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On T — Closed Submodules
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Abstract: In this paper, we introduce T — Closed Submodules. Let T, A and B be submodules of a module M. A is called a T — closed
submodule of M (denoted by A <7. M) , whenever A <7, B then A = B + T .We investigate the basic properties of a T- Closed

submodules.
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1. Introduction

Throughout this paper , rings are associative with identity
and modules are unitary left R-modules. Recall that a
submodule A of an R-module M is essential (or large )in M,
denoted by A <. M, in case for every submodule B of M , A
N B = 0 implies B = 0, see [1] . And Recall that a
submodule A of a module M is said to be a closed
submodule ( briefly A <. M) if A has no proper essential
extension of M , that is , if the only solution of the relation A
<¢.B <M is A =B, see [2]. More details about essential
submodules and closed submodules can be found in [3]-[4].
Let A be a submodule of the R — module M .A submodule B
of a module M is called a complement of A in M if it is
maximal in the set of submodules B of M with AN B =0,
see [5] . In [6], the authors introduced the concept of
essential submodules with respect to an arbitrary submodule.
Recall that , let T be a proper submodule of a module M . A
submodule A of M is called T-essential submodule denoted
by A <1 M provided that A < T and for each submodule B
of M, AN B< T implies that B < T . And introduced the
definition of T — complement , as follows : Let T be a proper
submodule of a module M , and let A be a submodule of M .
A submodule B of M is called a T — complement to A in M
if B is maximal with respect to the property that ANB < T .
In section 2 ,we introduce the definition of T- closed
submodule as follows : Let T, A and B be submodules of a
module M. A'is called a T— closed submodule of M denoted
by A<r. M, whenever A <;.BthenB=A+T . And we
give some properties about T - closed submodule of a
module M ,We show that If A+ T<Mthen Mhasa T -
closed submodule B such that A + T <. B ,see proposition
2.12 . In section 3, we have presented more characteristics
about T — closed submodules. We prove that If B is T—
Complement to A in M then B < 1_. M ,see theorem 2.18.
Also we prove that , let T, A and N are submodules of a
module M suchthat T<ANN. IfA<y..Mand N <M
then AN N <+:_. N, see Proposition 3.7.

2. The T- closed submodules

In this section we present a variety of characterizations
around T - Closed submodules .We start this section by the
following definition:

Definition 2.1.Let T,A and B be submodules of a module M.
A is called a T—closed submodule of M (denoted by A <.
M), whenever A<;.BthenB=A+T.

Let M be a module and let T =0 . For a submodule A of M .
Clearly that Aisa T — closed in M if and only if A is closed
in M.

Examples

1) Consider Zas Z—module . LetK=mZ,T=nZand Z =
mZ +nZ . Claimthat mZ <,,.. H<Z .SincenZ, mzZ < Z,
then mZ + nZ =Z <H . But H< Z , therefore H = Z.
Thus mZ <,z . Z.

2) Consider Zg as Z— module . Let A ={0,3} and T = {0},
since A is not{0} — essential in Zg ,then {0,3} is {0} —
closed in Zg. Since{0,3} is not essential in Zg Then{0,3}
is closed in Zs.

3) Consider Zg as Z — module . Let A = {0,3} and T =
{0,2,4} ,then A< Zgand Zg=A+ T .Thus Aisa T—
closed in Zg . And since {0,3} is not essential in Zg ,then
{0,3} is closed in Z .

4) Consider Zgas Z — module . Let A ={0,2,4,6}and T =
{0,4} then {0,2,4,6} is {0, 4} - essential in Zg. But A+
T + Zg , therefore {0, 2, 4, 6} is not {0, 4} - closed in Zs.

5) Consider Z;, as Z — module. Let A = {0,2,4,6,8}and T
= {0, 6} Since A is not T — essential in Zy,. Then Aisa T
— closed in Z;,. But A is essential in Z;,, therefore A is
not closed in Zy,.

Proposition 2.2. [6]

Let T, A and B be submodules of a module M . Then

1) fA< . Mthen(A+T)/T<,M/T.

