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Abstract: In the present paper , we introduce a new class of harmonic meromorphic functions WRg(a, b; 4, y; v, B),we obtain some
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1. Introduction

Let a continuous function f = u + iv be a complex valued
harmonic function in a complex domain C, if both u and v
are real harmonic in C. In any simply connected domain
D c C, we can write f = h 4+ g, where h and g are analytic
in D. We call h the analytic part and g the co- analytic part
of f. A necessary and sufficient condition for fto be locally
univalent and sense-preserving in D is that |h'(z)| > |g'(2)|
in D (see Clunie and Sheil-Small(see Clunie and Sheil-
Small [5]). Denote by Ry (1)the class of functions f = h +
g that are harmonic, meromorphic orientation preserving
and univalent inthe U={z€ C:|z] >1}. So f=h+g€
Ry (1) is normalized by f(0) = h(0) = f,(0) —1 = 0. For
f=h+ge Ry(1), we may express the analytic functions
h and g as

h(z) =7+ Z a,z" ,g(z) = Z byz ™, Iby| < 1.(1)

n=2 n=1
We denote by the class WRy (a, b; A,v, v, B)the
class of all functions of the form (1) that satisfies
the condition:
al/(1+ )(zf (2) + Az%f" (Z))
relor i (e e )@
where |a], [b| < 1,5<1<1,0Sy<v<1,0<B<I.
Also Let WRy(a, b; A4,v; v, B) be subclass of
WRy(a, b; A, y; v, B) consistiogf = h + g inwhich hand g
are of the form

[}

h(z) =z — Z a,z7" ;9(z) = —Z b,z™" ,a, 20,b,
n=1 n=1
>0.(3)
We obtain sufficient coefficient condition for harmonic
meromorphic functions f=h+g to be in the class
WRy(a,b; A, y;v,B). We also show that this coefficient
condition is also necessary for f € WRg(a, b; A,y; v, B).We
also obtain distortion bounds, extreme points, convolution
condition and convex combination for functions in
WRg(a,b; A,y; v, B).

2. Main Result

We begin with a sufficient condition for function in
WRy(a,b; A,v;v,0) .

Theorem (1): Let f = h + g with h and g are given by (1) if
> (1 =26+ D) + B+ 2m)lal

n=2

+ A+ 1) = D@ =7)Ibl) |a,|
+ Z ((1 —A(n+ 1) + B+ 2n)lal
n=1

+ (A +1) = D@ = )b ) b, |
<la|(1-v) +[bl(v —y),(4)
where |al, || <1,5<A<1,0<y<v<1,0<B<1
Then f is harmonic Univalent in U and
f € WRy(a,b; A,y; v, ).

Proof: To show that € WRy (a, b; A,v; v, B) , we notice
according to(2) , we must have
A(z)
Re {m} > y where

A(z) = vb((l - Df(2) + Azf'(z))

+a(l+B)(zf (2) + 22*f" (2))

—a@+v)1 - Df (@) + 2zf (2))
B(z) = b((1 = Df (@) + 2zf (2))
Using the fact that Re(w) = y ifand only if |1 —y + w| =
[1+y—w|.
For 0 <y < 1 itisenough to show that .

l[A(z2) + 1 = y)B(2)| - |A(2) - (1 +y)B(2)| = 0

Differentiatingh and g and Subalituting in the above inequality
we obtain

|A(2) + (1 =v)B(2)| - |4A(2) - (1 +y)B(2)|
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=|(wb—-a)+a)z —|(w(b—a)+a)z

+ Z (vb(l —Aln + 1)) + Z (vb(l —Aln+ 1))
n=2 n=2
+a(v+8+2n)A(n+1) — 1)) a,z " +a(v+8+2n)(A(n+1) — 1)) a,z "
+ ) wh(1-2An+1)) + ) wh(1-2n+1))
+a(v+8+2n)(An+1)— Db, ()™ +a(v+8+2n)(An+1) — Db, ()™
+(1-y) (bz -1+y) (bz+2b(1 —An+1)a,z™"
» o n=2
+ Z b(1 - A(n+1))a, 2" + Z b(1 = A(n + 1))b, ()™
n=2

n=1
> 2(lal(1 —v) + |bl(v — )|zl

- 2(2(1 —A(n+1))(v + B+ 2n)|al
n=2

+2@Mm+ 1) = D@ = Y)Ibl)la,llz™"]

- 2(2(1 —A(n+1))(w +m+ 2n)|al
n=1

+2((+1) = D@ =1)bl)Iby] .

