International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2013): 6.14 | Impact Factor (2013): 4.438

On a New Subclass of Meromorphic Univalent
Functions Defined by Integral Operator

Waggas Galib Atshan', Safa Ehab Mohammed?

Department of Mathematics, College of Computer Science and Mathematics, University of Al-Qadisiya, Diwaniya — Iraq
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1. Introduction

Let A; be the class of functions f of the form:
f@ =274+ ak,
k=1

which are analytic and merom_orphic univalent in the
punctured unitdisk U* = {z € C: 0 < |z| < 1}.

Let X be the subclass of cAj, consisting of functions of
the form:

0

f@=z"1-) az", (a 20,k €N
kzl )
={12,..}), 1.1

which are analytic and meromorphic univalent in U*.

A function feX is said to be meromorphicstarlike

function of order p(0<p<1) if —Re {_Zf (Z)} > P

f@
(zeU=U"u{0},0<p<1). (1.2)

The class of all such functions is defined byZ*(p).

A function f €Xis said to be meromorphic convex
function of order p(0 < p < 1) if

zf ' (2)
—Re {1 + ) } > p,

(zeU=U"uU{0},0<p

<1). (1.3)
Definition (1.1)[6]: Analogous to the operators defined by
Jung, Kim, and Srivastava [6] on the normalized analytic
functions, by [1] define the following integral operator

P[?:Z — X
« a ? B z a-1
Rf = B f@ = s g | £ Qog )" F0de (e

>0;z€l),(14)
where I'(a) is the familiar Gamma function.
Using the integral representation of the Gamma and Beta
for f(z) € X, given by (1.1) we have

PEF(z) = ; -> (n+[;ﬁ> a,2", (@ > 0,p
1

S0 (1.5)

ﬁa

Lemma (1.1)[2]:
number,Then Re(w) > a if and only if
lw+ (1 - a)l.

Let «a >0 and w=-(u+iv) is complex
w—-(01+a)| <

Lemma (1.2) [4]:1f w = u + iv is a complex number and 6, k
are real numbers, then - Re(w) = k|w + 1| + ¢ if and only if

-Re (W(l + keie)) +ke® =5, -—n<6<m.
Definition (1.2):A function f € £ is said to be in the class
A(S, Ak, a, B)if

2(rpf@) 2 (Per@) A2 (rer@)
TR T RF® T Bf@
2(rf@) 2 (Ppr@)
PF@ | PIf@
12 (Pef@) ’
Pif @) '

1
(0S6<1,k20,0s/1<§;a,[3>0) (1.6)

The first theorem gives a necessary and sufficient condition for
a function f to be inthe class A(S, 4, k, a, B).

2. Coefficient Bounds

Theorem (2.1): Letf € £. Then f € A(5,4,k,a,p)if and

only if
Z n(1 +k)<n+§(n— 1)(n — 2)>+k
n=1
ﬂ a

+6](n+,8+1> -

<2k(1—2)—21+1

+6. 2.1)

Proof : Letf € A(5,4,k,a,B) and |z| = 1, Then by Lemma
(1.2) we have
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’ "

Z Z zZ Z
(Pif@) 22 (Pef(2)
_Re{ PRI T R@

m

& 3 2
37 \s/%) I(Ja/;](fz()z)) (1+ke?) + ke“’]
>5 2.2)

Let )
A@) = (2 (pf @) +2* (Br @)

+ %23 (Pé"f(z))m ) (1+ke'?)
— P/f‘f(z)ke“’

"

and
B(z) = By f(2).
The equation (2.2) is equivalent to

Re{52} = 6.

In view of Lemma (1.1), we only need to prove that
|[A(z) + (1 = 6)B(2)| — |A(z) — (1 + 6)B(2)| = 0.

