set U
containing X}.

When there is no ambiguity Ag, shall be written for

AZO( (T],TZ,D.

Theorem 2.1 Let (X,11, 75, I) be an ideal bitopological
space and A c X then:

a) AjyC Aqc A'(1y,D) and Aj,c Ajc A'(13, I)

b) Aje © Ay(t1,I) and AG Ay(T2,I)

¢) Aga(T1,72,{ 0}) -qacl(A)

d) Age(T1,m2, P(X)) =0

e) IfA e I, thenAy, =0

f) Neither A < Aggnor Agec A

Proof: Obvious.
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Theorem 2.2 Let (X,11,T3, I ) be an ideal bitopological
space and A, B be subsets of X then,

a) IfAcB,then Agec By

b) Aj«= qoclAG, < qacl(A) and Ay, is a quasi a-

¢) closed set in (X,11,72)

d)  (Aqdqe ©Aga

e) (AUB)j, =Aga Y Bga

f) Aaa' Baa= (A - B);a - B;a < (A - B);a

g) IfCe I, then (A—C)g, A, = (AUC)g,

Proof: (a) Suppose A — B and x ¢ By, then there exists a
quasi a- open set U containing x such that U n Be L Since
Ac B,Un Ae Iandsox ¢ Aj,.Hence Ay, < By,

(b) We have A, © qocl(Ag,), in general. Let x €
qocl(Age) , then Ay, N U # @ for every quasi a- open set U
containing x. Therefore 3y € Ay, N U and quasi o- open
set U containing y. Since ye Ay, and U N A €1, therefore
x € Aje. Hence qocl(Ajy) < Aye. Consequently, A=
qocl(Ay,). Again let x € qucl(Ay,) = AgeThenU N A ¢ T
for every quasi a- open set containing x. Therefore x €
qocl(A). This proves Ayq = qocl(Ag,) < qocl(A)

(c) Let x € (AGe)qa> then for every quasi a- open set U
containing X, U N Ay, ¢ I and hence # @. Let y € Ay, N
U. Then 3 a quasi a- open set U containing y and y €

A% Hence we have U n A ¢ I, and x € Ay,. Therefore
(Aga)qe © Aga

(d) By (1) Az, U By, < (AUB)g,. Let x € (AUB)g, then
for every quasi a- open set U containing x, (U N A) U
(UNB)=Un(AUB) ¢ I. This implies x € Aj, orx €
By.. Hence, x € Ay, U By,

(e) We have Ay, =(A — B)g, v (AN B)y, Thus Ay,— B, =
Apfu N (X -B)ge=(A—B)ge W (ANB)ge N (X—B)ge =
(A—B)ge N X—=B)ge v (ANB)ge N X—=B)gy =
((A=B)ga = Bg) V@ < (A= B)g.

() Since A-C < A, by (a) (A—C)y, < Ay, From
Theorem 2.2 (d) and Theorem 2.1 (), we get (AUC)y, =
Aga Y Cqo = AGy WO = Af,. Hence, (A —C)goc Afy =
(AUO);,

Theorem 2.3. Let (X, Ty, T2) be a bitopological space with
Ideals I;and I, on X and A is a subset of X. Then:

(@) If Iic I, then Aq (L) < Ago (L)

(b) Ay (LinL) = Age (L) U AG (D)

Proof: (a) Let I; c I and x € Aj (L), then A "N U ¢ I, for
every quasi a- open set U containing x. From given A N U
¢ I, hence x €Ay,(I;) Therefore, we have Ap,(L) c
Ayu(L))

(b) Let x € AL (L; N L), then for every quasi a- set U
containing X, A " U ¢ (I; nI;) , hence A " U ¢I, and

A nU ¢ I,. This shows, x €A7,(I;) or x €Ag, (L) that is x
e ALy(l) UAL(L) Thus, ALy nL) < Ab(I) U
AG(L). But Af (L) v Ay(L) < Ayo(Ii N L). Therefore,
Af(LinD) = AG(L ) U AG(L).

Definition 2.2. In an ideal bitopological space (X,t1.72,I )
the quasi - a closure of A of X denoted by qacl’(A) is
defined by qacl’(A)=A U AQq-

Theorem 2.4. Let (X,t; 72, ) be an ideal bitopological
space and A , B be the subsets of X. Then:

(@) A  qocl’(A)

(b) qocl (@) =@ and qacl’(X) =X

(¢) If A B, then qacl’(A) < qacl (B)

(d) qacl’(A) U qacl’(B) < qacl (AUB)

(e) If I=0,then qacl’(A)=qacl(A)

Proof: Follows from Definition 2.2.