2) fT<Athen A<r Mifandonlyif A/ T<M/T.

3) K<t.. M ifand only if for each me M -T, there exist re
Rsuchthatrme K—T.

4) If A and B are T — essential submodules of M, then A N
B is T — essential too .

5 Lt A<B<MandT<B.Then A <. M if and only if
A<i..BandB < .M.

6) Let f: N — M be a epimorphism . If A <. M, then f *
(K)<¢™(1)_eN.

7) If T <A then there exists a submodules B of M such that
A+B<Mand(A+B)/T=(A/T)® (B+T)/
T)

8) We prove the following

Remark 2.3. Let T and A be submodules of a module M , if
there exist a submodule B of M suchthat T<A £ B and A
<r.B<Mthen Aisnota T —closed in M.

Proof: suppose that A = B and A <. B <M . Assume that
AisaT—closedin M. ThenA+T=A=B,butA+T+#B
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therefore which is a contradiction. Thus A is not a T —
closed in M.

Remark 2.4. Let T and A be submodules of a module M
such that T < A, then A< .. M if and only if whenever A
<r.. B<Mthen A=B.

Proof: Clear that by definition.

Remark 2.5. For each T and A be submodules of a module
Msuchthat A<TthenA<:..M

Proof: Assume that A < T, then by definition of T —
essential submodules , M has not T — essential submodules
Aof M. Thus A<;.. M.

Example 2.6: Zas Z — module . Let K =4Z and T = 2Z,
since 4Z <2Z . Then 4Z is not 2Z — essential in Z .Thus 4Z
is 2Z —closed in Z.

Proposition 2.7: Let T and A be submodules of a module
M.If(A+T)/T<.M/Tthen A<y_.M.Proof: Let A
<r.¢eB<M,toshow A + T =B . By proposition 2.2-2 , then
(A+T)/T<BI/T<M/T.But(A+T)/T<.MI/T,
therefore (A+T)/T=B/T.ThusA+T=B.

Note: The converse of proposition 2.7, is not true , show that
by example

Example 2.8.Consider Z as Z — module . Let T = 12Z and A
=6Z,(A+T)/T=(62+122)/12Z=62/12Z ,M/T =
Z /127 . To show 6Z / 12Z is not closed submodule in Z /
12Z. Then by ( 6,example 2.9 ), 6Z /12Z <, Z / 12 . Thus
6Z / 127 is not closed submodule in Z / 12Z. But 6Z is not
127 — essential of Z, see (6,example 2.9 ), therefore 6Z is
127 —closed of Z .

Proposition 2.9: Let T and A be submodules of a module M
then(A+T)/T< M/Tifandonlyif A+ T <. M.

Proof: =) Suppose that A+ T <1, B <M. Toshow A+ T =
B. By proposition 2.2-2, then (A+T) /T <, B/ T <M [T.
But(A+T)/T< M/T, therefore (A+T)/T=B/T.
Thus A+ T =B.
E)Let(A+T)/T<B/T<M/T.Toshow(A+T)/T
= B/ T. By proposition 2.2-2, then A + T< B <M. But A
+T <. M, therefore A+ T=B. Thus(A+T)/T=B/T.

Corollary 2.10. Let T and A be submodules of a module M
suchthat T<Athen A/T<.M/Tifandonly if A<{.. M.

Proof : Clear by proposition 2.9.

Proposition 2.11. Let T and A be submodules of a module
M. IfAS . cMand A<t A+ T<Mthen (A+T)/T<,
MI/T.

Proof : - Assume that A<y .. Mand A<t A+ T<M,to
show (A+ T)/T<M/T.Let(A+T)/T<B/T<M/
T,toshow (A+T)/T=B/T.By proposition 2.2-2, then A
+T <7, B, and since A <y, A + T . By proposition 2.2-5,
then A <. B. But A<;y_. M, therefore A+ T =B . Hence (
A+T)/T=B/T.Thus(A+T)/T<.M/T.

