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ZETA & ETA Functions’ Calculation in Form of
Matrix

Dibyajyoti Dutta

Abstract: Zeta and ETA Functions are shown in same form of a quadratic equation while treated as Matrix and the two roots of that
quadratic equation are one for zeta function and another for Eta function.
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By the defnmon of ZETA’ (C)functlon we know that,

{s) =1+ 5 +5+ Z =

n=1
Similarly by the definition of ‘ETA’ (n) function we know
that,

_ 11 ® (—pn@-D
R D
Now we can write (a + 1) where ‘a’ is an integer varies
from [ to w in an expression of series form as given below,

S

a,sts—Da* =Y ()e

(a+1)y =1 + T T 2,

Now if we subtract a®in both side of this equation we will

get the following expression,

So, (a+1)°—a’ :Z ($)a* —a* = ,((S__Ol)(a +
k=0 -

Dis—1-kjak

or, (a+ 1) —a’ —(a+1)sz(s Yia +

D(k+Dak.....(I)

Now by dividing both sides by a®(a + 1)Swe will get as

follows
1 1

== (k+1)
as (a+1)s as ( + 1) a ...... ([[)
So, by putting the value of ‘a’ as 1 in above equation we Will
get

(S 1)
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And |fa 2
3T D (3) kD2

And 5o on up to ©

Now by subtracting ¢ (s)from itself but after shifting one
number ahead we will get,
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1= 20 ek
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(s—=1)
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¢ (s)] a+1” ~a+1

K (s+1)] =3 V(a+1)"&Dat+Dlaz1 to oof multiplying
both side by a]

[ (s+x)] Z(S 1)( + 1)~ Da a1 to oof multiplying

both side by a*]
Now putting s=1,

=3 (@+1)"C*a®a=1 to o0

[ (11+x)]_ Y (a+1)la*[as k=0]
=Y (a+1)"'a“ Dputting (1+x) =]

[¢ (1 +x)]

[¢ ()]

=y [a*]—
[¢ (S)] a=1 a(a+1)
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O )] =Xom a(a+1)] [Note: X0 [l = 11
Now from equation (A) mentioned above,

(s—1)
K Z)] :zk= () a=1t0 0
1 _ o
5] _Za [1- Gl

progression series summation formula up to s’th term]

[ by the property of geometric

¢ zs)] =limm—>oo{m - Za [(a_+1) ]} .......... (B)

-1 m 1
——=li - (s-1)
14 (s)]Z—llmm—mo{ 0 S Za 0[(a+1) (a+1)2] } [by
taking derivative in both sides.]

1 — x a+1
cor ° Za 0[(a+1) D (a+1)2]

1 _ « a s 1
€ (s)]z_ Sza R G lirowey]

s[¢ (=] [ (s) —1] L__[from the given

[¢ (S)]2 [§ (IS (=)]

deflnltlons above]

7ol (s)] s[¢(s)—1]

1 = s[¢(s)][¢ (s)—1]so, from here we obtain the
following quadratic equation

S[C ()P =s[T ()] -1=0
Thus by the formula of quadratic equations we can write the
following expression,

[Z( )] _ s+\/s +4s s+s‘/1+4/s 1+
2s
Now by the defmtlon of ZETA’ (C)functlon we know that,

1
C(S)—1+2TS+3TS+ Zn:1n_s
() =14243 4 =37 n’
From previously shown equation no. (1),
(s-1)

(a+1)¥—-a°=(a+1° Z (a + 1)~&+Dgk

Now by putting a=1 in this equatlon
2°—-15=2° Z;({S:Ol) 27D 1%and s0 on up to »

1+4/s
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{S)=1+2°+3°+ [Now by subtracting ¢ (-
s)from itself but after shifting { (-S) = 1+25+3%+
---one number behind we will get,]

)
0=1+4(2°—15+ (3° —2%) + -

0=1+2° 30 V- terk 4 35 207 Vgy-lerigh 4
1= 3 [@+ 1] T8 Va+ 1) gk

1=[¢ (- s)—1] e 1)( a + 1) Dgk]a=1 to o0
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equation (A)given above,