Therefore

|A(z) + (1 = 6)B(2)| =

= ‘—(Zkeie 1-2)—-21+6)z7!
+Z:1 n<n+/§1(n—1)(n—2)>(1
+ke®) + ke — (1

B ©o
-9 (n+ﬁ+1) 2
> (2k(1 = 2) — 22+ 8)|z71| —

[n<n+/§1(n—1)(n—2)>(1+k)+k—(1
n=1

(H;ﬁf 2",

|A(z) = (1 + 8)B(2)| =

and

(—2+22) — 6 + 2ke? (-1 + )zt

*,
n=1

+ ke + (1+ 6)

n(n +%(n -1(n- 2)) (1+ke'?)

( B )a .
n+p+1) "
< (=2+210)—-6+2k(=1+ )|z 7Y

. 2
+ n n+—(n—1)(n—2)>(1+k)
2+

k4 (1+0) (ﬁ) a, 7",
|A(z) + (1 = 8)B(2)| — |A(2) — (1 + 8)B(2)|
> (2k(1 - 1) — 24+ &)z 1|

—Z n<n+§(n—1)(n—2)>(1+k)

n=1

then

(LY a,z"
n+f+1
+2-21+68+2k(1 - )|z
~seafn(n+ie-De-2) A+ +k+
(1+8)fn+p+1aanzn,

—k-(1-90)

which is equivalent to

z n(1+k)<n+/§1(n—1)(n—2)>+k
n=1

ﬂ a
+5](n+ﬁ+1) tn
<2k(1-21)—-21+1
+4.

Conversely, suppose that (2.1) hold true, then, we must show

" "

Z(ng(z)) ZZ(PEf(z)> %23(ng(z)> .
_Re[ TG rre (L Hke?)+
ke (> 6.

Up on choose the value of z on the positive real axis, where 0 < z=r < 1, the above inequality reduces to
, , _ - 2 a
(@=2(1 +ke) + ke +8) 27 = Ty (n(n+5 (0= D= 2)A + 1) + k + ) (%) )

Re
71 _§© L ¢ a,. z"
=l\n+g+1) ™
= 0.
Since Re{—e'®} > —|e?| = —1, the above inequality reduce to

(A=-2DA+k) +k+8)z7 =3, (n (n +%(n ~ DO -2)A+K) +k+8) (H;ﬁ))

z7l -y (7’8 )aa zn
n=t\n+p+1/) ™

=0

Letting r = 1~ and by the mean value Theorem, we have desired inequality (2.1).

Corollary (2.1): Let f € A(5, 4k, a, ). Then

2k(1—=2)—221+1+6

a, <

[n(l +k) <n +tn-Dm- z)) +h+ 5] (%)a
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3. Convex Linear Combination
In the following

combination.

Theorem (2):The class A(5, 4, k, a, B)is a closed under

convex linear combination.

Proof: Let f; and f, be the arbitrary elements of

AG, Nk a,B).

Then for every t (0 <t < 1), we show that(1 —t)f; +

tf, € A5, Ak, a, B). Thus,we have
A—Ofi+tf, =2+ Z[u —t)a, + thy]z".
n=1
Hence,

n(1+k)<n+%(n—1)(n—2)>+k

2.

n=1

+5 (L)a [(1=0)a, + th, ]

n+p+1

=(1- t)i
n=1

n(l+k)<n+%(n—1)(n—2)>+k
() ©
n+p+1/ "
Fry
An:l
+§(n—1)(n—2))+k

ﬁ a
(n+,8+1) bn
SA-02k(A -1 —-22+1+65+t2k(1 — 1) — 22

+1+6=2k(1—-2)—21+1+56.
This completes the proof.

+4

n(1+k) (n

+6

4. Closure Theorem

We shall prove the closure theorem of the functions in the

class A(8, 1, k,a, B).
Theorem (4.3): Let the functions f; defined by

fi(2) = z 1+ Z Ang, (@ =20n€EN, K
n=1
=12,..,0
be inthe class A(8, 4, k, a, B) forevery k — 1,2,3, ..., 1,
then the function h defined by

h(z)=z"'+ Z e,z",

n=1
also belong to the class A (8, A, k, a, B), where
1 [o0]
en:='Z:§: an K
n=1

Proof: Since f, € A(5, Ak, a, B) it follows from
Theorem (1) that

(e, =0,n€EN)

theorem, we  prove the
class A(5,4,k,a,8) is closed under convex linear

o [n+ 5 (n +o-Dm- 2)) +k+
Opn+p+1aank<2k1—A—2A+1+.

