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Abstract: In this paper we have studied a new kind of weighted Pal-Type interpolation on the two sets of the nodes of Laguerre

polynomial in which one set consists of the nodes of LX(x)

15 (x) =~

—Q

n!

Dn [e—xxn+a]

while the other are nodes of LX~1(x). We prove the existence, uniqueness and explicit representation of fundamental polynomials on
infinite interval. Also we give the birkoff quadrature formula for this type of interpolation.
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1. Introduction

Balazs. J., Turan.P. [1] [2] [3] [17],Mathur P. and Datta S.
[9] and many other authors [5][7][8][10][12][14][15][16]
have discussed about interpolation problems when the
values of the function and its consecutive derivatives are
prescribed at the given set of the points. But in the theory of
lacunary interpolation we study the interpolation processes
arising from the data which involves non- consecutive
derivatives. In most general case Birkoff [4] investigated a
polynomial f,, (x) of degree < (my + m, + ---m, — 1) such
that for given x, (u = 1,2,...,n) we prescribe the value of
some m, derivatives with given indicies not necessarily
consecutive ones. In 1975 Pal [11] proved that when the
function valued are prescribed on one set of n points and
derivative values on other set of n-1 points, then there exist
no unique polynomial of degree < 2n-2, but prescribing
function value at one more point not belonging to former set
of n points there exists a unique polynomial of degree < 2n-
1. Lénard M. [6] also investigated the Pal - type
interpolation problem on the nodes of Laguerre abscissas. In
Pal — type interpolation the derivative values are prescribed
at the zeroes of w (x)while the function values are
prescribed at the zeroes of w,(x) = (x —x1) ... (x — x,,).
The aim of this paper is to consider a different type of
weighted Pal — type interpolation in a unified way on the
nodes of Laguerre polynomial. Laguerre polynomial

Lg‘)(x) (k > —1) has n distinct real roots in [0,00) and we

obtain the zeroes of L;k)(x) and Lff‘”(x) form the
interscaled system of nodal points

(1) 0<&H <& <& < <§ << <o

In this paper we consider the problem if {&;}7; and {&}-,
be the two sets of interscaled nodal points

on the interval [0,00) then we seek to determine a polynomial
R, (x) of minimal possible degree 2n+k satisfying the
interpolatory conditions

(1.2) R, (&) = a;, (wR,) (&) = a;, for i = 1(Dn
W3RV () =al’j=01,..k

where «;, a£ and aé’ ) are arbitrary real numbers. If Laguerre
polynomials Lg‘)(x) and L&Lk_l)(x) have zeroes {¢;}/-, and
{& ¥, respectively and &, = 0 then the problem is not
regular in general but it becomes regular with weight
function w(x) = e *x~*. We prove existence, uniqueness
and explicit representation of fundamental polynomials in
sec. 4 and Birkoff quadrature formulae for the integration of
f(x) on [0,00) with respect to the weight function w(x) =
e~*.insec.5

2. Preliminaries

In this section we shall give some well-known results which
are as follws: As we know that the Laguerre polynomial is a
constant multiple of a confluent hypergeometric function so
the differential equation is given by

(2.1) xD?LY (x) + (1 + k = x)DL5, (x) + nLi (x) = 0

22) L™ () = -1, @)

Also using the identities
(2:3) Ly () = LV () - LEHP ()
(2.4) xLY () = nLY (x) = (n + WLE, ()

n

We can easily find a relation

d _ —
(2.5) = X LE ()] = ( + k)x* 1LYV ()
By the following conditions of orthogonality and
normalization ~ we  define Laguerre  polynomial
Lglk)(x),for k>-1
(2.6)
foooe_"kaﬁk)(x)Lg,{f)(x)dx =Tk+1 (n:k)dnm nm=
012,...

(3] _ +k\ 0
@7 L6 = T (171) S5

The fundamental polynomials of Lagrange interpolation are
given by
(28) i (x) =

Wey
k — Yij
L () (x-;)
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(k-1)

* (x)

QI L(x) =22 =4,
! D @) -xy)

3. New Results

Theorem 1 : For n >1 fixed integer let {a;}™,, {a;}'; and,
{aé’)}]’-‘zo are arbitrary real numbers then there exists a

unique polynomial R, (x) of minimal possible degree <
2n+k on the nodal points (1.1) satisfying the condition (1.2)
and (1.3). The polynomial R,, (x) can be written in the form

(3.1)
J=0kC)(2)a0§)
Where 4; (x), B; (x ) and C; (x) are fundamental polynomials
of degree < 2n+k determined in lemma 1

R,(x) = X  Aj(0)aj + X1y Bj(0)a; +

Theorem 2 : Let {x;}]-, and {y,}/—,be the zeroes of
Laguerre polynomials L%"_l)(x) and Lglk)(x) respectively.
then

(32) Jy fe ™ dx~X1 i Aif(x;) + X7y Bf () +

J=0k—1Cjf70
Where 4;, B; and C; are the coefficients exist such that the

quadrature formulae given above are exact for the
polynomials of degree < 2n+k

4. Proof of Theorem 1

To prove Theorem 1 we need to proof lemma 1.