Definition 2.3. A subset A of an ideal bitopological space
(X,112, 1) is said to be:

(a) qal- openif A c qalnt(Ay,).

(b) qal- closed if its complement is qa.I- open.

The family of all qa.I- open (respectively qaI- closed) sets
of an ideal bitopological space (X, T1,T2,L) is denoted by
QAIO(X) (respectively QAIC(X)) .

The family of all quI- open sets of (X,71,T2,I ) containing a
point x is denoted by QAIO(X, x).

Remark 2.1. Every qI- open set is qoI- open but the
converse is not true. For,

Example 2.1. Let X = {ab,c,d} and t; = { X, @, {b},{a,c},
{a,b,c}}, 1, ={X, @, {d} {a,b},{a,b,d}} be topologies on X
and I = {@,{a}} be an ideal on X. Then the set A = {c,d} is
qo.I- open but not qI- open in (X,7,75,1).

Remark 2.2. The concepts of quI- open sets and quasi o-
open sets are independent. For, in an ideal bitopological
space (X,t;,75,I ) of Example 2.1, the set {b,c} is qal-
open but not quasi a- open and the set {a,b,d} is quasi a-
open but not qa.I- open.

Remark 2.3. For an ideal bitopological space (X,t1, T2, L)

we have the following:

(a) X need not be a qa.I- open set.

(b) If I = P(X), then only the empty set is qa.I- open.

(¢)If I = @, qal- openness and quasi o- openness are
equivalent.

Theorem 2.5. If A is qaI- open, then Ay, = (qoInt(A7,))qa
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Proof: Since A is qal- open, A < qalnt(Af,). Therefore,
Aye < (qaInt(Ag,))qe Also we have qalnt(Ay,) <
Aja(qalnt(Ag,)) < (Ajdqe < (AGq). Hence, Af, =
(qoInt(Age))qa

Theorem 2.6. Any union of a family of qaI- open sets in
an ideal bitopological space (X,t1,T3, ) is qaI- open in X.

Proof: Let {U, 0cA} be a family of qol- open sets of an
ideal bitopological space (X,r;, T, I). Then U, <
qoInt((Up)ge) V 0 € A. It follows that Uy e A Uy © Up ¢ a
(qaInt((Up )g0))) < qalnt(Us < (Up) < qalnt(Us ¢ s(Us)ga)-
Hence U; c o U; is qaI- open set in X.

Definition 2.4. Let A be a subset of an ideal bitopological

space (X,71,T2,L ) and x € X. Then:

(a) x is called a qal- interior point of A if 3 Ve
QAIO(X) suchthatx € Vc A.

(b) Set of all qal- interior points of A denoted by
qaIlnt(A)is called the qa.I- interior of A.

The following theorem summarizes the properties of qal-
interior of subsets in ideal bitopological spaces.

Theorem 2.7. Let A , B be subsets of an ideal bitopological

space (X,t,T3,1 ). Then:

(a) quIInt(A) = U{T: Tc Aand A € QAIOX) }

(b) gqallnt(A) is the largest qoaI- open subset of X
contained in A.

(c) A is qaI- open if and only if A = qaIInt(A)

(d) gaIlnt(qo. IInt(A)) = qo IInt(A)

(e) If A = B, then qallnt(A)  qaIlnt(B)

(H qolI Int(A) U qoIlnt(B) < qallnt(A U B)

(g) qoIint(A N B) < qallnt(A) N qaIlnt(B)

Proof: (a) Let x € U {T: T < A and A € QAIO(X) }.
Then, there exists T € QAIO(X, x) such that x € T < A
and hence x € qallnt(A). This shows that U{T: T < A and
A € QAIO(X) } < qullnt(A) . For the reverse inclusion,
let x € qol Int(A) , then there exists T € QAIO(X, x)},
such that x € T < A and we obtain x € U{T: T — A and A
€ QAIO(X) }. This shows that quIlnt(A) = {U{T: T c A
and A € QAIO(X)}}. Therefore U{T: T — A and A €
QAIO(X) }= qallnt(A).

The proof of properties (b) - (e) are obvious.

