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1. Introduction

The study of matrices have got a predominant role in linear
algebra. In matrix theory, one knows that every non-singular
matrix A has got unique inverse, which is the unique
solution X of the matrix equations AX = XA = I, the identity
matrix. In most of the real life situations the matrix arrived
in modeling processes is rectangular (in particular singular,
in the case of square matrices) and it demands a ‘partial
inverse' in order to suggest solutions to the original problem.
This leads to the study of generalized inverses of rectangular
matrices as started by E. H. Moore in 1906. In this attempt,
E. H. Moore [8] published a paper in 1920. Further in 1936,
Von Neuflann used generalized inverses in studies of
continuous geometries and regular rings. R. Penrose [9] later
in 1955, established that for every complex matrix A, there
exists a unique matrix X (called Moore-Penrose inverse)
satisfying the four equations (called Penrose equations) (1)
AX A=A, (2) XAX = X, (3) (AX)* = AX and (4) (XA)* =
XA , where * denotes the conjugate transpose. Such a
unique matrix X corresponding to A is called Moore-Penrose

inverse of A and is denoted by A (read as A dagger).

The concept of unitary (isometry) matrices for non-singular
category has been extended as partial isometry to rectangular
matrices, via the tool of Moore-Penrose inverses. This
beginning has subsequently extended the concept of partial
isometry to star-dagger matrices, which coincides with
normal matrices in the case of nonsingular matrices.

It is well known that the concept of hermitian positive semi-
definite (hpsd) matrices is a generalization of non-negative
real numbers. A square matrix A is said to be hermitian
positive semi-definite ii A = A* and x*Ax = 0 for all

xell".

W.N.Anderson Jr and R. J. Duffin [1] were led to the
concept of parallel sum of two hpsd matrices of same order
n from the parallel connection of two n electrical networks
involving only resistors. The parallel sum of two hpsd

matrices is defined as A(A+ B)T B. They have also

established many interesting properties of the parallel of sum
of a pair of hpsd matrices. In particular, they have shown

that the hpsd matrices form a commutative partially ordered
semi group under the parallel sum operation. Note that A>
B means A - B is hpsd.

Normal matrices are generalizations of hermitian matrices.
The concept of normal matrices over the complex field was
introduced in 1918 by O.Toeplitz [11], who gave a
necessary and sufficient condition for a complex matrix to
be normal (i.e., AA* = A*A). The class of normal matrices
includes skew-hermitian, hermitian and unitary matrices.
Also another generalization of hermitian matrices is the
range hermitian matrices called the class of EP matrices. A
square matrix A is said to be EP if R(A) = R(A*) equivalents

A A" = ATA where R(X) is the range space of the matrix X.
This concept of EP was introduced by H.Schwerdtfeger
[10].

One may note at this point that the concept of EP is not only
a generalization of hermitian, but also a generalization of
other classes viz., hpsd, hermitian, normal, unitary and non-
singular. Recently S.Jhang and Y.Tian [4] has given a new
set of characterizations for EP matrices.

T. S. Baskett and I. J. Katz [2] have discussed about EP,
matrices, EP matrices of rank r. In particular, they have
studied about the product of two EP, matrices. This leads to
an open problem that when a product of two EP matrices is
EP? This problem was settled by R. E. Hartwig and I. J.
Katz [6] after 25 years. The concept of EP matrices is
further generalized as bi- EP and studied by S. L. Campbell

and C. D. Meyer [3]. A matrix A is called bi-EP if, A Af

commutes with A" A. As mentioned eai'lier the class of star-
dagger matrices, the generahzation of partial isometry was
studied by C. D. Meyer [7] and formalized as star-dagger
with further properties by R. E. Hartwig and K. Spenelboek
[5]. It is to be noted that the intersection of classes of star-
dagger and EP matrices is nothing but the class of normal
matrices as established by C. D. Meyer [7].

In [12, 13], W.B.Vasantha Kandasamy et. al. introduced the
concept of bimatrices and analyses its properties. Bimatrices
play a powerful and an advanced tool which can handle
more than one linear model at a time. Bimatrices will be
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useful when time bound comparisons are needed in the
analysis of the model.

Definition 1.1 [12]
A; = A U A, [Uis not operation only a symbol] is Bi
matrix

Definition 1.2 [7]

A Matrix AeC__ is Star -Dagger Matrix if A'/A" = ATA’

XN

Example 1.3
010 0 0 1 0 01
Let A=10 0 1| A =|1 0 0| AT=|1 0 O
1 00 010 010
Now to find star - dagger Matrix.
A'AT=ATA
0 01 0 01
AA=|1 0 0|A/A/=|1 0 O
010 010

AAT =ATA]
Definition 1.4 [7]

_ o _ N 2
A Matrix Ae C,_, is bi-Dagger Matrix, (A ) :(A )

In this paper, the concept of Star dagger Bi-matrix and bi-
star bi-dagger bi-matrix are introduced and analyzed its
properties.