Lemma 1 : For n > 1 the fundamental polynomials of the
considered problem on the nodal points (1.1) is given by
(4.1) 4 (x) = G [+ (LY (x) -
2Py el @+l
LED (x) 70 t=x;

de]

ey/kaslk_l)(x) x

—— L (t)dt
Lglk—l)(y/) fo ]( )

4.3) G (x) = p; ) L @)L P + 2LV 0)[g -

« 1 @p; 0+, OLP 0

(4.2) B (x) =

o = dt]
J=01..,k—-1

—_ 1 ky&-D
(4.4) G (x) = k!Lgl(k_l)(O)x L, “(x)

Where 4; (x), B; (x) and C; (x) are fundamental polynomials
of degree < 2n+k. p; (x) and q; (x) are polynomials of
degree at most k-j-1. ¢; is defined in (4.16)

Proof:
Let4;(x), Bj(x) and G (x) are polynomials of degree <
2n+k satisfying conditions (4.5), (4.6) and (4.7) respectively.
A (x;) =6y
45) L [e x4, )]sy, = 0,i = 1(Dnand | =
AY©0) =0
0,1,..,k

Bj(xi) =0
4.6){ [ x B (0iey, = 5,;,i = 1(nand | =
Bj(l)(o) =0
01,...k
Ci(x) =0
@7) e C()]i=y, = 0,i = 1(Dnand | =
C(0) = 8y,
01,...k

To determine 4; (x) let

(4.8)

4; x) =

Co[ 1 OLEY () +

1S [ 20100 4y
Where C,, C, and C5 are cojnstants. [ (t) is defined in (2.9).
As 4; (x) is a polynomial of degree < 2n+k so the integrand
in (4.8) must be a polynomial of at most degree n which
implies '

@.9) tL® )+ ;I ) =0

By using (2.3), (2.4) and (2.8) we determine
(4.10)C; =k, ¢, = ﬁ

18y

J n ¥

Since 4; (x) satisfies the conditions (4.5) by which we obtain
(4.11) C, = — !

x/]-H'lLl,‘!(xj)Lglk_l) (€]

Hence we find the first fundamental polynomial 4; (x)of
degree < 2n+k

Again let

(4.12) B, (x) = Csx*LE V() [} (Dt

Where Cs is a constant, [; (t) is defined in (2.8) and B; (x) is
polynomial of degree < 2n+k satisfying the conditions (4.6)
by which we obtain

(4.13) Cs = e

: 5 L%k—l)(yj)
Hence we find the second fundamental polynomial B; (x) of
degree < 2n+k

To determine G (x) we consider
jef{0,1,.......,k — 1} in the form
(4.14) G () =

Py ()X L) (OLE TV (0) + 2410 () g ()

Where p; (x) and g,, (x) are polynomials of degree k-j-1 and
n respectively. Now it is obvious that Cj(l)(O) =0for(l=
0,.... ,j — 1) and since L;k_l)(xi) = 0 we get G (x;) =

0 for i = 1(1)n. The coefficient of the polynomial p; (x)
are calculated by the system

! . —
(4.15) Cj(”(o) = %[p,- )% L () LY 1)]x=0 =6, (U=

G(x) for fixed

now from the equation Cj(k)(O) = 0 we get
(4.16) g = g,(0) =

-1 dk ik k=1
%D () dxk [p; ()x LY (LY ()]0
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Now using the condition [e ™ x~C; (x)],-,
we get

(4.17) g2 () = =0 LY 3w, 07)

= 00f(4.7),

Which implies g, (x) as follows

(k) (k)
/ Ly " ()pj(x)+q; (x)Ly ~ (x)
(4.18) g, (x) = — S

Where g; (x) is a polynomial of degree k-j-1 and function
Gn (%) WI|| be a polynomial iff for r = wk—j—1

(4.19) 2 (1Y (op (1) + g5 (x)L“‘)(x)]x =0

The coefficients of gq;(x) are uniquely calculated by this
system. now integrating (4.18) we get

(4.20) g (¥) = ga (0) + J5 g (©)dt

Using (4.14) and (4.16) we obtain C; (x) of degree < 2n+k
satisfying the conditions (4.7).

