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1. Introduction

Bernstein (13), Alexits (5), Sahney & Goel (3), Chandra
(11), Alexits & Leindler (5) and several others have
determined the degree of approximation of a function
f € Lipa by (C, 1), (C, 8), (N, P,) and (N, P,) means of its
fourier series .Working in the same direction Sahney and
Rao (9) and Khan (6) have studied the degree of
approximation of function belonging to Lipa and Lip(a,p)
by (N, P, ) means and (N, p, q) mean respectively.

Binod Prasad Dhakal (2) determined the degree of
approximation of certain function belonging to the Lip «
class by Matrix Cesaro summability method .Still today
there is no work regarding the degree of approximation of
function belonging to weighted W(Lpf(t))class by Taylor
Cesaro summability method of its fourier series have done.
Weighted W (LP&(t))class is the generalization of
Lip a, Lip(a, p) and Lip(&(t),p ) classes.

Here we introduce a generalized theorem on the degree of
approximation of function belonging to the weighted
W(Lpf(t))class by Taylor Cesaro Summability method.

2. Definition and Notation

Let f be 2m periodic function, Lebesgue integrable and a
function of Lip (er) and W (LP£(¢)) class over (—m, ) in the
sense of Lebesgue, then its fourier series is given by

fl) = %ao + Y.—1(a, cosnt + b, sinnt) 1)
We define the norm || [, by

2m %
Ifll, = {fo If(x)lpdx} p=1

A function f € Lipa if |f(x +t) — f(x)| = 0(|t]%), for
O<a < 1.
f € Lip(a,p)

1
{71+ 0 = F@Pax} = 0(t19),0<a <1.p=1.
Given a positive increasing function é(t),p = 1,

if

f € LipGE@,p) I {[771f G+ ) = FoPdxf =0 (@)
And f e W(LPEQ)) if

1
2m )
U [+ 0) = FaISinf x| dx}p =0¢®),p=0.
0

Let ¥*_ou, be the infinite series whose n™ partial sum is
givenby S, = ¥y_ou.

Cesaro means (C, 1) of sequence {S,,} is given by

o, = nl?m:o Si If g, = S, as n — o then sequence {S,}
or the infinite series Y_,u, is said to be summable by
Cesaro means (C, 1) to S. It is denoted by

g, > S((C,1)),as > .

(2.1)  The degree of approximation of a function f:.R—
Rby a trigonometric polynomial T,, of degree n is given by

I 7o — fIl = sup{IT, (x) — f(x)l: xep}

(2.2)  Let ) u, be agiven infinite series with sequence of
its n™ partial sum {S,}.The (C, 2) transform is defined as the
n™ partial sum of (C, 2) summability and is given by

-2 ym _
I = GiDme2) k=o(n—k+1)S, > Sasn - o

Then the infinite series Y7_o u, is summable to the definite
number s by (C, 2) method.

(2.3) A given sequence {S, } is said to be Taylor summable,
if (T,) =Xk—oUnk Sk =S a n-—oo, then the (C,
2)transform of Taylor means defines the (T, C,) transform
of the partial sum {S,, }of the series (2.1).

Thus, if (T,,, C3) = Xk Un i) Op—g > SaSN > ©

then Y7 u,, is said to be T,,, C; summable to S.

Remark: - We shall use following notations:

) o@®) =fx+0)—flx—1t)—2f(x)

.. _ 1o Upn—k sin?(n—k+2)t/2
(”) D(Tl, t) T o &k=0 (n—k+2) sin2t/2
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3. Known Theorem

S.K.Tiwari and Vinita Sharma (12) have studied the degree
of approximation of function belonging to Lip («) class by
using Taylor Cesaro product summability method of its
fourier series.They proved the following theorem:

Theorem (3.1): If f:R — R is 2m periodic and lebesgue
integrable on [—m, ] and f € Lipa, then the degree of
approximation of function by Taylor —Cesaro product means
of the series, satisfies for n=0, 1, 2...,

1
0 (7“) ;0 <x< 1

7,600 - ol = OF D
(=)
n+2

Where T, = a,, is non negative, monotonic and non-
increasing sequence of real constant such that

|ZZ=0 un,n—k| = 0(1)
4. Main Theorem

Theorem (4.1): If f:R — R is 2m periodic and lebesgue
integrable on [—m, ] and f € Lip(&(t),p), then the degree
of approximation of function by Taylor —Cesaro product
means of the Fourier series (1) is given by

1
I7.C2(0) = FGOl, = 0 ((n + e (— 2))

Provided {f( )}IS monotonic decreasing and &(t) satisfy the

following conditions:
1

[y o) o
{flz (t_?(‘f)(t)')p dt}g = 0{(n +2)°} (5)

Theorem (4.2): If f:R - R is 2w periodic and lebesgue
integrable on [—m, 7] and f € W(LP&(t)) then the degree of
approximation of function by Taylor —Cesaro product means
of the Fourier series(1) is given by ||T,C;(x) — f()|l, =

B+
ofn+2*re(L)
Provided &(t) satisfies the following conditions: -
1

— (O . P (1

{f0"+2 (—f(t) ) sinfP tdt} =0 (m) (6)

1

7 (0N )P 5

{fﬁ( 0 ) dt} = 0{(n + 2)°} ©)

5. Required Lemmas

Lemmab.1l:ForO <t < ﬁ;D(n, t)y=0(n+2).

