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Abstract: This paper proposed a transient modeling with balking, catastrophes, server failure and repair, all the servers having same
service rate. The customers arriving the system under poisson process and the service rate follows an exponential distribution. Using the
suitable generating function and laplace transforms are obtaining the transient solution of our model.
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1. Introduction

Transient solution is depending upon time. More literature is
available for the transient solution of wvarious models.
Dharmaraja [3] explained about the methodology to find the
transient solution with balking and catastrophes. Ahmed
Tarabia [1] analyzed the transient and steady state analysis
of an M/M/1 model with balking, catastrophes, server failure
and repair. Arul Freeda and Vidhya [2] considered the
transient solution of M/M/c queue with catastrophes and
impatient behavior of the customers. Rakesh Kumar and
Sapna [4] discussed the balking and reneging effect in the
transient model with ¢ servers. Shanmugasundaram and
Chitra [6] described the transient retrial queue with
catastrophes and also, he verified the result with M/M/1
model.Shakir Majid and Manoharan[5] analyzed the M/M/c
queue with single and multiple vacations.Kavitha.G and
Julia Rose Mary.K developed thetransient solution of m/m/c
queueing model for heterogeneous server with catastrophes
and balking. Thus with the aid of available literature
motivate us to develop our model with balking, catastrophes,
server failure and repair of homogenous servers. None of the
work described in literature explaining the criteria under
homogenous multiserver queueing systems.

2. Model Description

We considered the multi-server queueing system with
balking, catastrophes, server failure and repair. Here the
arrival rate occurs a poisson process with the rate 2. There
are ¢ servers with same service rate u is an exponential
distribution. Let Q(t) be the probability that the server is
under repair at the transient state. The repair follows an
exponential distribution with the rate n.All the customers in
the system may leave immediately and it is activated
momentarily and this system follows a FCFS queue
discipline. The customer due to his impatient he balks the
queue with the rate f.

Based on the criteria the difference differential equations
are,
Q') =—nQ(t) + £(1 - Q1)) (1)
Bp'(t) = uP,(8) — (A + £IP, (8) + nQ() __(2)
P () = ‘}1**7:';'?!—1.':ﬂ -+ £+ ?]',UJP;-H tl+n+
DuPp ), 1sn<c___(3)

Py '(t) =
P8} — QB +&+cu) B (t) + cuP,,(t), n=c_(4)
B, '(t) = AP, _,(t) — (A8 + F+ e B, () +
cuPp,(t), n=c (5]

Define the probability generating function H(s, t) for the
transient state probabilities P;, (t) by
His,t) =Q(t) + . (£} + B, B, (B)s™,
ne(t) = i_o P (t) and H(s,0) =
;:nﬂ'mshml'r{m] =(m—-k)}(1- E;::I}'Sﬂ'. n)

s = 1-—(6)

Adding the egn (1) to (4) we get,
Q') 47, @ =8(1 —Q®)) — En(©) —ABP. (D) +
E."-"H'r +L{ﬂ— E?]
Now eqn(5) is multiplied bys™and summing over the
respective ranges of n, we obtain

Z Fen (t)s™ = [-1.35 —(AB + & +cu) +%]
n=1
Y P @s" + 285 P, (-cuPeny O t8)
n=1

Adding the egn (7) & (8) and using H(s,t), we get
aH s,
;i 2 - [.1_35 — (A8 + &+ cu) +%]H(s.t] =
—[48s - (8 + cw) + Z] [Q(E) + 1, (0)] + AB(s -
DP () +£ (%)

Using the initial conditions H(s,0) and Q(0) = 0. Solving
the eqn (9) in first order differential condition with the help

—[28s -Gp ++a)+L]

of integrating factore *, we have

Volume 8 Issue 12, December 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20203286

DOI: 10.21275/ART20203286 770



International Journal of Science and Research (1JSR)
ISSN: 2319-7064
ResearchGate Impact Factor (2018): 0.28 | SJIF (2018): 7.426

t o
H(s, ) :f 5 U8 a0 [ (s
0

— OB +E+an+
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Andlﬁs_(/lﬁ+f+cﬂ)+%=—p+qs+£
On account of p = AB + & + cu,q = AB and r = cu where

a=2/qrv= \/? by using the Bessel properties, we get
elPHIHI = gty (vs) I, (at)

t

e [~ (g5 + = = p+£) Q) + 7. (W]

+AB(s = DP (W) +¢]
o (ws) ya(t — u)du +
m=000PimSt(m)e—ptn=—cocovsninat (10)

Comparing the coefficient of s™,n = 1,2,3 ... we obtain,
t

Pen@® == [ e 0lqu 1, at - )
0
+rv" U a(t —w)

