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1. Introduction 
 

Bernstein (13), Alexits (5), Sahney & Goel (3), Chandra 

(11), Alexits & Leindler (5) and several others have 

determined the degree of approximation of a function 

𝑓 ∈ 𝐿𝑖𝑝𝛼 by (C, 1), (C, 𝛿), (N, Pn ) and (𝑁 , Pn) means of its 

fourier series .Working in the same direction Sahney and 

Rao (9) and Khan (6) have studied the degree of 

approximation of function belonging to 𝐿𝑖𝑝𝛼 and 𝐿𝑖𝑝(𝛼, 𝑝) 

by (N, Pn ) means and (N, p, q) mean respectively.  

 

Binod Prasad Dhakal (2) determined the degree of 

approximation of certain function belonging to the 𝐿𝑖𝑝 𝛼 

class by Matrix Cesaro summability method .Still today 

there is no work regarding the degree of approximation of 

function belonging to weighted 𝑊 𝐿𝑝𝜉 𝑡  class by Taylor 

Cesaro summability method of its fourier series have done. 

Weighted 𝑊(𝐿𝑝𝜉 𝑡 )class is the generalization of 

𝐿𝑖𝑝 𝛼, 𝐿𝑖𝑝(𝛼, 𝑝) and 𝐿𝑖𝑝(𝜉 𝑡 , 𝑝 ) classes. 

 

Here we introduce a generalized theorem on the degree of 

approximation of function belonging to the weighted 

𝑊 𝐿𝑝𝜉 𝑡  class by Taylor Cesaro Summability method. 

 

2. Definition and Notation  
 

Let f be 2𝜋 periodic function, Lebesgue integrable and a 

function of Lip (𝜶) and 𝑊 𝐿𝑝𝜉 𝑡   class over (−𝜋, 𝜋) in the 

sense of Lebesgue, then its fourier series is given by  

 𝑓 𝑡 =
1

2
𝑎0 +   𝑎𝑛 cos 𝑛𝑡 + 𝑏𝑛 sin 𝑛𝑡 ∞

𝑛=1          (1) 

 We define the norm   𝑝by  

 𝑓 𝑝 =    𝑓(𝑥) 𝑝𝑑𝑥
2𝜋

0

 

1
𝑝

, 𝑝 ≥ 1 

A function 𝑓 ∈ 𝐿𝑖𝑝𝛼 if  𝑓 𝑥 + 𝑡 − 𝑓(𝑥) = 𝑂( 𝑡 𝛼), for 

0< 𝛼 ≤ 1. 
𝑓 ∈ 𝐿𝑖𝑝(𝛼, 𝑝) 

if  

   𝑓 𝑥 + 𝑡 − 𝑓(𝑥) 𝑝𝑑𝑥
2𝜋

0
 

1

𝑝
= 𝑂( 𝑡 𝛼), 0< 𝛼 ≤ 1. 𝑝 ≥ 1 . 

Given a positive increasing function 𝜉 𝑡 , 𝑝 ≥ 1,  

𝑓 ∈ 𝐿𝑖𝑝 𝜉 𝑡 , 𝑝  if    𝑓 𝑥 + 𝑡 − 𝑓(𝑥) 𝑝𝑑𝑥
2𝜋

0
 

1

𝑝
= 𝑂(𝜉 𝑡   

And 𝑓 ∈ 𝑊 𝐿𝑝𝜉 𝑡   if  

    𝑓 𝑥 + 𝑡 − 𝑓(𝑥) 𝑆𝑖𝑛𝛽𝑥 
𝑝

 𝑑𝑥
2𝜋

0

 

1
𝑝

= 𝑂(𝜉 𝑡 , 𝛽 ≥ 0 . 

 

Let  𝑢𝑛
∞
𝑛=0  be the infinite series whose n

th 
partial sum is 

given by 𝑆𝑛 =  𝑢𝑘 .
∞
𝑘=0  

 

Cesaro means (C, 1) of sequence {𝑆𝑛 } is given by  

𝜎𝑛 =
1

𝑛+1
 𝑆𝑘 .