Proposition 2.12.1f T + A be a submodule of a module M
then M has a T— closed submodule B such that A + T < B.

Proof :-Let A+ T<Mand F={ D<M A+T <.D}
Clearlythat A+ T eF,andhence F#¢. Let{C,},c,bea
chainin F.To show that U, e,{ C, } inF. Clearly U{C , },
e .is a submodule of M, now to show A+ T <. U, e, {C 4
}.Letx€Uye,{C.}—T.Toshow there exist re R such
thatrx e (A+T)—T Jletxe C,thenxe C,— T. Since A
+ T <7, C , ,then there exist re R such thatrx e (A+T) —
T.Thus U, e,{C,}€F.By Zorn's lemma F has a
maximal element say H , then A+ T <;.H . Claim that H <;
_cM.LetH<t,L<M.ToshowH+T=L.SinceA+T
<teH <7 L . By proposition 2.2-5 , then A+ T <;. L, and
hence L € F . Which is a contradiction by a maximal
element, henceH=L.ThusH+T=L.

Corollary 2.13. Let T and A be submodules of a module M
such that T <A, then M has a T — closed submodule B such
that A <. B.

Proof :- clearly by proposition 2 .12.

Theorem 2.14. Let T, A and B be submodules of a module
Mand A+ T<;..B+T<..Mthen A+ T<;.. M.

Proof : - Let A+ T <. B+ T<1_.M, by proposition 2.9,
then (A+ T)/ T (B+T)/ T<MIT.]7,
proposition.1.5,p.18] (A+ T)/ T < M/ T, by proposition
29,thenA+T < M.

Corollary 2.15. Let T, A and B be submodules of a module
Msuchthat T<ANB.IfA<;..B<_MthenA<;_ M.

Proof : - clear by theorem 2.14 .

Corollary 2.16. Let T, A and B be submodules of a module
Msuchthat A<B<Mand T<B,ifA<;_.MthenA<;_,
B.

Proof :- Assume that A< . N<B<M.Toshow A+ T =
N,sinceA<i..N<Mand A<:_..M,then A+T=N.
Thus A<y_.B.

Theorem 2.17. Let T and A be submodules of a module M .
Then Aisa T - Closed in M if and only if for each B <M
suchthat A<B + Tthen AisaT - Closed in B+ T . Proof
=) Suppose A<y ;M ,toshowA<; B +T.Let A< N
<B+T,toshow A+ T=N.Since A< N<B+T<M
and A< ..M. ThenA+T=N.«&)Clear.

Theorem 2.18. Let T, A and B be submodules of a module
M. If B is T- Complement to A in M then B <y .. M . Proof
LetB<; N<M.ToshowB+T=N,sinccANB<T,
thenBN(ANN)<T.Since B <t N, then ANNS<T.
But B is maximal with respect to the property that AN B <
T, therefore B=N. ThusB+T=N.

Note. The converse of theorm?2.18 is not true for example:

and T = {0, 6}. Since B is not T —essential in Zy,, thenBis T
— closed in Z;,. We want to show B is not a T- complement

Volume 7 Issue 6, June 2018

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20183384

DOI: 10.21275/ART20183384

1684


www.ijsr.net
http://creativecommons.org/licenses/by/4.0/

International Journal of Science and Research (1JSR)
ISSN (Online): 2319-7064
Index Copernicus Value (2016): 79.57 | Impact Factor (2017): 7.296

to A in Z;, . Since A N B ={0,4,8} « T, then B is not T-
complement to A in Z,.

3. Characterizations of T — Closed Submodules

In this section we give various characterizations. of T-
Closed submodules. The following tow theorems gives a
characterization of T — closed submodules.

Theorem 3.1. Let A + T be a submodule of a module M.
Then the following statement are equivalent:

1I-A+T .M

2-IfA+T<B+T<;.MthenB .+TS(A+‘|’)_9M .
3-1fB+TisaT-complementto A+ TinMthen A+ Tis
aT-complementtoB+TinM.