+ (¢ —p)v"La(t —wW[QW) + 1. (W]
—é&v'La(t —u)]du

t
+ /'I,Bf e PE W1 a(t — u)
0

— V"L, () (t — WP (Wdu
+ Z?E:O Pim vn—t(m)e—pt In—‘r(m)(at)
(11
Comparing the constant terms with the help of Bessel
property, I_, (x) = I, (x), we get
t

Q) + 10 (D) = — f PO qu 1 a(t — )
+ (;"vlla(t —u)
+ (€~ phyalt - + e W]
—¢&a(t —u)]du

+Ap fte_p(t_“)[v_llla(t —u) — lya(t — uw)]P, (uw)du
0

H(s,t) =f

0

+ Z‘?Z:O Pimv_r(m)e_pt Ir(m)(at)
_ (12
Eqn(10) does not contain any negative powers of s in the
left hand side so equate the right hand side equate to zero
and using Bessel property, Bessel identity and also using
some algebra we yield,

¢ La(t —u)

P. t) = n -pt-w)y "~ "7
lc+n() nv foe ( (t—u)

)Pic (u)du +

Substituting (20) in (19) after the simplification we get,
Pic*(z) =

Z:;)lZO Pim vn—r(m)e—pt [In—‘r(m) ((Zt) -
Intrm(at) (13)
The remaining probabilities can be found out by using the
system of equations (2)-(3) of the form:
P'(t) = AP(t) + neyQ(t) + (n +

1).“-Pic (t)ec (14)
where the matrix A = (@ n)cxc) IS given as

[—(/1 +&) U 0 1

| 2 ~(A+E+m) o |

| 0 yl 0 |

| o 0 G £ +nu)l

P(t) = (Po(), Py (6) . Pey (8)) n
=(0,0..1D7 andn=0,1,2..c.

Let
P*(2) = (Py"(2), Piy"(2), Pi2" (2)Py3"(2) . Py (2))"
and Q*(z) denotes the Laplace transforms of P(t)and Q(t)
respectively

P*(2) = [2I — A ' [ne,Q (2) + (n + VP, (2)e, +

P(0)] (15)

where [zI — A]™" = (@) exc) We e,
P*im(2) =

nQ*(Z)bm,O*(Z)-}'(n + 1)/"bm,c—1*(z)Pic*(z) +
I Pijbm,; (2), m=012..c—1 (16)
Taking the inversion Laplace ofegn (1) and (16) and using
the convolution theorem we get,
§ 4 o+

Q) =

m+&)
(17)
t
Pin® =1 [ Qb0 — ) + (n
0
t
4D [ a6 =P (0
k-1 0
n z Pyj b,y (£)
j=0
m=012..c1 (18)

Taking the Laplace transforms for both sides of eqn (12),

and solving [Q* () + 7" (2)] by using A8 = =~ we get,

€ +2)[Q" (@) + 1" (2)] o

o, lz4p=JErpi =l
= Z Pim[ (m) ]
= (av)
+l[z+p—\/(z+p)2 —a? —va]P *(2) +i
2 t z

(19)

We also haver,.*(z) = e" P*(2) + P,." (2)

1.7 (2) = eT[ZI — A]71P(0) + ueT[ZI — Al e, P, " (2) +
ne’[ZI — Al e, Q" (2) + P, (z2)___(20)

1
E+2)—3[z+p—JE+p)? = —va]+ (¢ + DuTk byt (2)
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{—[f +z+
ym=0c—16m0x(z)]Q*(z)+m=0coPim[[z+P—z+p2—al]
mavom]—

(§+2)/=0c—1m=0c—1Pijbmyj*z+¢z (21)

Using partial factor fraction technique we will be rewritten
as

by "(2) = T52h - (2

Z—Zpn
Here n=0,1,2...k-1 are the eigen values of the matrix A
which can be mentioned above

Inverting Eqn (22) implies that, b,; (t) = X524 Cy ;" e“®

.(m)
Also, we have Y530 (8 + 2)by; " (2) = 1 + X5y —

:1+bj*(z)
Using 2(z + & + u + av = 2(z + p) the above equation
(21) after some simplification it can be written as,(az—z) [z +
a—+(z+a)*—a?]x
-1
1 4 Fra=VGra)7-a”] V(ZJ”“)Zﬂ"Z]bC_l*(Z) x
av

{—[(5 +2) + 11+ by (2]]Q"(2) +

Z—Zm

m=000Pim|z+a—z+al—al]rmavim—;=0c—1Py(1+4;/
Bytaking the inverse of the above equation we obtain the
required result.

3. Conclusion

In this paper by using probability generating function
technique the time dependent solution of the
homogenous M/M/C queueing model with catastrophes,
unreliable server under restricted admissibility is derived. In
future, with the use of transient state probability, the various
performance measures are also analyzed.
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