(f) Clearly qallnt(A) < qallnt(A U B) and qollnt(B) <
qoIlnt(A U B). Thus qaIlnt(A) U qollnt(B) = qallnt(A
U B)

(g) Since AN B c Aand A n B c B, by (¢) we have
qoIlnt(A m B) < qallnt(A) and qol Int(A N B) <
qo.lInt(A). Then qo Int(A N B) < qoIInt(A) N qaIlnt(B)

Definition 2.5. Let A be a subset of an ideal bitopological
space (X,71,T2,L ) and x € X. Then:

(a) X is called a quI- cluster point of A, if V.n A = @. for
every V e QAIO(X, x)
(b) The set of all quI- cluster points of A denoted by

qoICI(A) is called the qoI- closure of A.
The following theorem summarizes the properties of
qa.I- closure of subsets in an ideal bitopological spaces.

Theorem 2.8. Let A and B be subsets of an ideal

bitopological space (X,t1,T2,L ), Then:

(a) quIcl(A) =n{F: AcFand F € QAIC(X)}

(b) quIcl(A) is the smallest qaI- closed subset of X
containing A.

(¢) A is qoI- closed if and only if A = qaIcl(A).

(d) qoIcl(qoIInt(A)) = qa.Lcl(A)

(e) If A = B, then qaIcl(A) c qalcl(A)

() qoIcl(A) U qalcl(B) = qalcl(A U B)

(2) qaIcl(A N B) < quIcl(A) m qolcl(B)

Proof: (a) Suppose x € qalIcl(A). Then, there exists F €
QAIO(X) such that F N A = @. Since X - F is qaI- closed
set containing A and x & X-F, we obtain x € N{F: ACF
and F € QAIC(X)}. For the reverse, there exists F €
QAIO(X) such that A — F and x € F. Since X-F is qal-
closed set containing x, we get (X-F) M A = @ This shows
that x & qaIcl(A). Therefore qaIcl(A) = N {F: A C F and
Fe QAIC(X)}.

Statements (b) - (g) have obvious proofs.

Theorem 2.9. Let (X,t;,T3,] ) be an ideal bitopological
space and A c X. Then the following properties hold:

(a) quIcl(X-A) = X-qoIInt(A)

(b) qaIlnt(X-A) = X-qaIcl(A)

Proof: (a) Let W be a subset of X. W < A if and only if
(X-A) < (X-W), W is qoI- open if and only if (X-W) is
qo.I- closed. Thus, qouIcl(X-A) = N{(X-W): W c A and W
€ QAIOX)} =X-U{Wc Aand W € QAIOX)} = (X
- qoIInt(A)).

(b) Follows from (a).

Definition 2.6. A subset B, of an ideal bitopological space
(X,11,12,I) is said to be a qol-neighbourhood of a point
xeX if there exists a quI- open set U of X such that x € U
c By

Theorem 2.10. A subset of an ideal bitopological space
(X112, L) is qoal- open if and only if it is a qol-
neighbourhood of each of its points.

Proof: Necessary: Let G be a qaI- open set of X. Then by
definition, it is clear that G is a quI- neighbourhood of each
of its points, since V x € G, x € G < G and G is quI- open.

Sufficient: Suppose G is a quI- neighbourhood of each of
its points. Then for each x € G there exists S, € QAIO(X)
such that S, < G. Therefore G = U{ S;: x € G}. Since each
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S, is qaI- open and arbitrary union of qa.I- open sets is qo.I-
open, G is qoI- open in (X,7,72,I).

3. qal- Continuous Mappings

Definition 3.1. A mapping f X,7;72.I) = (Y,01,02) is
called a qoI- continuous if f'(V) is a qoI- open set in X
for every quasi open set V of Y .

Remark 3.1. Every qI- continuous mapping is qal-
continuous but the converse is not true. For,

Example 3.1. Let X = {a,b,c,d} and t; = {X, @, {b}, {a,c},
{a,b,c}}, T, = {X, @, {d}, {a,b}, {a,b,d}} be topologies on X
and I = {@, {a}} be an ideal on X. ;= {X, @, {b}, {c.d},
{b,c,d}}, and 0, = {X, @} be topologies on X. Then the
identity mapping £ X,u1nl — (X0.0,) is qol-
continuous but not qI- continuous’

Theorem 3.1. Let f: (X,ty, 72, I) = (Y,0,,0;) be a mapping.

Then the following statements are equivalent:

(a) f is qaI- continuous.

(b) (V) is qoI- closed in X for every quasi closed set V of
Y.

(c) for each x € X and every quasi open set V of Y
containing f(x), 3 W € QAIO(X, x) such that f{W) c V.

(d) for each x € X and every quasi open set V of Y
containing f(x), f I(W;a is a qaI- neighbourhood  of x.

Proof: (a) < (b). Obvious.

(@) = (¢). Let x € X and V be a quasi open set of Y
containing f(x). Since fis qaI continuous, f'(V) is a qa.I
open set. Putting W = £(V), we get iW) c V.