𝑛
𝑘=0 If 𝜎𝑛 → 𝑆, as 𝑛 → ∞ then sequence {𝑆𝑛} 

or the infinite series  𝑢𝑛
∞
𝑛=0  is said to be summable by 

Cesaro means (C, 1) to S. It is denoted by  

𝜎𝑛 → 𝑆  C, 1  , as → ∞ . 

 

(2.1) The degree of approximation of a function f:R→
𝑅by a trigonometric polynomial 𝑇𝑛  of degree n is given by  

   𝑇𝑛 − 𝑓 = 𝑠𝑢𝑝  𝑇𝑛 𝑥 − 𝑓(𝑥) : 𝑥𝜖𝑝   
 

(2.2) Let  𝑢𝑛  be a given infinite series with sequence of 

its n
th 

partial sum  𝑆𝑛 .The (C, 2) transform is defined as the 

n
th 

partial sum of (C, 2) summability and is given by  

 𝜎𝑛 =
2

 𝑛+1 (𝑛+2)
  𝑛 − 𝑘 + 1 𝑆𝑘 → 𝑆𝑛

𝑘=0  as 𝑛 → ∞ 

Then the infinite series  𝑢𝑛
∞
𝑛=0  is summable to the definite 

number s by (C, 2) method. 

 

(2.3) A given sequence  𝑆𝑛   is said to be Taylor summable, 

if  𝑇𝑛 =  𝑢𝑛,𝑘  𝑆𝑘 → 𝑆𝑛
𝑘=0  as 𝑛 → ∞, then the (C, 

2)transform of Taylor means defines the  𝑇𝑛 , 𝐶2  transform 

of the partial sum  𝑆𝑛 of the series (2.1). 

Thus, if  𝑇𝑛 , 𝐶2 =  𝑢𝑛,𝑛−𝑘 , 𝜎𝑛−𝑘 → 𝑆𝑛
𝑘=0  as 𝑛 → ∞  

then  𝑢𝑛
∞
𝑛=0  is said to be 𝑇𝑛 , 𝐶2 summable to S. 

 

Remark: - We shall use following notations: 

(i) ∅ 𝑡 = 𝑓 𝑥 + 𝑡 − 𝑓 𝑥 − 𝑡 − 2𝑓 𝑥  

(ii) 𝐷 𝑛, 𝑡 =
1

2𝜋
 

𝑢𝑛 ,𝑛−𝑘

(𝑛−𝑘+2)

𝑠𝑖𝑛 2 𝑛−𝑘+2 𝑡/2

𝑠𝑖𝑛 2𝑡/2

𝑛
𝑘=0  
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3. Known Theorem 
 

S.K.Tiwari and Vinita Sharma (12) have studied the degree 

of approximation of function belonging to Lip (𝜶) class by 

using Taylor Cesaro product summability method of its 

fourier series.They proved the following theorem: 

 

Theorem (3.1): If 𝑓: 𝑅 → 𝑅 is 2𝜋 periodic and lebesgue 

integrable on  −𝜋, 𝜋  and 𝑓 ∈ 𝐿𝑖𝑝𝛼, then the degree of 

approximation of function by Taylor –Cesaro product means 

of the series, satisfies for n=0, 1, 2…,  

 𝑇𝑛𝐶2(𝑥) − 𝑓(𝑥) ∞ =

 
 

 𝑂  
1

 𝑛 + 2 ∝
 ; 0 <∝< 1

𝑂  
log⁡(𝑛 + 2)𝜋𝑒

𝑛 + 2
 ; 𝛼 = 1

  

Where 𝑇𝑛 = 𝑎𝑛,𝑘  is non negative, monotonic and non- 

increasing sequence of real constant such that  

  𝑢𝑛,𝑛−𝑘
𝑛
𝑘=0  = 𝑂 1 .  