Forevery k = 1,2,3, ..., 1. Hence

Z n(1+k)<n+%(n—1)(n—2)>+k
n=1

(D) =
n+pf+1

n(1+k)<n+%(n—1)(n—2)>+k

« !
M:ﬁ) (%Z @ k)

+6

3

n=1

+6

n(l+k)<n+%(n—1)(n—2)>+k

T )

1
STZZk(l—A)—2/1+1+6=2k(1—/1)—21+1+5
k=1
Thenh € A8, Ak, a, B).

+6

5. Partial Sums and Neighborhood Property

We introduce the partial sums and the same property has been
found for other class in [8]

Theorem (5.6):Let f € A(5,4,k,a, ) be given by (1.1) and
define the partial sums S; (z) and S, (2) as follows S; (z) = z~1
and
k-1
S, () =z — Z a, 72", (keN\{1}).  (5.1)
n=1
Also suppose
thatyy_; d,a, <
1
an=nl+rn+A3n—In—2+4+k+3fn+f+1a2k1—A—24A+1+4.
(5.2)

Then, we have

f(@) 1
Re{gizgj} > 1“&;(2 € U,k € N) (53)
and
S (2) dk
Re{f(z)}>1+dk(z€U,keN). (5.4)

Each of the bounds in (5.3) and (5.4) is the best possible for
n € N.
Proof: For the coefficients d,, given by (5.2), it is not difficult
to verify that
dpy1 >d, >1 (n €N).
Therefore, by using hypothesis (5.2), we have

k-1
Zan+dk2an SZdnan <1. (5.5)
n=1 n=k n=1

By setting
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f(2) 1 Now, following the earlier works on neighborhoods of analytic
91(2) = di m‘( _C_k>] functions by Goodman [5] and Ruscheweyh [9] investigated

dy 3 a, 2" this concept for the element of several famous subclasses of

=1 —’Z—nﬂ, (5.6) analytic function and Altintas and Owa [1] considered for a

. 1=Yn a2 certain family of analytic functions with negative coefficients,

and applying (5.5), we find that also Liu and Srivastava [8] and Atshan [3] extended this

9:(2) - 1| < dy Xn=1 dn concept for a certain subclass of meromorphically univalent
9@ +1| " 2-2%ta, —d, ¥, a, and multivalent functions.

<1 (z€U), (5.7) We begin by introducing here the

which readily yields the assertion (5.2). If we take (n,y) —neighborhood of a function f € X of the form (1.1) by
1 z* means of the definition below:
flz)=2""— % (5.8)
then Nn,y (f) = {g EX: g(z)
k
1 [oe] (ool
f(2) 1o 1 Yao,
Sk(2) Ck Cy =z1 —anz"andanan —b,| <y,0
which shows that the bound in (5.3) is the best possible for — =
n € N.
Similarly, if we put <y<1;. (5.11)
(Z) dy, . . . . 1
92(z) = (1 + dy) [f( y "1tC Particulary for the identity function e(z) = z~*, we have
=1 N[;(e)z{gEZ:g(z)=Z‘1+anz"and2n|bnlﬁy,0
A+d) Yo anz"“ n=1 n=1
- 1 © k+1 ) (59)
— =1 Gk Z <y<1;. (5.12)

and make use of (5.5), we have

92(2) — 1‘ Definition (5.1):A function f € Xis said to be in the class

g2(z) +1 A" (8, Ak, a, B)if there exists a function g € A(S, 4, k, a, ),
14+d) Y7k a, such that
( k) Yok (5.10) P
=23 Ttan + (L+d) Er  an’ _ _ ——-1l<1-n(zeU,0<n<1).
WhICh leads us to the assertion (5.4). The bound in (5.4) is 9(2)

sharp for each k € N with function given by (5.8). The
proof of the theorem is complete.
Theorem (5.1):If g € A(5, 4, k, a, B)and

