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1. Introduction

The notion of fuzzy set was introduced by Zadeh [20] which
laid the foundation of fuzzy mathematics. Consequently the
last three decades were very productive for fuzzy
mathematics and the recent literature has observed the
fuzzification in almost every direction of mathematics such
as arithmetic, topology, graph theory, probability theory,
logic etc. Deng[ 4], Erceg [5], Kaleva and Seikkala [11] and
Kramosil and Michalek [12] have introduced the concept of
fuzzy metric spaces in various ways. George and Veeramani
[8] modified the concept of fuzzy metric spaces introduced
by Kramosil and Michalek [12] and defined Hausdorff
topology of metric spaces which is later proved to be
metrizable. They also showed that every metric induces a
fuzzy metric and by now there exists considerable literature
on this topic. Recently, Chugh and Kumar [3] proved a Pant
[13, Theorem 1] type theorem for two pairs of R-weakly
commuting mappings satisfying a Boyd and Wong [1] type
contraction condition which in turn, generalizes a fixed point
theorem of Vasuki [18, Theorem 2].

The purpose of this paper is to improve the main theorem of
Vasuki [18] along with Theorem A (due to Chugh and
Kumar [3]) besides adopting R-weak commutativity of type
(Af ), type (Ag) to fuzzy setting and to introduce R-weak
commutativity of type (P) which are to be used to prove our
results in this paper.

2. Preliminaries

Definition 2.2. A fuzzy set A in X is a function with domain
X and values in [0, 1].

Definition 2.2. A binary operation [ :[0, 1] x [0, 1] (7 [0, 1]
is called a continuous t-norm if, ([0, 1], [J)is an abelian
topological monoid with unit 1 such that a Ob<c 0 d
whenevera<candb<d, forall a, b, c,din [0, 1].

For an example: a * b = ab, a * b = min {a, b}.

Definition 2.3 The triplet (X, M, (1 )is called a fuzzy metric
space (shortly, a FM-space) if, X is an arbitrary set, [J isa

continuous t-norm and M is a fuzzy set on X x X x [0, 1)
satisfying the following conditions: for all x, y, z in X, and s,
t>0,

(i) M(x, y, 0) =0, M(x, y, t) > 0;

(i) M(x,y,t) =1 forall t >0 if and only if x =y,

(i) M(x, y, t) = M(y, x, 1),

(iv) M(x, y, t) 0 M@, z,5) < M(x, z, t +9),

(V) M(x,y, -) : [0, ) [T [0, 1] is left continuous.

In this case, M is called a fuzzy metric on X and the function
M(x, y, t) denotes the degree of nearness between x and y
with respect to t.

Also, we consider the following condition in the fuzzy
metric space (X, M, [ ):
(vi) limy, M(x, y, 1) =1, forall x, y (1 [T X.

It is important to note that every metric space (X, d) induces
a fuzzy metric space (X,M, I )where a [J b= min {a, b} and

forall a, b O [0 Xwe have M(x,y,t) = t+d;(y) , forall t >0,

and M(x, y, 0) = 0, so-called the fuzzy metric space induced
by the metric d.

Definition 2.4. A sequence {x,} in a fuzzy metric space (X,
M, [1)is said to be convergent to x in X if, lim . ,, M(xn, X,
t) =1, foreacht> 0.

Definition 2.5. A sequence {x,} in a fuzzy metric space (X,
M, [)is called a Cauchy sequence if, limy; o M(Xq4p, Xn, 1) =
1 for every t > 0 and for each p > 0. A fuzzy metric space
(X, M, 0) is complete if, every Cauchy sequence in X
converges in X.

Definition 2.6. Two self mappings A and S of an fuzzy
metric space (X; M; *) are called compatible if lim,. .,
M(ASX,;SAX,; t) = 1 whenever {x,} is a sequence in X such
that lim, , AX, = lim,; ,, SX, = X for some x in X.

Definition 2.7. Two self mappings A and S of an fuzzy
metric space (X; M; *) are called compatible of type (P) if
lim,; .. M(AAX,;SSX,; t) = 1 whenever {x,} is a sequence in
X such that lim,; ,AX, = lim,, ,Sx, = X for some x in X.
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3. Results

Now, let (X,M, *) be a complete fuzzy metric space and let
AB, Sand T be self-mappings of X satisfying the following
conditions; For some positive integers a, b such that [3.1.1]
AYX) c AX) © T (X) and B"(X) = B(X) c S(X), [3.1.2!
M(A? x, B y, t) > @(min{M(TXx, Sy, t),M(Tx, A% x, t),M(B
y, Sy, t)}) for all x, y € X, where ¢ : [0, 1] — [0, 1] is a
continuous function such that ¢(s) > s for each 0 < s < 1.
Then for any x, be a arbitrary point in X. Since AYX) c
T(X), 3 x; in X such that Tx; = A®,. Again since B’(X) c
S(X), 3 x, in X such that Sx, = B"x;. An general there exists
Xons2 IN X such that

[3.1.3] Yon = TXone1 = A™an @nd Yones = SXaneo = B Xgns1 for n
=012, ...

Firstly, we prove the following LEMMA .

LEMMA 4.1. Let A,B, S and T be self-mappings of a fuzzy
metric space (X,M, *) satisfying the conditions [3.1.1] and
[3.1.2]. Then the sequence {y,} defined by [3.1.3] is a
Cauchy sequence in X.