  

4. Main Theorem  
 

Theorem (4.1): If 𝑓: 𝑅 → 𝑅 is 2𝜋 periodic and lebesgue 

integrable on  −𝜋, 𝜋  and 𝑓 ∈ 𝐿𝑖𝑝 𝜉 𝑡 , 𝑝 , then the degree 

of approximation of function by Taylor –Cesaro product 

means of the Fourier series (1) is given by  

 

 𝑇𝑛𝐶2(𝑥) − 𝑓(𝑥) 𝑝 = 𝑂   𝑛 + 2 
1
𝑝𝜉  

1

𝑛 + 2
   

Provided  
𝜉 𝑡 

𝑡
 is monotonic decreasing and 𝜉 𝑡  satisfy the 

following conditions: 

   
𝑡 𝜙 𝑡  

𝜉 𝑡 
 

𝑝

𝑑𝑡
1

𝑛+2
0

 

1

𝑝

= 𝑂  
1

𝑛+2
                    (4)  

   
𝑡−𝛿  𝜙(𝑡) 

𝜉(𝑡)
 

𝑝

𝑑𝑡
𝜋
1

𝑛 +2

 

1

𝑝

= 𝑂  𝑛 + 2 𝛿                 (5) 

 

Theorem (4.2): If 𝑓: 𝑅 → 𝑅 is 2𝜋 periodic and lebesgue 

integrable on  −𝜋, 𝜋  and 𝑓 ∈ 𝑊 𝐿𝑝𝜉 𝑡   then the degree of 

approximation of function by Taylor –Cesaro product means 

of the Fourier series(1) is given by  𝑇𝑛𝐶2(𝑥) − 𝑓(𝑥) 𝑝 =

𝑂  (𝑛 + 2)
𝛽+ 

1

𝑝  𝜉  
1

𝑛+2
    

Provided 𝜉 𝑡  satisfies the following conditions: -  

    
𝑡 𝜙 𝑡  

𝜉 𝑡 
 

𝑝

sinβp 𝑡𝑑𝑡
1

𝑛+2
0

 

1

𝑝

= 𝑂  
1

𝑛+2
                  (6) 

    
𝑡−𝛿  𝜙(𝑡) 

𝜉(𝑡)
 

𝑝

𝑑𝑡
𝜋
1

𝑛+2

 

1

𝑝

= 𝑂  𝑛 + 2 𝛿                    (7) 

 

5. Required Lemmas 
 

Lemma 5.1: For 𝑂 ≤ 𝑡 ≤
1

𝑛+2
; 𝐷 𝑛, 𝑡 = 𝑂 𝑛 + 2 . 

 

Proof: We have  

 𝐷(𝑛, 𝑡) =  
1

2π
 

𝑢𝑛 ,𝑛−𝑘

 𝑛−𝑘+2 

𝑠𝑖𝑛 2 𝑛−𝑘+2 𝑡/2

𝑠𝑖𝑛 2𝑡/2

𝑛
𝑘=0    

 ≤
1

2π
 

𝑢𝑛 ,𝑛−𝑘

 𝑛−𝑘+2 

 𝑛−𝑘+2 2𝑡2/𝜋2

𝑡2/𝜋2   

 = 𝑂(𝑛 + 2)  𝑢𝑛,𝑛−𝑘
𝑛
𝑘=0   

 = 𝑂(𝑛 + 2)  

Lemma 5.2:For 
1

(𝑛+2)
≤ 𝑡 ≤ 𝜋; 𝐷 𝑛, 𝑡 = 𝑂  

1

(𝑛+2)𝑡2  

Proof: We Have  

  𝐷(𝑛, 𝑡) =  
1

2π
 

𝑢𝑛 ,𝑛−𝑘

 𝑛−𝑘+2 

𝑠𝑖𝑛 2 𝑛−𝑘+2 𝑡/2

𝑠𝑖𝑛 2𝑡/2

𝑛
𝑘=0    

 