Uniqueness and Existence : since R,(x) in (3.1) satisfies
the conditions (1.2) and (1.3) hence the existence part is
proved. now we seek to determine a polynomial R, (x) of
minimal possible degree < 2n+k satisfying the conditions
42) fori=11nandl =0,1, ...,k

Sp(x) =0
(4.21) {[e*x7*S, ()]z=y, = 0,i = 1(V)nand | =
Sk =0

01,..,k
Let us consider

(4.22) 5, () = 2LV ()5, (%)
Where s, (x) is a polynomial of at most degree n

(4.23) [e xS, (1)]=y, = e VLG s (i) = 0
By which s,(¥;) =0 fori=1(1)nsothats,(x) =0
hence s, (x) = c. s0

(4.24) S, (x) = ¢ x* L%V (x), but

dk sn

(4.25) =22 (0) = c k! LY TP(0) = 0

Which |nplles c=0as Lg‘_l)(o) # 0 hence S,(x) =0
which completes the proof of the uniqueness.

5. Proof of Theorem 2

Proof : Integrating (3.1) on [0,0) with respect to the weight
function e ™ we get

(5.1) f,” Ry (x)e *dx~
7=0nCrF()(0)

P4 f() + X B () +

Where

(52) 4 = [,” Aj(x)e™¥dx j=1(D)n
(53)B; = fOOOBj(x)e_"dx j=1(1n
(54) G = f,” G(x)e™dxj=1(1)n

Where 4; (x), B; (x) and (; (x) are defined in theorem 1
hence the quadrature formulae given in theorem 2 are exact

for the polynomials of degree < 2n+k. now by the
orthogonality.
(5.5)

C, = fooo Cp(x)e ™ dx =

0, forn>1
Now to prove Theorem 2 we need lemma 1

1

(k1) k,—x —
e D e =

Lemma 2 : for k = 1 fixed integer the coefficients of the

quadrature formula given in Theorem 2 are
(n+k)![x;—(n+k—1)]

B)A =
(5 6) J le.‘H[L%k)(xj)]Z(n—l)n!
(5.7) B = ey [y;—tn+i)](n+k—1)! for j=1(1)n
T ud e ReH - )=
Proof : Let
L(k 1)(") n—2 n—3
(5 8) —x; jn— 1X + aj,n—Zx + aj,n—Sx +
-+ aj‘o

(5.9) LY ™V00) = (x = )(@) nm1 X" 4 @ px" 2 +
aj,n—3xn_3 +t aj,o)
Using (2.7) and (5.9) we get

nn —1)"
(5.10) 41 %,a,n 2=y —n+ k= 1)
Now Iet

(5.11) x B gm0

)
—Xj
comparlng the coefficients in (5.11) and using (2.7) we get

1
(5.12) C}',n =1, C}',n—l = _;[‘X) + Tl]
Now
o xL$ V) xk - _
(5.13) - 1)( )fo oy Xl (x)e*dx =

Cin 1in(h—1 ) (/) 0co[Lnk(x)]2xke—xdx

Using (2.6), (5.11) and (5.13) we get

(5.14)
(k—
1 @2l TV k0 g gy = L n+l
LED 590 T (ex)) Ly (x)e ™ dx = LD (X_)k!( n )
" (n-r{k)! !

In the similar way we can find

(5.15) ;[ x fx%g)#dt]ﬁk Dp)xk—De*dy =
x/—kn+kn—1k—1)n+k—1n

_ (xj—k)(n+k)!

- (n—1)n!

Using (4.1), (5.14) and (5.15) we get

© _ (n+K)![x; —(n+k—1)]
(5.16) 4 = [, Aj(x)e ¥ dx = — J

x]l-‘HLglk)(xj)Lg!k_l) (xj)(n—1)n!

Using L¥ 7 (x) = =L () we get

(n+k)![xj —(n+k-1)]
le-""l[Lglk)(xj)]Z(n—l)n!
Now in the similar way we find
(5.18)
B =
Jo B (x)e~*dx =
ey/[yy—n+rk]Llnk yilnk—1yj(n—1)0co[lnk—1x]2xk—1e
—xdx

(5.17) 4 =
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¥ [yj—(n+k)] - interpolation on infinite interval,Bull.of the inst. of

= - (k— D" il

19y E D () m-1) n Math. Academia Sinica vol. 26, no. 3 (1998)

e”J [y; —~m+0)] (n+k—1)! [17] Turén, P.; On some open problems of approximation
= L;’f)'(y,-)LS““(y,)(n—l)n! theory, J. Approx. Theory, 29 ( 1980 ), 23- 85.
Now using
(5.19) ;L () = ( + LTV (p)
We get

eiyily;—(n n+k—1)!

(5.20) B, = £ bl

LE D)2 m k) m-1)n!
Which completes the proof.
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