PROOF. Fort>0,

M(yZn: y2n+1y t) = M(AaXZn: BbX2n+1; t)

> o(min{M(TXzn, SXons1, £),M(TXon, An, 1),M(SXans1,
BXzn+1, 1)3)

= (P(min{M(Yanll y2n1 t)!M(yanll y2n! t),M(VZn: y2n+l! t)})
[3.1.4]

M(yZn-l’ y2n ! t)1
M(yZn ! y2n+1’ t)!

as ¢(s) > s for 0 <s < 1. Thus {M(Yzn, Yon+1, £), N >0} is an
increasing sequence of positive real numbers in [0, 1] and
therefore tends to a limit | < 1. We assert that | =1 . If not, |
< 1 which on letting n—oo in [3.1.4] one gets | > o(1) > | a
contradiction yielding thereby | = 1. Therefore for every n €
N, using an alogous arguments one can show that {M(Yan+1,
Yons2, ), N > 0} is a sequence of positive real numbers in [0,
1] which tends to a limit | = 1. Therefore for everyn € N

M(yn: Yn+ts t)>M(yn—17 Y t) and Iimn—m M(yn: Yn+ts t) =1
Now for any positive integer p

M(yn: Yn+py t) z M(ym Yn+1, t/p) T M(yrﬁ-p—l! Yn+p: t/p)
Since lim,_,,M(Yy, Yn+1, t) = 1 for t > 0, it follows that
iMyseM(Yny Yoep 1) 21%1% 0. *1=1

which shows that {y,} is a Cauchy sequence in X.

Now we prove our main result as follows:

Theorem: Let AB, S and T be four self-mappings of a
fuzzy metric space (X,M, *) satisfying the condition [3.1.2].
if [3.1.1] and one of A(X),B(X), S(X) and T (X) is a
complete subspace of X, then if the pairs {T, A%} and {S,
B} are compatible mapping of type (P), then AB, Sand T
have a unique common fixed point.

Proof: Let x, be an arbitrary point in X. Then following
arguments of Fishe [7], one can construct sequences {X,}
and {y,} in X such that

Yon = TXonst = AXan aNd Yanet = SXons2 = B™onst for n=0,1,2,

Then due to LEMMA [4.1], suppose that S(X) is a complete
subspace of X, then the subsequence Yon+1 = SXon+o Must get
a limit in S(X). As {y,} is a Cauchy sequence containing a
convergent subsequence {Yan.1}, therefore the sequence {y.}
also converges implying thereby the convergence of {y,.}
being a subsequence of the convergent sequence {y,}. Since
{A%%;} and {B"X;n.i} are subspace of {y,} so these
subsequence are also converges to a point w. they also
converge to the same limit w. Hence there exist two points
u, v in X such that Tu = w and Sv = w, respectively. On
setting X = v and y = Xop41 in [3.1.2] we get

M(A U, Yane1, ) = M(A® U, B?Xane1, 1)

> @(min{M(TU, SXzns1, t), M(Tu, A%U, t), M(SXons1, B™Xan1,
H})

2 (P(mln{M(TU, Yon, t)v M(TU, Aaul t)v M(YZnn Yan+1, t)})

M(A? u, w, t) > e(min{M(Tu, w, t), M(Tu, A%y, t), M(w, w,
H})

M(A? u, w, t) > e(min{M(w, w, t),M(w, A%u, t),M(w, w, t)})
M(A? u, w, t) > e(min{ M(w, Ay, t),})

M(A® u, w, t) > o(M(A?* U, w, 1)) > M(A* U, w, t)

A contradiction. Therefore A* u = w= Tu, that is u is a
coincidence of A%and T.

Similarly, we can show that v is a coincidence point of B

ifM(Yon10 Yoo ) <MYy Yoo AP S
|f M(yZn-l’ ygn ) t) 2 M(yZn ! y2n+1

Ttere exist two points u, v in X such that A%u=Tu=wand
B" = Sv = w, respectively , then {T, A%} and {S, B} is also
compatible mapping of type(P).

[3.1.5] A*A%X,, = TTXpy — TW

BbBbX2n+1 = SSXon+1 —> SW

which implies that A°w = Tw, and B°w = Sw. Now, we
prove that A*w = w. If A*w = w, then by [3.1.2], we have

M(Aa W, Yon+1, t) = M(Aa W, Bbx2n+1l t)

> e(min{M(Tw, SXon:1, 1), M(Tw, A’w, t), M(SXons1,
BL"XZn+l! t)})

> (p(mln{M(TW, Yon, t), M(TW, AaW, t), M(yZn, Yon+1, t)})
M(A* w, w, t) > o(min{M(Tw, w, t), M(Tw, A’w, t), M(w,
w, 1)})

M(A* w, w, t) > e(min{M(w, w, t),M(w, A%y, t),M(w, w,
H})

M(A* w, w, t) > p(min{ M(w, A’w, t),})

M(A* w, w, t) > o(M(A* w, w, t)) > M(A* w, w, t)

a contradiction. Hence A*w = w = Tw. Similarly, we have
B"W = Sw = w.

This means that w is a common fixed point of A*, B”, T and
S.

Hence Az=Tz=z=Bz=Sz.

This complete the proof.
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For Uniqueness of Common Fixed Point Author Profile

Suppose z and w be two distinct common fixed point of A, Raghu Nandan Patel Department of Mathematics, Government
B, TandS. Then from [3.1.2] , we have Mukut Dhar Pandey College, Katghora Distt - Korba Chhattisgarh,
M(w, z, t) = M(A* w, B°Z, t) > ¢(min{M(Tw, Sz, t), M(Tw,  India

A'w, t), M(Sz, B"Z, t
> (p(mgn{l\/(l(w, 2, 1), ﬁ)(w w, t), M(z, z, )} Manoj Kumar Tiwari Department of Mathematics, Government

M(w, z, t) > e(min{M(w, z, t)}) > min{M(w, z, t)}

Girls Polytechnic, Bilaspur, Chhattisgarh, India

which is contradiction. Hence z is unique common fixed
point of A, B, T and S.
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