Using Jordan’s lemma 𝑠𝑖𝑛
𝑡

2
≥

𝑡

𝜋
 and 𝑠𝑖𝑛𝑘𝑡 ≤ 1; we have 

 ≤
1

2π
 

𝑢𝑛 ,𝑛−𝑘

 𝑛−𝑘+2 

1

𝑡2/𝜋2  

 = 𝑂(
1

𝑛+2
)  𝑢𝑛,𝑛−𝑘

𝑛
𝑘=0   

 = 𝑂(
1

 𝑛+2 𝑡2)  

 

6. Proof of the Main Theorem 
 

Proof of Theorem 4.1: 

Let 𝑆𝑛 𝑥 denote the n
th

 partial sum of the series (2.1) at 

𝑡 = 𝑥, then the following Titchmarch [5],  

we have 

𝜎𝑛 𝑥 − 𝑓 𝑥 =
2 𝑛 − 𝑘 + 1 

2𝜋 𝑛 + 1  𝑛 + 2 
 

𝑠𝑖𝑛2 𝑛 + 2 𝑡/2

𝑠𝑖𝑛2𝑡/2

𝜋

0

𝑑𝑡 

Now, the Taylor, transform of the sequence  𝜎𝑛   is given by 

 𝑢𝑛,𝑛−𝑘
𝑛
𝑘=0  𝜎𝑛 𝑥 − 𝑓 𝑥  =

2

2𝜋
 ∅(𝑡)

𝑢𝑛 ,𝑛−𝑘

 𝑛−𝑘+2 

𝑠𝑖𝑛 2 𝑛+2 𝑡/2

𝑠𝑖𝑛 2𝑡/2

𝜋

0
𝑑𝑡;at k=0. 

 or 𝐶2 𝑥 − 𝑓 𝑥 = 2  ∅ 𝑡 
𝜋

0
𝐷 𝑛, 𝑡 𝑑𝑡 

 = 2   ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡
1

𝑛+2
0

+  ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡
𝜋
1

𝑛 +2

  

 = 2 𝐼1.1 + 𝐼1.2 , Say (8) 

 Let us consider 𝐼1.1 first 

 𝐼1.1 =    ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡

1
𝑛+2

0

   

 ≤   ∅(𝑡)  𝐷 𝑛, 𝑡  𝑑𝑡
1

𝑛 +2
0

 

  

Appling Holder’s inequality and fact that ∅ 𝑡 ∈
𝐿𝑖𝑝 𝜉 𝑡 , 𝑝 , we have 

 𝐼1.1  

≤    
𝑡  ∅(𝑡) 

𝜉(𝑡)
 

𝑝

𝑑𝑡

1
𝑛+2

0

 

1
𝑝

.    
𝜉(𝑡) 𝐷 𝑛, 𝑡  

𝑡
 

𝑞

𝑑𝑡

1
𝑛+2

0

 

1
𝑞

 

=  𝑂  
1

𝑛 + 2
 𝑂 𝑛 + 2    

𝜉(𝑡)

𝑡
 

𝑞

𝑑𝑡

1
𝑛+2 

0

 

1
𝑞

 

By condition (4) and Lemma I 

Mean value theorem for integrals. 

= 𝑂  𝜉  
1

𝑛 + 2
    

𝑡−𝑞+1

−𝑞 + 1
 

0

1
𝑛+2

 

1
𝑞

 

= 𝑂   𝑛 + 2 
1−

1
𝑞  𝜉  

1

𝑛 + 2
   

 𝐼1.1  =   𝑛 + 2 
1

𝑝  𝜉  
1

𝑛+2
  . ∵   

1

𝑝
+

1

𝑞
= 1                  (9) 

 

 

Let us consider 𝐼1.2. 
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Apply Holder inequality and taking 𝛿 as an arbitrary 

number, we have 

 𝐼1.2. 