+ ) b(1-A(n+1)b, (D™

The harmonic Univalent function .

f@=z+ i .

Z)=7Z
~ [(1 —An+ 1))(17 + B+ 2n)|al + A(n+ 1) — 1)(v — y)|b|

] @™

» "
~ [(1-2(n+ D)@+ B+ 2n)|al + An+ 1) — 1) —y)|b]
Where ¥ 1xn | + Xn=1 [ya| = lal(T = v) + |b|(v — ) .

] @™ )

Show that the Coefficient bound given by (4) is sharp
The function of form (5) are in the class WRy (a, b; 4, y; v, B) because

z[(l —A(n+ 1) + B+ 2n)]al
n=2

|, |
[(1-2(n+ D)@+ B+ 2n)|al + An+ 1) — D@ —y)|bl]

oo

+ ) [1=-2n+ D)@+ B+ 2n)|al

|V |
+ @0+ D =D -)lbl] [(1—2(n+ D)W + B+ 2n)lal + A(n + 1) — D — p)Ib]]

(o) oo

= D Bl + D Il = lal(t = v) + 1B =)
n=2 n=1

+ @A+ 1) - D@ -p)lbl]

The restriction placed in Theorem (1) on moduli of the Z ((1 —A(n+ 1))(v+ @+ 2n)lal
Coefficients of f =h+ g enables us to Conclude for n=2

arbitrary rotation of the Coefficients of f that the resulting +An+1) -1 - y)|b|) la, |

functions would still be harmonic Univalent and f € ®

WRy(a,b; 4,y;v,8) . +Z((1—/1(n+1))(v++ 2n)|al
n=1

In the following Theorem ,it is shown that the condition (4) _ _

is also necessary for function in WRg(a, b; 1,y; v, @) . TR+ D -DE Y)lbl) 1B

Theorem (2): Let f = h + g with h and g are given by (3) < la|(1 = v) + [b|(v —¥).(6)

. A necessary and sufficient condition for f to be in Where |al,|[b] <1 ,%s A<1,0sy<v<l,0<B<1.
WRpg(a,b; A,v; v, B) is that
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Proof: In view of Theorem 1 .We need only show that does not hold .
f g WRg(a, b; A, y; v, B) if the coefficient inequality (6)
We note that iff € WRg(a, b; 4,y; v, Bl) we must have
1+ 8)(zf (2) + Az%f"
re {v L Kc )(2f @ +12°f" @) ) L,
b A-Df@ +1f (2

} 7.
This is equivalent to
Re {vb((l —Df@) +Af @) + a1 + B)(zf (@) + 22%f" (2)) —a@+ V)((1 - Df (2) + Af'(z))}

b[(1 = Df (2) + Af (2)]
_ R a(1=v)+b (v—1)z=35—2((1-2(+1)(V+B+2m)a+(A (n+1)=1) (v—p)b )anz " Z;’fzz((l—/l(n+1))(v++2n)a+(/1(n+1)—1)(v—y)b)bn(z')_"
= he bz+%7_, b(1-A(n+1))anz " —3%_1 b(1-A(n+1))byz ™" T bz +3%_y b(1-A(n+1))anz =571 b(1-A(n+1))byz "

0.

This inequality must hold for all z € Uandfor,%s/1< 1,0<sy<v<1,0<B<1andforany<0la] <1,0<]|b|<1.

Letting z = r > 1 and a, b are real and positive so that |a| = a, |b| = b,we have

a1 = v) + b =) = 25, (1= A + D)V + B+ 2m)a + A + 1) - D@ = 1)b) a,r ™"
b+3¥2,b(1—2A(n+1))a,r ™1 =¥ b(1—Aln+ 1))b,r 1

T, (1= 20+ D)W + B+ 2m)a + A+ 1) - D@ = 1b) b, )
T by, b(l— A+ D)ar =3 b(1—A(n+ D)byr ') B
If the condition (6) does not hold , then A(r) is negative for r sufficienty close to 1 . Thus there exists a z, = r > 1 for which
the quotient % is negative .This contradicts that % > 0 and so that the proof is complete.
Extreme points for WRyz(a, b; 4,y; v, B) are given in following Theorem .
Theorem (3): Let the function f be given by (3) L.)oThen f € WRg(a, b; 4,y; v, B))if and only if