Y((1+ k) + 6 +1)) (Mﬁ)
(@ +I)(k+5 +1) <n+;++1)a — (2k(1 = 2) = 22+ (1 + &)

then N, ., (9) € A" (6,4, k, a, ).
Proof: Let f € N, ,,(g). Then we find from (5.11)that

Z kla, — by] < 6,
k=1

n=1- , (5.13)

which implies the coefficient inequality

Zlan —b<8  (kEN). (5.14)
n=1
Since g € A(S,4, k,a, B), then by using Theorem (1), we get
2k(1—-A1) =22+ +6
Z b, < a-2 a+d (5.15)
n=1 (1+k)(1+k+6) <$>

so that

f(2) Yn—1lay — byl
ﬁ_1| < 1_Zr=lbn

y((L+ k) + 6 +1)) (%)a

A+ Kk +8+1)) (n+;++1) C k(=2 =22+ (1 +8)

=1- n
Hence, by Definition (5.1), f € A" (6,1, k, a, B) for n given by (5.13).
This completes the proof.
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6. The Radii of Starlikess and Convexity In the following theorems, we obtain the radii of starlikeness
and convexity for f € A(S, 4, k, a, B).

Theorem (6.1): If f € A(S,4, k, a, ), then f is univalent meromorphic starlike of order ¢ (0 < ¢ < 1) in the disk |z| < 7y,
where
(
|

n= il]’(lf{

@)
(1—<P)[n(1+k)<n+%(n—1)(n—2)>+k+5](#) |
m—@+2)2k(1—-2)—-24+1+6 }

)

The result is sharp for the function f given

e 2k(1—=2)—21+1+56

[n(l+k)<n+%(n—1)(n_2)>+k+5](n+g+1>a

Proof: It is sufficient to show that

zf (2)
) 16 + 1| <1-¢ forlz| <mn. (6.2)
ut
zf (2) N 1| _ zf (2) + f(2) _ Zim(@+ Day |z
f(@) f(@) T O1-Eralzttt

Thus, (6.2) will be satisfied if
Yooi(n + Day 2" <1
1 _Z?Lozl an|Z|n+1 - (p’

Z{%anwﬂ <1 (6.3)
Since f € A(5,4,k, a, B), we have
A B\
2 [n(l + k) <n+§(n— D(n - 2)) +k +5] (m)
(- —2A+140 =

orif

n
Hence, (6.3) will be true if

n(1+k)(n+%(n—1)(n—2)>+k+5]<$>a
2k(1—2)—21+1+6 ’

n—9+2)
1_

|Z|k+1 <

or equivalently

( A B a\?’l+
_ (1—(p)[n(1+k)<n+§(n—1)(n—2))+k+6](m) 3
Izl < m—9+2)2k(l—A)—21+1+0 (n=1),
)

which follows the result.
Theorem (6.2): If f € A(S,A,k,a,B), then f is univalent meromorphic convex of order (0 < ¢ < 1) in the disk |z| < ry,

where
1

aY k+1
| J(l—(p)[n(1+k)(n+%(n—1)(n—2)>+k+5]<$> 1 +
r2 = inf k—@+12k(1—-A)—22+1+06 J '

The result is sharp for the function fgiven by (3.9).
Proof: It is sufficient to show that

zf (2)
0 + 2| <1-—¢ for|z| <m. (6.4)
BUt " " ’
zf (2) |_ zf (2) +2f (2) Yo nfaylz|"
; +2| = ; < .
f @ f(2) 1= Yoo nay|z|**!