4- A+ TisaT-complement for some B + T submodule of
M.

Proof :- 1=2 ) Assumethat A+ T<;..Mand A+ T<B +
T <1 M, to show B + T<(a:1).« M . By proposition 2.9,
then (A+T)/T<M/T,and by proposition 2.2-2, then (
A+T)/T<(B+T)/T<.M/T. By [7,proposition
1.4page 18] [(B+T)/T]/[(A+T)/T] < [MIT]/[(
A+ T)/T]. Then by the third isomorphism theorem [( B +
TY/ T/ [(A+T)/T]1=[(B+T)/(A+T) and [M/T]/
[A+T)/T]=[M/(A+T)] Hence [(B+T)/(A+T)]
<e[M/[(A+T)].Thus by proposition 2.2-2 , B + T <( s
M.

Proof :-2=3) LetB + T isa T-complementto A+ TinM .
Toshow A+ TisaT-complementtoB+TinM. Let A+
T<N<Msuchthat (B+T)NN<T,toshowA+T=N.
Since B+ Tisa T — complementto A + T in M, then by
proposition2.2-7, then (A + T)+ (B + T ) <1 M, thus
(A+B+T)<r.M.Since A+ T<(A+T)+B <M, then
by (2)A+B+T<(am-eM.Since A<A+T<N, then (
A+B+T)NN=((B+T)NN)+A<T+ A by modular
law.Since A+B+T <(aimyeM ,thenN <A+ T .ButA+
T <N, therefore A+ T=N.Thus A+ Tisa T -
complementtoB+Tin M.

Proof :- 3=4) To show A + T is a T- complement for some
B + T submodule of M . Since A + T < M ,then by Zorn's
lemma A + T hasa T — complement say B + T in M . By (3)
A+TisaT-complementtoB+TinM.

Proof :- 4=1) Let A+ T isa T — complement for some B +
T submodule of M. Toshow A+ T<;.. M. Let A+ T <1,
N <M, to show A+ T =N .Since A+ T isa T -complement
for some B+ T submodule of M. Then [(A+ T)N(B+T <
TINN.Hence ([ A+T)N(B+T)INN<TNN=T.
Since A+ T <t N,then(B+ T)NN<T.ButB+Tis
maximal with respect to the property (A+T)N(B+T) <
T, therefore A+ T=N.Thus A+ T<:..M.

Theorem 3.2. Let T and A be submodules of a module M
such that T < A. The following statement are equivalent:

1-AisT-closedinM.2-If A<B+T <;.MthenB+T
<paeM.3-IfB+TisaT-complementto Ain M then A is
aT-complementto B+ Tin M. 4- Aisa T — complement
for some B + T submodule of M . Proof :- 1=2 ) Suppose
that A <¢ _. M . By Corollary 2.10, then A/ T< M/ T.

Since A<B + T <1.M, then by proposition 2.2-2, A/ T <(
B+T)/T<.M/T,[5, proposition 1.4 ,pagel8] then (( B +
T)Y/IT)Y/I(AIT)<.(M/T)/!(A/T). By third
isomorphic (B + T) /A <. M/ A, then by proposition 2.2-
2,thenB + T<p .M.

Proof:- 2=3) Let B + T is a T-complement to A in M. To
show A is a T-complementto B+ Tin M. Let A<N<M
such that (B +T) N N < T, to show A= N. Since B+ T is a
T — complement to A in M, by proposition 2.2-7, then (B +
T)+A <M .Since A<((B+T) + A)<r.M .then by
(2),(B+T)+ A<aeM.Since A<N < M, then by modular
law (B+T)+A)NN=((B+T)NN)+A<T+A=
A.Since(B+T)+A<a.M,then N <A.ButA <N,
therefore N= A. Thus Alisa T — complementto B + T in M.

Proof :- 3=4) To show A is a T- complement for some B +
T submodule of M . Since A < M ,then by Zorn's lemma A
hasa T — complementsay B + Tin M. Thus by (3) Aisa T
—complementto B+ TinM .