2. s-k bi-EP bi-matrices

In this section we study the characterizations of star dagger
bi-matrix and bi-star bi-dagger bi-matrix as a generalization
of star dagger matrices.

Definition 2.1
A Matrix A € Cnxn is Star -Dagger bi-matrix

T ATA = AL,

(AVA) (AUA) =(AUA) (AUA)
=[(AA)u(AR)|=[(AR)u(AA)]
Example 2.2
010 0 01 010
A1001A100JA;110}
1 0 0] 010 0 01
0 01 -1 10 010
A1100A;100A;[110
010 0 01 001
Now to find Star-dagger — Bi-matrix.

ALAL =ALAL

(ALUA,) (ALUA,) =(A,UA,) (A,UA,)

(Ao (ALAD) = (AiA ) (A
01 0) (1 0 0)]
LHS[(AAI) (AZA;)]: 11 0[u/0 10
oo 1) (o0 1)
01 0) (10 0)]
RHS[( A)(ATA)] 11 0Jul0 10
oo 1) (o0 1)

L(AA) o (AAs) = (AiA) o (AA;)
ALAL = ALA

Definition 2.3

A Matrix A, e Cnxn is Bi-star-Bi-dagger-bi-matrix

A AALA = ALA A A,

e [(AUA) (AUA) (AUA) (AUA) ]
=[(AUA) (AUA) (AUA) (AUA) |
(AAAA)U(KAAR)]
=[(AAAA)U(ARAN)]

U

Example 2.4
010 0 01 010
A =0 0 1IA/=|1 0 0|A,=|1 1 O}
|1 00 010 0 01
0 0 1 -1 1 0 01 0
Al=l1 0 0|Al=|1 O OA;_[I 10
010 0 01 0 01

Now to find “Bi-star - Bi-dagger — Bi-matrix.”
AALALAG = ApAAA,
i-E.-; | -ﬂLl (o .ﬂﬁ.] | | .ﬂﬁ.l\_r' .ﬂﬁ.] |T | .ﬂLl A .ﬂL] |T | .'—"Ll \_-'.'—"L: | j|=

| .ﬂLl \_r'..'—"L] |T | .ﬂL]_ u'.ﬂﬁ.] |‘ | .'—"L]_ \_r'..'—"L] |‘ | .ﬂLl \_r'.ﬂﬁ.: |-j|

[(AATAJA])u(AzAlAlAY) |=
(AJA/AA])u(AJAAA]) ]

0 1 0 01

1 OJU[lOO]

0 0 010
0
1
0

0
0
1
AJAAA]JU(AJAA A* [

LHS

[(AALALA]) U(AALALA; )

RHS[(

o - o

= o o

o o
C

o o r

= o o
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[(AAIAA) O (AALALA ) [=[ (AAAA] ) U(ALAAAL)]

Hence A ALALAL =AIALALAL
Bi-star - Bi-dagger — Bi-matrix

Theorem 2.5
If Ag is a Star -Dagger Bi-matrix then iAg is a Star -
Dagger Bi-matrix.

Proof
Given Ag is a Star -Dagger Bi-matrix that is

AsAp = AgAq

ie., [(Alqu)*(A1 UA,)' }=[(Al UA,) (A, qu)*}

= (AA])U(AA]) =(ATA])U(ATA;)
Consider

[iA.] [iA.] =[i(A,uA,)] [i(AUA,)]
[- A=A, UA,]

—[aA) (iA )] (iAo (iA )]
iA,) ] (8 i) |
)]1]mw (i'a})]
De(ias)(i'a)]

(A,
“[(i 1> <
[E

:(—i)Aj(A'[i'*')u(—i)A’; (AZi*)]
_('*AT)A*( i)u(i*AZ)A’;(—i)]
A AT (A)(A; )
1.) (a > O(A) (.A >*}
i) O(iA,)' | (A,
iA UIA,) . (iA, UIA, )}
=[i (Alqu)] .[l(Alqu)]
=(iA,)".(IA,)

~(AG) (IA) = (IA,) (IA,)
Hence iAg is Star -Dagger — Bi-matrix.

I
=|(A
(iA,
[

Theorem 2.6
If Ag is a Bi-star - Bi-dagger — Bi-matrix, Then iAg isa
bistor Bi-dagger — Bi-matrix.