Thus, (6.4) will be satisfied if

|n+1

oo 2
ZnZIOOn anlz <1-— ®,
1-3¥7_na,|z|*t!
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or if

- nn—ep+1
Z%mzw“ <1 (6.5)
n=1 -

Since f € Z(a,y, 1), we have

- [n(l+k)<n+/§1(n—1)(n—2))+k+6] (rri1)
Z (A —D)—20+1+0 =

Hence, (6.5)will be true if

A~ 1)n — _B Y
kot D |k+1<[n(1+k)<n+3(n D 2))+k+5](n+3+1)
-9 = 2k(1—1)—21+1+6 ’

weed) |

!(1—4))
lz] <

\ )

which follows the result.

or equivalently

n(l+k)<n+/§1(n—1)(n—2)>+k+6

7. Integral Transformation In the following theorems, we obtain integral transformations
intheclass f € A(5,4,k, a, B).
Theorem (7.1): Let the function f given by (1.1) be in the class A (6, A, k, a, 8). Then the integral operator
C z
Fc(f(z))=zc+1f0 t°f()dt, (0<t<10<c< o)

isin the class A(a, A4, k, a, 8), where.

(C+n+1)2k(1—2) 21+ 1)y—cw(n<n+%(n— 1)(n—2)) A+K) +K)

o= w—-(c+n+1)y
The result is sharp for the function
1 2k(1—-)—-21+6+1
f(2)=-

(ZMH)(zfﬁ)”

Proof : Let

f2) =

Nlr—k
”MS

in the class A(5, 4, k, a, B). Then

F.(f(2) = Zf+1 fo tef (t)dt

c [(* -
— c—1 _ n+1
_Z—CHJ t E a,t
n=1

Z c+n+1 7.2)

NI»—*

It is sufficient to show that

0 c[n(l+k)<n+%(n—1)(n—2)>+k+o—](_n+g+1)a
<1. (73)

’ C+n+D@2kA-X) —2A+0+1) =
n=
Since f € A(S, Ak, a, B), we have

o [n(l+k)<n+%(n—1)(n—2)>+k+6](_n+g+1>a
2k(l—A) —2A+6 +1

a,<1. (74

=1
Note that (7.1) it satisﬁes if
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c[n(l +K) <n+/§1(n— 1)(n—2)) +k+0] (i i+1) [n(l +K) (n+’31(n— 1)(n—2)) +k+6] (rri1)
< .

(c+n+1)QRkA -1 —-21+0+1) - 2k(1 =) —=21+6+1
Rewriting the inequality, we have

C(Zk(l—/l)—2/1+6+1)(n(1+k)<n+%(n—1)(n—2)>+k+a>

< (C+n+1)(2k(1—l)—21+o’+1)(n(1+k)<n+/§1(n—1)(n—2))+k+5).
Solving for a, we have

(c+n+1)RkKA-21) -2+ 1)y—cw(n<n+/§1(n— 1)(n—2)) (1+k)+k

o<
w=(c+n+1)y
=Fn),
where
w=2k(1—/1)—2/1+5+1andy=n<n+§(n—1)(n—2)>(1+k)+k+5)
F(n) = F(1).
Using this, the results follows.
Theorem (7.2) : If f € A(S,A,k,a, B), then the integral c (7.,
operator F(f(2) = meo t°f(t)dt, (0<t<10<c<»)

1+6¢
2+c’

is in the class f € Jl( Ak, a,[)’),

The result is sharp for
1+ 6c
2k(1 —A) =22+ 11+ (55—
fnl2) = z 71— 7 ( ) ( (21+ Cé‘)) - zZ".
n(1+k)<n+§(n—1)(n—2)>+k+(2-:_cc)(n+g+1)

Proof: By definition of F., we obtain
E(f(2)) =
By Theorem (2.1), it is sufficient to show that

o ¢ (%)a [n(l +k) (n + % (n—1Dn - 2)> th+ (12tric)]