1
T - g (61 =

1]==[¢ (=9)]

wof/Now  from,

[1=0(=9)LIS () -

or,[¢ (9] +[¢ (=9)] =

Now similarly as equation (B) we can write,

1 . m
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7o) 2 mpox{0 SE:a (Grey) (HDZ] } [by
taking derivative

in both
sides.]
1 x a+1 1
<ol 2 Sza (Gl Glovesel
1 _ « <
[1-¢ (—s)]z__sza [(m) a(a+1)]
1 1
[1-¢ (_S)]ZZ_S[Z ( S)] [( (S) ]m[ﬁ'om the
given definitions
above]
1
M1 77 N12 S
1=7C D S E©-1
o - S g( 3l [{ (=s)][From the given note
above]

= s[¢ (—s)][1 — { (—s)]so, from here we obtain the
following quadratic equation

S (=) =s[{ (] +1=0
Thus by the formula of quadratic equations we can write the
following expression,

[ (=5)] = s+y/s2—4s s+s\/m 1+,/1-4/s
Now ‘ETA’ (n)functions, “ ’

§ =111l ..
n(s) = 1—21—s+31_s_...
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2[’7 (S)] ] _[n ()]Z(S 1)( + 1) (k+1)ak]a_1 to oo

[ BY ADDING THESE TWOQ]
1-1/27s+1/3"s-. ..

1 1
= [from, equation (A) given above]
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Now similarly as equation (B) we can write

1 ..
2 = lim o (m= ) (G

1 —_—
[n ()]? [5 (S)

[¢ (s) — 1][by taking derivative

in both sides.]
1

[ ()12
1

_ B 1
= sl [c(s)]]

her - S [[n ;- Ulfrom, equation (c) given above]

1=—=s[n ()] + sy (s)]?
So, s[n (s)]?> —s[n (s)] =1 = 0, this is the same quadratic

equation as that of the ‘ZETA  ({) function.So,
CONCLUTION is as follows-
So, Values are
1+1+4/s
¢ )] =
1+1—4/s
¢ (=) = ———
1-1+4/s
[ )] = —5—=
1-4/s

n(=s)] =
EQUATIONS IN FORM OF MATRIX
1
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NOW! lims—mo[( (S)] = 1&1ims—>oo[n (S)] =0

Ramanujan’s infinite sum
S=1+2+3+4+......

Ya=1-2+3-4+.....

)

S—Vi=4+8+12+ ...

S—Y=4(1+2+3+ ... ) [ but it is not the series S but

its expansion is %2 of S series.]

2

m(m+1) ...m
= lim ——=lim —
M0 Zn =1 m-oow m-oow 2 )
m 2 . m/2(m/2+1 . m N
so,lim,, ,,, Z / ,[n] = lim m/2m/24) _jjpy M =S
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So, (S—Ya) =
be determine.]

From the expression given above of[{ (—s)]

I+2+3+4+ ... =1+'1_4=%+§i

2
Now, [n (s)] = (1 —=2'"%)[¢ (s)] this expression is also
stands wrong due to same assumption of the value of a %
expand zeta series as a full zeta series function.

Now,[¢ (1)] = limm_mzm [ = 05(1 +VB)[it has a

n=

= §[So, S cancels out in both side and can’t

finite value because
it’s last digit lim — = =0]

m-oom
m
lim,,, . anl

Whereas,[{ (0)] =
t0oo = oo

Now from the given expression of [{ (s)]&[n (s)] we found
that their graphs are mirror images to each other with

n® =1+ I+ I+.... up
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respect to a straight line[¢ (s)]or[n (s)] = 0.5s° Thus as
[¢ (0)]= +0,[n (0)]= —w and [{ (-4)] = [n (-4)] =0.5
For {-4<S<0}, [T (s)]&[n (s)] are imaginary.

—_1 -1 -1_ i
For { (s) = —and (s) =——.s =7 N3
So, these all which are mentioned above are the

CONCLUTION of this topic.
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