Proof :- 4=1) Let Aisa T — complement for some B + T
submodule of M. Toshow A<y ..M . Let A <t N<M, to
show A+ T =N .Since AisaT-complementtoB+TinM
,thenAN(B+T)<T,hence[AN(B+T)]NN<TN
N=T . Impliesthat AN[(B+T)NN]<T.Since A<t
N, then (B+T) NN <T.But A is maximal with respect to
property that (B+T) N A< T, therefore A=N Thus A +
T=N.

Proposition 3.3. Let T, A and N be submodules of a module
M. Consider the following statement:

1-A+T< N
2-A+T<B+T<rNforeachNSMthenB + T <(ai1) e
N. Then 1=2.

Proof : 1=2) Suppose that A+ T < .. N<Mand A+T<B
+T<reN VN<M.ToshowB + T <(as1).«N. Since A+ T
<t .¢ N, then by proposition 2.9, (A+T)/T<.N/T.And
since A+T<B+T <N, then by proposition 2.2-2, (A +
T)/ T<(B+T)/T< N/T. By [7, propositionl.4,
pagel8] then, [([B+T/T)/(A+T/T) < [(N/T)/(A
+ T )/ T]. By the third isomorphism theorem [( B+ T/ T )/
(A+T)/T)=(B+T)/(A+T)]and[(N/T)/((A+
T)/T)]=[(N/(A+T)].Hence (B+T)/(A+T) <
N/(A+T).Thus by proposition 2.2-2, B + T < (aim) . N.

Corollary 3 .4. Let T, A and N be submodules of a module
Mand T<A.

1-A+T<r N
2-A+T<B+T<r.NforeachN<MthenB+T<a.N.
Thenl=2.

Proof: Clear by proposition3.3 .

Proposition 3.5. Let T , A and B are submodules of a

module M suchthat A<B. IfB< (14a).cM.ThenB/A<
(T+a/Aal-cMTA.

Proof :-LetB/A <y1+a/a-.N/A<M/A . Toshow[(B
[TAY+(T+A)/A)=N/A,impliesthat (B+T)/A=
N/A.Letf:N—> N/ A be a natural epimorphism. By
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proposition 2.2-6 , then f (B / A) < t- ((t+ay/a)e N.
Hence B <(r:+ ae N<M .ButB <. M, therefore B + T =
N. Thus(B+T)/A=N/A.

Proposition 3.6. Let T and A be submodules of M 1- If A <
B+T<7.MthenB +T/AS((A+T)/A),9 M/A.2-IfB+
TisaT-complementto A+ TinMthenA+TisaT-
complement to B+ T in M.

Then 1=2.

Proof :-1=2) LetB + Tisa T —complementto A+ T in M.
Toshow A+ TisaT - complementto B +Tin M. Since B
+TisaT-complementto A+TinM,then(B+T)N(
A+T)<T.LetA+T<N<Msuchthat (B+T)NN<T,
to show A+ T =N. Since B+ Tisa T — complement to A +
T in M . By proposition 2.2-7 ,then (B+ T )+ (A+T) <.
M, impliesthat (B+A+T)<t.M.Since A<B+A+T
<7.M, then by(l)(B+A+T)/AS((A+T)/A),eM/A.
Since N/A<MI/A ,then((B+A+T)/A)N(N/A)=((
B+A+T)NN)/A=[((B+T)NN)+A/A]<[(T+A
)/ A]. Since (B+A+T)/A<Z((a+Tyia)e M/ A . Then N/
A<(T+A)/A,impliesthatN<T+A.ButA+T<N,
therefore A+ T =N.Thus A+ TisaT - complementto B +
TinM.

Proposition 3.7. Let T, A and N be submodules of a module
Msuchthat T<ANN.IfA<;_..Mand N <7, M then A
NN<;.cN.