@) =) (il @) +,9.(2)) ,2 € T ()

n=1

3 la|(1 —v) + |b|(v — )
(1 —An+ 1))(17 + B84 2n)|al+ A(n+ 1) — D)(v —y)|b]

= Re

where hy(z) =z,

h,(z) =z

z7"(n=23,..)

and

3 lal(1 —v) + [b|(V —¥)
(1-2n+D)w+ B+ 2n)|al + An+1) — V(v —y)|b]

2= ) =1,(x, 20,5, 20).
In particular , the extreme points of WRyz(a, b; 4,v; v, B) are h,, and g,,.
Proof:Assume that f can be expressed by (7) . Then , we have

) = ) (waltn @) + 390(2)

9n(2) =2 @ m=12.)

n=1
lal(1 —v) + [b|(v — ¥) n
- ;(x” * )z _; (1—A(n+ D)(w + B+ 2n)lal + A + 1) — D@ )bl "

_i lal(1 = v) + bl =) -

P (1-2n+D)w+B+2n)|al+ An+1) - D@ —-y)|b|""

”‘i lal(1 —v) + |bI(v —y) g
~ (1 —An+ 1))(17 + 84+ 2n)|al + An+1)-D@w-p)|b| "

_i lal(1 = v) + |b|(v —¥) -

~ (1 —Aln+ 1))(v + B84+ 2n)|al+ An+1) - Dw—-y)|b]""

Therefore

Z(l —An+ 1))+ B+ 2n)|al
n=2

lal(1 —v) + [bI(v —¥)

T @+ D =D =nibh (1-A(n+ D)@ +8+2n)al+ A+ D - D@ - bl "
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+ (1—/1(n+ 1))(V+m+2n)|a|

lal(1 —v) + |bl(v —y)

T @A+ =D =nibh (1- A+ D)W +8+2n)al + A+ D - D@ —b>"

= (lal(1 = v) + [bI(w = 7)) (Z(xn ) - x1>

n=1

= (lal(1 = v) + bl(v = 1)) (A = %) < (lal(1 = v) + |bl(v — 1))
So f € WRg(a,b; A, y; v, 0)
Conversely , Let f € WRg(a, b; A,y; v, &) , by putting
(1 —A(n+ 1))(v + @+ 2n)|al + A(n+ 1) — 1)(v —y)|b|

T = (=) + 1Bl — 7) o (1 =23,.)
and
_(1—/1(n+1))(v++ 2n)|al + A(n+1) — 1)(v —y)|b| _
= [ali = v) + IbI(v —7) bon=12)
Wedefinex; =1 —-X7 0 x, — Dy V-
Then,notethat0 <x, <1(n=23,..),0<5y, <1 (n=12..).
Hence ,
f() = z—z =) b
n=2 n=1
Z lal(1 —v) + |b|(v —v) o
(1 —An+ 1))(17 + 84 2n)|al + An+1) =D —-p)|b| "
_i lal (1 —v) +b|@w ~ 1) (2
(1 —Aln + 1))(17 + B8+ 2n)|al+ A(n+1) — D(v —y)|b| In
= 2= (2= h(D) %, - Z(z — 0@ D (=20 + D) + B+ 2m)lal
n=2 n=2
( Z Z ) Z Xnh (2) + z YnGn (2) " (i(n H-D- V)|b|) i

= n=1 +Z((1—/1(n—|—1))(v++ 2n)|al

=xhi(2)+ ) %h(2)+ ) ¥,9.(2) V4
1 ; . ; +(/1(n+1)—1)(v—y)|b|)bn1
- Z(x ha(2) + Y19 (2)) < lal(1—v) + [bl(v —¥) (8)

n=1
That is the required representation
Now , we show WRg(a, b;A,y;v,B) is closed under

Convex Combination of this members . = iy .
Theorem (4): The class WRp(a,b; A, v;v,B) is closed Z tfi(z)=z+ Z Z tiay,
under Convex Combination . j=1 n=2