Proof

Given,

Ag is a Bi-star - Bi-dagger — Bi-matrix.
e AAAA=AKAA

Consider

fia ] [ia] fia ] TiaT ={[i(awa)] [i(ava)] Ti(aua)] [i(aua)]]
{[ iA UIA, } [(iA UiA, ] [(iA UiA, ] [(iA UiA, ]}
{lmy o) Ta) o (im)] [6a) o (im)] [64) w(ia)] |

={[i
{(A)
[(i)A (i'A
[(i"AT)A (
{ |T ’r)
~{[(Ai >

Il Il
= == |l

U

N\

U

U

*u[wﬂw><
=mmfw%wl<> (i) | (i) <>I(f (

A Ui A2] A;uﬁA;][ A OiAI A it
J(i'A)]
)( )A;'

()AL (A )
(A )( A)(-)A; ]
(A A () s () (1AL )
(A )( )]

|

(1)
Az)(

Al) |
A |

={[iA iA ] [iA in ] [IA UiA ] [iA Ui,
={litava)liava)]li(AvA)] Ti(AVA)] |
={(iA,)' (1A, ) (iA) (A )]
) () (i)' (8 (i) |=[ () (1A ) (1A ) (i8]
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Hence, iAg is a Bi-star - Bi-dagger — Bi-matrix. _ {I:AlAi U AzTAzJ [B*B* U BTB*}}
22

Theorem 2.7 _ + * \ (ot +

If Ag and Bg are Star -Dagger — Bi-matrices then so is _{ Ai Y A2 A& -~ A2 ] [( B UB, )(Bl VB, )]}
AB ® BB' :{ AB ABT }

Proof -~ ® B '®B;

Given that Ag and Bg are Star -Dagger — Bi-matrices. To { AB AB ]}

prove that A, ® B, is a Star -Dagger — Bi-matrix. {[AB ®B ] A, ®B ] }

i.e, To prove that . +

[A ®B,][A ®B,] =[A ®B,] [A ®B,] n A ®B] [A®B] =[A®B,][A ®B]
Hence, A, ® By is Bi-star Bi-dagger — bi-matrix.

To take LHS

o lliep]l = Theorem 2.8

[4: @ B3] [45 @ 3] - . . If Ag and Bg are Bi-star - Bi-dagger — Bi-matrices then so is

[I:[ Ao @(BUB )| [(4w4)®(Bub)] } A, ®B;.

~{[(AuA) @(B,UB,) [[(AUA) ®(B,UB,) || proot
Given that AB and BB are Bi-star - Bi-dagger — Bi-matrices.
To prove that A; ® By is a Bi-star - Bi-dagger — Bi-matrix.

-[(Aoa)(Aon)|e[(B VBB V)] ic Toprove tha

(A ®B,] [A ®B,] [A, ®B,] [A ®B,] =[A, ®B,][A ®B,] [A ®B,] [A, ®B,]
To taken LHS
[A ®B,] [A ®B, ] [A ®B, ] [A ®B,]
~{[(AUA)®(BUEB,)][(AUA)® (B UB,)] [(AUA)®(BUE,)] [(AUA)®(B UB,)] |
[(Aun)e(BUB) [(Aua) @B uUE) [[(AUA) ®(BUB) |[(AUA) ©(BUB) ||
[ 0 )o (& o) [(4 0 Ao (8 vl (4 oA e (el wel (& o) o (e we)|
[(AUR)(AA)(A wA (A uA)|e](8 vB;)(8 w8l w8l )(8 uB;)
[AAAA UAANAA|®[BB/B/B UB,BIB;B ]}
[Aaaﬁu&%g@y{BBByuBBBy}
[
[
[

(A VA Au@(ﬂu@ﬂﬁu@ﬂ ku@Xngﬂqugxwu@ﬂ}
AAAA [ B]B,B;B! ||

%@Wﬁﬁ%uBI%vBlM@ﬁB

A ®B,]'[A ®B,] [A ®B,] [A ®8,]|

{[A ®B,] [A ®B,] [A ®8,] [A®B,] | ={[A ®8,] [A ®B,] [A, ®B,] [A, ®B,] |

Hence, A; ® B; is a Bi-star - Bi-dagger — Bi-matrix.

{
{
{
{
{
{
{
{
-l

Theorem 2.9
Let A,,B, €C,, bea Star -Dagger — Bi-matrices and that A\B; =B, Al and A B} =B} A, then the bi-matrices
A, +B; and A;B; are also Star -Dagger — Bi-matrix.

Proof
Let AL,Bf €C,,, be a Star -Dagger — Bi-matrices and that
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AB; =By A

(i) consider

(A +B,) (A +B,) | = {[(ANAz) (B,UB,)] [(AUA)+(BUB,)]|
{[( A+B)U(A+B,)][(A+B)U(A+B, ]}

I Il Il
,——M—«,—-f\——\,——’%—\/—-/\\ /—-"%/—'A‘ﬂ/‘-’\—ﬂ/—-f‘\ﬁ’\“\

(AB*’BB)T(AB"'BB)*Z('A‘B*'BB)*('A‘B“‘BB)T

Hence A; + By is Star -Dagger — Bi-matrix.