Proof :- Suppose A<;_.Mand T < A, then by Corollary
29, A/ T<.M/T.Hence by [5, proposition 1.4 ,pagel8]
A/TisacomplementtoB/TinM/T.Claimthat AisaT
- complement to B in M .Since A/ T is a complement to B /
Tin M/ T, then A/ T is maximal with respect to the
property (A/T)N(B/T)=0.Hence ANB=T, now
let A<N<Msuchthat BN N<T.SinceBNN<T=AN
B.But A<N, therefore ANB<BNN.Hence ANB=A
AN, then[(A/T)N(B/T)]=(ANB)/T=(ANN)
/T=T/T=0.ButA/TisacomplementforB/TinM/T
, therefore N/ T=A/T,s0N=A.Thus Aisa T —
complement to B in M . Claim that A N Nisa T -
complementto B N N in N . Let AN N <L <N such that (
BNN)NL<T.ToshowA NN=L.SinceN <M,
thenBNL <T.Claimthat (A+L)NB<T.Since (A+L
J)NB)NN=((A+L)NN)NBandsince L <N, then by
modular law ((ANN)+L)NB=LNB<T.Hence (A
+L)NB<T. But Aisa maximal with respect to the
property B N A < T, therefore A+ L = A. Hence L < A,
impliesthat L=L NN <A NN. ButANN <L, therefore
ANN=L.Thusbytheorem2.18, ANN<;_.N.

Proposition 3.8. Let T and A be submodules of a module M
1-AisaT—closed in M.

2-1fA<B S(A+T)_e M then B/A S[(T+A) /A]»e_M/ A.

Then 1=2.

Proof : Let A<y . Mand A<B <a.1y— M. To show B/A
<ir+ayare M/ A Let C/A < M/A such that (B/A) N (C /A)
<(T+A)/A. Toshow (C/A) < (T +A)/A.
Since(BNC)/A<(T+A)/A,thenBNC<T+A. Since
B<(a«1)eM.ThenC<T+A, then(C/A)<(T+A)/A
Thus B/A S[(T+A) /A]-e_M/ A.

Definition 3.9. Let M be an R — module. Recall that Z (M)
={x e M;ann (x) <eR } is called the singular submodule
of M.IfZ(M)=M,then M is called the singular module .
If Z (M) =0then M is called nonsingular module , [7] .

Proposition 3.10. Let T and A be submodules of a module
M and M / ( A+ T ) is non singular then A+ T< ;.. M.
Proof ;- Let A+ T <7.N<M, toshow A+ T =N. Since M
[(A+T)isnonsingularand N/ (A+T)<M/A+T, then
N/ (A + T)is non singular. Since A + T <1, N, by
proposition 2.2-2, then (A + T )/ T < N/ T. Hence by [7,
page32], (N/T)/((A+T)/T)issingular . By third
isomorphic theorem then(N / T) / (A + T )/ T) = N/ (A+
T), hence N/ (A+ T) is singular . But the only submodule
which is singular and nonsingular is the zero submodule
.Therefore N/(A+T)=0,ThusA+T=N.

Note. The converse of above proposition is not true . For
example: Consider Z;, as Z -module Let N =

singular .

Proposition 3.11. Let T and A be submodules of a module
M such that T < A.and M / T be a non singular R — module .
If A<;_.Mthen M/ A s non singular.

Proof: We wantto showZ(M/A)=0,letx+ AeM/A
withann (x + A) <cR.Toshowx+ A=A let(Rx+A)/
A<M/A. Claimthat (Rx+ A)/Aissingular, letw = (rx
+a)+A=rx+A.Sinceann(x+A)<ann(rx+A)<R
,by [1, proposition5.16, page 74] , thenann (r x + A) <.R,
thus ( R X + A) / A is singular. Then by third isomorphic
theorem, [[R X + A) /Al =[(RX+A)/T)/(A/T)],
then((R X+ A)/T)/(A/T)issingular. By [7, proposition
1.21,page 32] then A/ T <. (R X + A) / T ,by proposition
2.2-2, A< (RX+A).Since A<M .Then A=R X +
A.Sincex e RX< A thenx+ A=A .Thus M/ A s non
singular.
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