For Y7Lt =1,0<¢ , the Convex Combination of f;
may be written as

Proof:For j =123,.. , let f; € WRg(a,b;4,y;v,B) ,

where f; is given ] i (i " >(Z) )
n=1

Then, by (4), we have
Then by (4) , we have ©

> (=20 + D) + B+ 2m)lal

n=2
+An+1) - - y)lbl) (Zt] an,j>

j=1

+Z ((1=2(+ D)@ + B+ 2n)lal
n=1

+ @+ 1) =D -p)bl) (Zt, bn,j>

j=1
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> > Relation (10) can be proved by using the similar statement .
= th Z (1-2n+ D) + B+ 2n)|al So, the proof is Complete .
j=1 n=2
+ (A(n +1)-1Dw- y)lbl) Theorem (6): The class WRy(a, b; 4,y; v, B) is Convex set .

+Z (1-A(n+ 1)) + B+ 2n)|al Proof:Let the function f;(j=12) be in class
— WRy(a,b; A, y;v,B) .

+Un+1D)-Dw- y)lbl) by, It is sufficient to show that the function h defined by

B h(z) = (1 - fi(2) + tf(2),(0 < t < 1)
itis in the class WRy(a, b; A,v; v, @), where
<> gllal(d = v) + [blw ~ )] -

=1 ]j-(z)=Z+Zan_] anj(z) ",G=12)
=lal(1 =v) + |b|(v —¥),

therefore Sincefor0 <t S

> 45,() € WRy(a,bi A,y;v,8), h2) =2+ Z (1= 0ay — ta,;) 2

j=1 n=2
This complete this proof .

- Z (= 0bus =) @™

The distortion bound for functions in WRg(a, b; A,v; v, @) ] n=1
are given by following theorem In view of Theorem (2) , we have

Theorem (5): Let € WRy(a,b;A,y;v,B) . Then for z ((1 —A(n+ 1)) + B+ 2n)]al
|z]| =r <1, wehave n=2

f@l el Bl b + @M+ 1) = D@ -pPIbl) (1 - Oan,
1 al(l—-v)+ v—y)|(1-Db _ _
A= -G ar G- O tanz)
d
T +> (=26 + D)@ + B+ 2m)lal
< (1 - bl)rl n=1
llal(t —v) +Iblw =) =b) + (A +1) = D@ = P)Ibl) (1 = b,
A—3DG@+v+H+Gi-Dw—p) 19 — th,,)
Proof:Assume that WRg(a, b; A,y; v, @) . Then by (4) , we oo
get - o = (1—t)< (1=20+ D)@ + B+ 2n)lal
— -n __ AN n=2
ol ”nz:za"z Zb”(z) A+ 1) = D@ =PIkl gy
> (1—b)r? Z(an +b,)r " +Z((1—/1(n+1))(v++ 2n)|a|
n=1
> -b)rt- Z(an +b,) 12 +An+1)-Dw-— y)lbl) bn,1>
— (- byrt " -
n > ( (1=20+ D)W + B+ 2n)lal
_(1—3/1)(4+v+)+(3/1—1)(v—y);(1_3/1)(4 "=

+ (A +1) = D@ = P)Ibl) any
+v+BD+GBA-Dw—-y)(a, +b,) oo

> (1 - by)r! 3 (=20 + D) + B+ 20)lal

! 1
_(1—3/1)(4+v+)+(3/1—1)(v—y);(

— A+ D@ + B+ 2n) + (A(n + D)@ — y)(a, + b,) + @A+ 1) = D@ - p)bl) bn,z>

> -b)r !
_ 1 [Mlal(1 - < @ —-0)(lal(1 =v) + |bl(v — ) + t(la](1 - v)
1-3D¢@+v+BD)+BA-Dw-y) +|bl(v =) = lal(1 = v) + |bl(v —¥)
+ |bl(v — )] - [|1a|(1 —v) + |b|(v = Y)]b; |r Hence h € WRy(a, b; A,v; v,
=(1-=b)r”
[lal(1 =v) + |b|(v =) —by) We define the Convolution two harmonic function f and F by