≤    
𝑡−𝛿   ∅(𝑡) 

𝜉(𝑡)
 

𝑝

𝑑𝑡
𝜋

1
𝑛+2

 

1
𝑝

.    
𝜉(𝑡) 𝐷 𝑛, 𝑡  

𝑡−𝛿
 

𝑞

𝑑𝑡
𝜋

1
𝑛+2

 

1
𝑞

 

 = 𝑂  𝑛 + 2 𝛿  𝑂  
1

 𝑛+2 
    

𝜉(𝑡)

𝑡−𝛿+2 
𝑞

𝑑𝑡
𝜋
1

𝑛+2

 

1

𝑞
  

By condition (5) and Lemma II 

= 𝑂  𝑛 + 2 𝛿−1    
𝜉 𝑡 

𝑡2−𝛿
 

𝑞

𝑑𝑡
𝜋

𝑛+2

 

1
𝑞

 

 = 𝑂 𝑛 + 2 𝛿−1    
𝜉 

1

𝑦
 

𝑦𝛿−2 

𝑞
𝑑𝑦

𝑦2

𝜋

𝑛+2
 

1

𝑞

 [ taking 𝑡 =
1

𝑦 
] 

 = 𝑂 𝑛 + 2 𝛿−1𝜉  
1

𝑛+2
   𝑦−𝑞 𝛿−2 −2𝑑𝑦

𝜋

𝑛+2
 

1

𝑞   

By mean value theorem for integrals  

 = 𝑂   𝑛 + 2 𝛿−1𝜉  
1

𝑛 + 2
    𝑦−𝑞 𝛿−2 −1 

1
𝑞 

𝑛+2

𝜋

 

 = 𝑂  𝑂 𝑛 + 2 𝛿−1𝜉  
1

𝑛 + 2
   𝑦

− 𝛿−2 −
1
𝑞 

𝑛+2

𝜋

 

 = 𝑂   𝑛 + 2 𝛿−1𝜉  
1

𝑛+2
  (𝑛 + 2)

−δ+2−
1

𝑞   

= 𝑂  𝜉  
1

𝑛 + 2
 . (𝑛 + 2)

1−
1
𝑞  

 𝐼2.2  =  𝑂   𝑛 + 2 
1

𝑝  𝜉  
1

𝑛+2
   ∵   

1

𝑝
+

1

𝑞
= 1            (10) 

  

 From(8), (9) and (10) we have  

 𝑇𝑛𝐶2 𝑥 − 𝑓 𝑥  𝑝 = 2. 𝑂   𝑛 + 2 
1
𝑝  𝜉  

1

𝑛 + 2
   

 

Theorem 4.2 

 𝐶2 𝑥 − 𝑓 𝑥 = 2  ∅ 𝑡 
𝜋

0
𝐷 𝑛, 𝑡 𝑑𝑡 

 = 2   ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡
1

𝑛+2
0

+  ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡
𝜋
1

𝑛 +2

  

 = 2 𝐼2.1 + 𝐼2.2 , Say (11) 

Let us consider 𝐼2.1 first 

 𝐼2.1 =    ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡

1
𝑛+2

0

   

≤   ∅(𝑡)  𝐷 𝑛, 𝑡  𝑑𝑡

1
𝑛+2

0

 

Appling Holder’s inequality and fact that ∅ 𝑡 ∈
𝑊(𝐿𝑝𝜉 𝑡 ), we have 
 𝐼2.1  

≤    
𝑡  ∅(𝑡) 𝑠𝑖𝑛𝛽 𝑡

𝜉(𝑡)
 

𝑝

𝑑𝑡

1
𝑛+2

0

 

1
𝑝

.    
𝜉(𝑡) 𝐷 𝑛, 𝑡  

𝑡𝑠𝑖𝑛𝛽 𝑡
 

𝑞

𝑑𝑡

1
𝑛+2

0

 

1
𝑞

 

 =  𝑂  
1

𝑛+2
 𝑂 𝑛 + 2    

𝜉(𝑡)

𝑡1+𝛽 
𝑞

𝑑𝑡
1

𝑛 +2
0

 

1

𝑞

,  

By condition (4) and Lemma I 

= 𝑂  𝜉  
1

𝑛 + 2
     𝑡− 1+𝛽 𝑞  𝑑𝑡

1
𝑛+2

0

 

1
𝑞

 

Mean value theorem for integrals. 