(¢) = (a). Let A be a quasi open set in Y. If f'(A) = @, then
f'(A) is clearly a qaI- open set. Assume that f'(A) # @ and
x € f'(A), then f(x) € A = 3 a qaI- open set W containing
x such that fiW) < A. Thus W < f'(A). Since W is qal-
open, x € W < qalnt(W;,) < qalnt(f I(A);;a) and so f'(A)
< qalnt(f I(A)Za)' Hence f'(A) is a qaI- open set and
therefore f: (X,ty, 72, I) > (Y,01,02) is qaI- continuous.

(¢) = (d). Let x € X and V be a quasi open set of Y
containing f(x) then 3 a qa.I- open set W containing x such
that f(W) c V. It follows that W = £'(f (W)5,))) < £'(V).
Since W is a qaI- open set, x € W < qaInt(W") < qalnt(f
](V)Zu)c f!(V)". Hence f '(V)fw) is a qoI- neighbourhood
of x.

(d) = (c). Obvious.

Definition 3.2. A mapping f: (X,7,72) > (Y,01,02.1) is

said to be :

(a) qaI- open if f(U) is a qaI- open set of Y for every
quasi open set U of X.

(b) qal- closed if f(U) is a qaI- closed set of Y for every
quasi closed set U of X.

Theorem 3.2. Let f: (X,1,1,) = (Y,0,.0,I) be a mapping.
Then the following statements are equivalent:

(a) f isqal-open

(b) f(qInt(U)) < qo.IInt(f(U) for each subset U of X.

(¢) qlnt(f'(V)) c f'(qaIlnt(V)) for each subset V of Y.

Proof: (a) = (b). Let U be any subset of X. Then qInt(U)
is a quasi open set of X. Then f(qInt(U)) is a qaI- open set
of Y. Since f(qInt(U)) < f(U), f(qInt(U)) =
qolInt(f(qInt(U)) < qoI Int(f(U).

(b) = (c). Let V be any subset of Y. Obviously f'(V) is a
subset of X. Therefore by (b), f(qInt(f'(V))) <
qallnt(f(f'(V))) < qallnt(V)). Hence, qInt(f'(V)) <
£1(f(qInt(f'(V)))) < f'(qallnt(V)).

(c¢) = (a). Let V be any quasi open set of X. Then qInt(V)
=V and f(V) is a subset of Y. So V = qInt(V) <
qInt(f'(f(V))) < f'(qallnt(f(V))). Then f(V) < f(f
"(qaIlnt(f(V)))) < qallnt(f(V) and qoIlnt(f(V) < f(V).
Hence, f(V) is a quI- open set of Y and fis qoI- open.

Theorem 3.3. Let f: (X,11.12) = (Y,01,05,I) be a qaI- open
mapping. If V is a subset of Y and U is a quasi closed
subset of X containing f'(V), then there exists a qaI- closed
set F of Y containing V such that f'(F) c U.

Proof: Let V be any subset of Y and U a quasi closed
subset of X containing f'(V), and let F = (Y - (f{X-V))).
Then f(X-V) c f (f'(X-V)) < (X-V) and X-U is a quasi
open set of X. Since f is qa.I- open, f(X-U) is a quI- open
set of Y. Hence F is a quasi closed subset of Y and f'(F) =
f1(Y-(fX-U)) c U.

Theorem 3.4. A mapping f: (X,1,12) = (Y,01,02,D) is qal-
closed if and only if qaIcl(f(V) < f(qel(V) for each subset
V of X.

Proof: Necessary: Let f be a qaI- closed mapping and V be
any subset of X. Then f(V) < f(qcl(V) and f(qcl(V) is a
qo.I- closed set of Y. Thus qaIcl(f{V)) < qaIcl(f(qcl(V)) =
f(qel(V).

Sufficient: Let V be a quasi closed set of X. Then by
hypothesis f(V) < quIcl(f(V)) < f(qacl(V) = (V) . And so,
f(V) is a quI- closed subset of Y. Hence, fis quI- closed.

Theorem 3.5. A mapping f:(X,11.1;) = (Y,01,0.,I) qal-
closed if and only if f'(qaIcl(V)) < qcl(f'(V)) for each
subset V of Y.

Proof: Obvious.

Theorem 3.6. Let f:(X,t1,72) = (Y,01,05,1) be a qul-
closed mapping. If V is a subset of Y and U is a quasi
open subset of X containing f '(V), then there exists a qa.l-
open set F of Y containing V such that f F)cU.

Proof: Obvious.
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