T A-30)@+v+B)+BI-Dw-1y)
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(FF)@) =z + Z Az — Z boB, (D), (11) F(z) =27 + Z Az — z B, ()"
h n=2 n=1 n=2 n=1
where
d d Theorem (7):For 0 < B <y < l.Let f € WRg(a, b; A, v; v,
fz)=z+ Z a,z ™" — Z b,(2)™, and F € WRy(a, b; A,v, B, B). Then
n=2 n=1 f*F €WRg(a,b;A,y;v,0) c WRg(a,b; A,vy; B,
and Proof:Let the Convolution (f * F) be of form (10) . Then we

want to prove that the Coefficient of (f » F) Satisfy the
Condition of Theorem (2) .
Since f € WRg(a, b; A,y,v,B) and € WRg(a, b; A,y, 8, 8) . Then by Theorem (2) , we have

i (1 —An+ 1)) + @+ 08+2n)|al+ (A(n+1) —1)(v —y)|b]

lal(1 = v) + |b|(v —y) i
+z(1—l(n+1))+(v+l+2n)|a|+(/1(n+1)—1)(v—y)|b| b <1
L jal(T =) + b1 —7)
and
Z (1 —Aln+ 1)) + @+ B+2n)|al+An+1)—1D(w - B)Ibl
Z, [al(t=v) + [bI(v = B) o
+z(1—/1(n+1))+(v+l+2n)|a|+(/1(n+1)—1)(v—,8)|b| B <1
lal(1 —v) + |b|(v — B)
From (4 ) , we obtain the following inequalities
la|(1 —v) + |b|(v — B) (n=23,.)

(1 —A(n+ 1)) + @+ B4+ 2n)|al+ An+1) —1)(w - B)|b|

lal(1 —v) + |b|(v — B)
B, n=12..)
(1 —A(n+ 1)) + W+ B+2n)|al+ An+1) - 1w - B)|b|

Therefore ,
i (1-2A(n+1))(w + B+ 2n)|al + A(n+ 1) — 1) — y)|b|
la|(1 —v) + |bl(v —y)
+Z (1 —An+ 1))(17 + 04+ 2n)|al+ (A(n+1) - 1w - y)|b|
la|(1 —v) + [b|(v — ¥) BnBn

nAn

B A-20Q2+v+0)|al + 21 —1)(v —y)|b|
- lal(1 —v) + |b0|0(v -7)
+Z (1-A2n+D)w+B+2n)|al + A(n+ 1) — D (v —y)|b|

by B,

n=2 lal(1 —v) + [bl(v —y) An An
+i(1—1(n+1))(v+l+ 20))al + An+1) - 1)(v - V)|b|
lal(1 —v) + |bl(v — ) b, B,

[(1-21)(2 +v+ B)al + (22— D —y)Ibll[lal(1 — v) + |b|(v — p)]
[lal(@ =) + [bl(v = NI = An + D@ + B+ 2)|al + (A(n + 1) = 1(v = A)Ibl]
+Z [(1 —An+ 1))(v + 0+ 2n)|al+An+1) - 1D - y)lbl][lal(l —v) + |b|(v— ﬁ)]
[lal(1 —v) + |b|(v — )] [(1 —Aln+ 1))(17 + 8+ 2n)|al+ An+1)—1)(v— ﬁ)lbl]
Z [(1 — A+ D)V +m+2n)|al + An + 1) = D@ = Y)|bl][lal(1 = v) + |b|(v - B)]
[lal(1 = v) + |b|(v — )] [(1 —An + 1))(v + B84+ 2n)|al+ An+1) - 1D(w— [)’)lbl]

_ Z [(1-2(n+ D)@+ B+ 2n)|al+ An+1) = D@ —y)Ibl]llal(1 —v) + |b|(v — ,8)]

[lal(1 = v) + |b|(v — y)][(l —An+ 1))(v + 084+ 2n)|al+ An+1) —1D)(w - ,B)Ibl]
+§ﬂ0—Am+1D@+I+ZMMH%Mn+D—lxv—ﬂMWMKl—w+ﬂmw—ﬂﬂb
— [la](1 = v) + |b|(v —y)][(l —An+ 1))(17 + B84+ 2n)|al+ A(n+1)—-1)(v— ﬁ)lbl] "
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< i (1 —Aln+ 1))(v+ A+ 2n)|al + A(n+ 1) — 1) (v — y)|b| .

lal(1 =) + |b|(v —¥)

(o]

n=2

n=1
Then (f x F) € WRg(a,b; A,v;v,B) € WRg(a,b; 1,y; 5,1) .
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