77e)

c fztff(t)dt ! i ¢ n
=—— ) ———a,z".
z¢+ ), z can+1 "

n=1

~ (c+n+1)(2k(1—/1)—2/1+1+

Since, if f € A(5,4,k, a, ), then (7.5) satisfied if
c 1

< .
(c+n+1)(2k@ -2 —22+1+ 512 " 2kA =D =20+1+5

Or equivalent, when

2k(1 —A)—2A+6+1
$(n, 2k, 8,¢) = €2k = 4) ) <1

(c+n+1)<2k(1—/1)—21+(1+ B

7re)

Since ¢ (n, 4, k, 6, ¢) is a decreasing function of n (n = 1). Then the proof is complete. The result sharp for the function

1+ 6c
2k(1—-2) —-22+1(1
ful2)=2z"1- ( ) + I +(2+C)) z"

A 1+6 “
n(l+k)<n+§(n—1)(n—2)>+k+(2+cc)(n+’g+l)
Theorem (7.3) : Let f € A(S, Ak, a, B). Then the function F defined by
c (7, 1 < c N
Fc(f(z))=zc+1f0tf(t)dt=;—z— z", 0<c<o (7.6)

a
c+n+1""
n=1

is meromorphically starlike in the disk |z| < R;, where
1

B\ 2 ™
C+n+ 1)(m) [n(1+k)<n+§(n—1)(n—2))+k+8]
R, = inf, .

cn+2) k(1 -1 —-214+6+1) J 7.7
Proof : We show that
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zF'C(z) .
oy 1| <1inlzl <R, (7.8)

Ry is given by (7.7). In view of (7.6) we have
2F (2) + F.(2)

- c
— Yo (c +n+ 1) (n + Da,z""
C

F N> - @ n
+(2) 1-¥", CFn+1)W? +1
o +1 n
D (SURS YPRPTES
< :
1- fz1man|2|”“
Thus (7.8) will be satisfied if
- c(n+2) 1
 en+ D a, |zt < 1. (7.9)
Hence (7.9) will be true if
!(c+n+1)(#) n(1 +k)(n+%(n—1)(n—2)>+k+5]
n+1
2" < | cn+2)(2k(1—2A) — 24+ + 1) |
\ )
Therefore
1
( @ y) \ntl
|(c+n+1)(n+;%+1) [n(1+k)(n+§(n—1)(n—2)>+k+6]|
<
Izl < cn+2)2k(1—2) —22+6 + 1) }

Forn > 1,n € N, The result follows by setting |z| = Ry
Theorem (7.4) : Let f € A(S, Ak, a, 8). Then the function F defined by

c (? 1 < c
Fc(f(Z))=ZC+1j(;tcf(t)dt=z—2manzn, 0<c<oo (7.10)

n=1

is convex in the disk |z| < R,, where
1

B\ A s
!(c+n+1)<m> [n(l+k)(n+§(n—1)(n—2)>+k+6]l -

R, =1
2 = infy n2(2k(1—) 21+ 6+ 1)

Proof : We show that
zF (2)

F.(z)
R, is given by (7.7). In view of (7.6) we have

+2|<1inlz| <R, (7.12)

2
__\'© cn n+1
Ln=1 (c +n+ 1) In?

1 © cn

— - n+1
n=1(c +n+ 1) “?

2
© cn n+1
Zn:l <C+7'l+ 1) anlzl

_yw ___m n4tl’
1 “=1(c+n+1)anlz|

zF' (2) + 2F,(2)
F.(2)

<

Thus (7.12) will be satisfied if

. cn?
= (c+n+1)

a,|z|"t! < 1. (7.13)
Hence (7.13) will be true if

|Z|n+1 <

J(c+n+ 1 (%) [n(l +h) (n+’§1(n— 1)(n—2)> +k+6]l
cn?k(1—21) —21+6+1) J

Therefore
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1

I(c +n+1) (%) [n(l +5) (n+%(n— 1)(n — 2)) 4+ 5Hm
cn?k(1—-2) —-22+6+1) J '

lz| <

Forn > 1,n € N, The result follows by setting |z| = R,
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