Proof: We have
nm—k Sin?(n—k+2)t/2
ID(r, )] = |- g ek
(n—k+2) sin2t/2
i Upn—k (n— —k+2)%¢t z/n
— 2n l(n—k+2) t2/m?
= O(Tl + 2)|ZZ:O un,n—k|
=0(n+2)

Lemma 5.2:For —— < t < m;D(n,t) =0 (
(n+2)
Proof: We Have
_|Ltyn
ID(n, O = |32 Xz

)
(n+2)t2

Unn—k sinz(n—k+2)t/2|
n—k+2) sin2t/2

t t

Using Jordan’s lemma sin —and sinkt < 1; we have

1

T 2m
— 0(

N
.:1

Unn—k 1
(n k+42) t2/n?
n+2) |Z;{l:0 un,n—k|

1
((n+2)t2)

6. Proof of the Main Theorem

Proof of Theorem 4.1:

Let S,(x)denote the n™ partial sum of the series (2.1) at
t = x, then the following Titchmarch [5],

we have

2n—k+1) [ sin®(n+2)t/2
2n(n+ 1)(n+ 2) sint/2
0
Now, the Taylor, transform of the sequence {a,, } is given by

Zﬁ:o Unn—k {O-n (X) _2 f(x)} =
2 (m Upn—k Sin®n+2)t/2 . _
;J-O Q(t) (n—k+2)  sin?t/2 dt'at k=0.

or Cz(x) f) =2 [ 0() D(n,t)dt
=2 f"+2®(t)D(n t)dt +f (Z)(t)D(n t)dt]
= 2[l1 + L 2], Say (8)

0,(x) = f(x) =

Let us consider I ; first
n+2
11l = f @)D (n, t)dt
0

1
< Jy21o®IID(n, t)ldt
Appling Holder’s

Lip(§(t),p), we have
|1 11

1
[y of (e
1
_ 0< )0( +2) fn+2 (@) q
0

By condition (4) and Lemma |
Mean value theorem for integrals.

inequality and fact that @(t) €

Q|

1

o)y
=0 ((n + 2)1‘3 3 (n—-lrz)>
11_1=<(n+2)10<f( )) +.=1] 9)

Let us consider I; 5.
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Apply Holder inequality and taking & as an arbitrary
number, we have

121

1
A AOING HOIIG]
SU%( 20) )dt} {L( s ) }

=0((n+2)°) 0 () { [ (2’ dt}g

By condition (5) and Lemma Il

=0((n+2)°1) {fﬂ
q

= 0(n+2)"" 1{fn+2<§§2> j—y]

y
1 T 1
— 5—1 —q(6-2)-2
=0(n+2)°"%¢ (m) {7,y ae-D2gy}e
By mean value theorem for integrals

= 0{(n+2)5 15( [{y 9(6-2)- 1}q]
n+2

=ofom+ 276 (155 o) [y‘“‘”‘ﬁ]m
=o{m+2 ¢ ()jm+2)”
= 0{5(%).(1“2) 3}
L, = 0{(n+2); E( 12)} E+§= 1]
From(8), (9) and (10) we have
I, ~ Gl = 2.0{(n + 29 £ ()}

1

. 1
[taking t = y—]

(10)

Theorem 4.2
C(x) - f(x) =2 [ 0 D(n, t)dt
=2 fn+2(25(t)D(n t)dt +f (Z)(t)D(n t)dt]

= 2[l;1 + I,], Say (11)

Let us consider I, ; first
1
ntz

Il = f B(O)D(n, )dt
0

12(OID (n, £)|dt

O'\i‘u
N

Appling Holder’s inequality and fact that @(t) €
W(LP&(t)), we have

[I24]

5 tlo()lsin’ £\’ % ¥z EB)ID(n, t)| g
n+ n+
S{j;) < {0 > dt} {jo tsinft > t}

1
q

= 0( )0(n+ 2){fn+z (ffj;)q dt} )

By condition (4) and Lemma |

1
=0 (f (n Jlr 2)) {fﬁ t=(+ha dt}q
0

Mean value theorem for integrals.
1

o]

0

1
=o(s(a) )l
=0 2"

Iy =0 (5 (nl?)) (m+2)"

Let us consider I, ,

)
Iyl = f B(O)D(n, )dt
0

1
< [;R1oOIID(n, 0)|dt
Apply Holder inequality and taking & as an arbitrary
number, we have
|52

1
T (70 o) lsinf e\ )P HGIIIGER]
S{fﬁ( &) > dt} {fﬁ( t=Ssinft ) t}

1

=0((n+27)0 (( +2)) {fiz (fﬁ%)q dt}a

By condition (5) and Lemma 11

1

1

b3 q aq
=0((n+2)°71) {f X (2—2) dt}q
n+

_ 5-1 () V|’ 1
0( +2) fn+2 W y—z [taklngt—;]

1
_ 5-1 1 T —q(6—-B-2)-2 .,
= 0(n+ 27 () U,y 22y )
By mean value theorem for integrals

= 0{(n+ 2)0- 1{( [{y—q(5 p-2)~ 1}(1]
n+2

ofonsarci
{(n +2)8- 15( )}( +2) P2

-ofe(1) o)
L, = o{(n+2)“5f(nl;)} ¢ [p+2=1]

p

(13)

From(11), (12) and (13) we have
11
11,60 = FOll, = 2.0{tn +2 7 ¢ (— )]

Thus the theorem is completely proved
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