= 𝑂  𝜉  
1

𝑛 + 2
    𝑡− 1+𝛽 𝑞+1  

1
𝑞 

0

1
𝑛+2

 

= 𝑂  𝜉  
1

𝑛 + 2
   𝑡

− 1+𝛽 +
1
𝑞  

0

1
𝑛+2

 

 = 𝑂  𝜉  
1

𝑛+2
   𝑛 + 2 

 𝛽+1 −
1

𝑞 .  

 𝐼2.1 = 𝑂  𝜉  
1

𝑛+2
   𝑛 + 2 

𝛽+
1

𝑝  ∵   
1

𝑝
+

1

𝑞
= 1           (12) 

 

Let us consider 𝐼2.2. 

 𝐼2.1 =    ∅(𝑡)𝐷 𝑛, 𝑡 𝑑𝑡

1
𝑛+2

0

   

 ≤   ∅(𝑡)  𝐷 𝑛, 𝑡  𝑑𝑡
1

𝑛 +2
0

 

Apply Holder inequality and taking 𝛿 as an arbitrary 

number, we have 
 𝐼2.2. 

≤    
𝑡−𝛿   ∅(𝑡) 𝑠𝑖𝑛𝛽 𝑡

𝜉(𝑡)
 

𝑝

𝑑𝑡
𝜋

1
𝑛+2

 

1
𝑝

.    
𝜉(𝑡) 𝐷 𝑛, 𝑡  

𝑡−𝛿𝑠𝑖𝑛𝛽 𝑡
 

𝑞

𝑑𝑡
𝜋

1
𝑛+2

 

1
𝑞

 

 = 𝑂  𝑛 + 2 𝛿  𝑂  
1

 𝑛+2 
    

𝜉(𝑡)

𝑡−𝛿+𝛽+2 
𝑞

𝑑𝑡
𝜋
1

𝑛+2

 

1

𝑞
  

By condition (5) and Lemma II 

= 𝑂  𝑛 + 2 𝛿−1    
𝜉 𝑡 

𝑡2−𝛿
 

𝑞

𝑑𝑡
𝜋

𝑛+2

 

1
𝑞

 

 = 𝑂 𝑛 + 2 𝛿−1    
𝜉 

1

𝑦
 

𝑦𝛿−𝛽−2 

𝑞
𝑑𝑦

𝑦2

𝜋

𝑛+2
 

1

𝑞

[ taking 𝑡 =
1

𝑦 
] 

 = 𝑂 𝑛 + 2 𝛿−1𝜉  
1

𝑛+2
   𝑦−𝑞 𝛿−𝛽−2 −2𝑑𝑦

𝜋

𝑛+2
 

1

𝑞   

By mean value theorem for integrals  

 = 𝑂   𝑛 + 2 𝛿−1𝜉  
1

𝑛 + 2
    𝑦−𝑞 𝛿−𝛽−2 −1 

1
𝑞 

𝑛+2

𝜋

 

 = 𝑂  𝑂 𝑛 + 2 𝛿−1𝜉  
1

𝑛 + 2
   𝑦

− 𝛿−𝛽−2 −
1
𝑞 

𝑛+2

𝜋

 

 = 𝑂   𝑛 + 2 𝛿−1𝜉  
1

𝑛+2
  (𝑛 + 2)

−δ+β+2−
1

𝑞   

= 𝑂  𝜉  
1

𝑛 + 2
 . (𝑛 + 2)

𝛽+1−
1
𝑞  

 𝐼2.2  =  𝑂   𝑛 + 2 
𝛽+

1

𝑝  𝜉  
1

𝑛+2
   ∵   

1

𝑝
+

1

𝑞
= 1             (13) 

  
 From(11), (12) and (13) we have  

 𝑇𝑛𝐶2 𝑥 − 𝑓 𝑥  𝑝 = 2. 𝑂   𝑛 + 2 
𝛽+ 

1
𝑝  𝜉  

1

𝑛 + 2
   

 Thus the theorem is completely proved 
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