(i)

(A+B) (A+B) JU[(A+B.) (A +8,) |}
(A +B])(A +8)]U[ (A +B])(A +B; ]}
(AA +B/A +A'B +B/B)U(AA +B]B, + BA, + AlB »
(A (A +B])+B (A +B!)]U[ A (A +8])+ A&+BJ}

) (
(A &YbJ%+B)}BA+B)L%%+B)]}
) (
[

[BIAA |U[BBIAA |}
[ABA [U[BABIA |}

(A+B) (A+B,) |U[(A+B,) (A +B, B
B
[(AB) (AB.) |U[(AB,) (AB,) |
(
[(

)
(A+B) U(A+B,) | (A+B) U(A +B
[(AUA)+ BuB][AluAZ (B,UB,
(A +B,) (A +B,)'}

N -
—
| I—
fe——
Il Il

v
T

———
Il

)
AB) U(AB,) [(AB) L(AB,) |
AB)U(AB,)][(AB)U(AB,)] ]
[AiuAZ)BuB)][AiuAQ)BuB)]}

{
{
{
{
{
{

consider

(48] (A48 J=[[(Aua) (8o [AuR)(BUB)|  ={[AB] [AB]]

-|

[AB UAB ]T[AiB UAB ]} Hence A; + By is a Star -Dagger — Bi-matrix.
t t : * Theorem 2.10
(AIB ) O(AB) J[(AIB ) U (AB,) }} Let A;,B; €C,, be a Bi-star -Bi-dagger Bi-matrices and
Ao (BIA) ][ (BIA)(E:A) ] e ABBIA =B AL AB; and
- ; ABIBIA; =BIA,A;B! then the bi-matrices A, +Bj
BIABA ]U[(B ABA }} and A, B; are also Bi-star - Bi-dagger — Bi-matrix.
B/B/A'A ]u[( B/B,AIA }} (i) consider
BB/A'A ) |V[(BiBIAA) | (A +Bo)' (A +Bo) (A +By) (A, +Bs)! |

(

A+B)U(A+B,)] [(A+B)U(A+B,)][(A+B)u(A+8,)][(A+B)u(A+B,)] |

A+B) U(A+B,) |[[(A+B) U(A+B,) |[(A+B) U(A+B,) || (A+B,) U(A+B,)

A+B) (A+B) (A+B) (A+B) JU[(A+8,) (A+B,) (A +B,) (A+B,) ]

A+ B]) (A +B)(A +B)(A +B) o (A BY)(  B)( 4+ B (A + B

A'A +B/A +AB +B/B) | (AA +AB +BA +BB; )]}
uﬁg%+@&+g@+&@ﬂﬂgg+g@+@&+@@”}

I}

(8]
Il
Il
It
~{[(AUA)+(BUB)] [(AUA)+(BUB)T[(AUA)+(BUB)T[(AUA)+(BUB,)] |
=il
(
(
(
={[(
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:{[A;(A;+B;)+B;(Aj+B;)+A5(A;+B;)+B;(A;+B;)]}
O A (A +B])+B; (Al +B})+ Al (A +B;)+ B;(A2+BZ)]}
~{[(A +BI)(A +BI)(A +BI)(A +B]) o[ (A +B:)(A +BI) (A +BI)(A +B7)
~{[(A+B) (A+B) (A+B) (A+B) [U[(A+B.) (A+B,) (A+B,) (A+B,) ||
~{[(A+B) U(A+8) [[(A+B) U(A+B) |[(A+B) U(A+B,) [[(A+B) U(A+B,) ||
=![(A+B)U(A +B,)] [(A+B,)U(A +B,)] [(A+B)U(A +B, ][A1+Bl)u(AZ+BZ)T}
[(AUA)+(BUB)][(AUA)+(BUB)][(AUA)+(BUB)][(AUA)+(BUB,)] |
={(A +B5) (A +B5) (A +B5) (A +By) |
[ +Be) (A +Ba) (A +Ba) (A +By) |=[ (A +Ba) (A +Bo) (A +By) (A +B,) |Hence A, +B,

is a Bi-star -Bi-dagger - Bi-matrix.
(ii) Consider

[(AB,) (AB) (AB.) (A8,) ]
—{[(A&uA2 (8,UB,)] [(AUA)(B UB,) T[(Alqu)(BluBZ)T[(AiuAZ)(BluBZ)]T}
[ABUAB, ] [AB UAB,] [AB UAB,][ABUAB,]

[AB,wAB,] [ABUAB, [AB UAB,] [AB UAB,] |

[(AvA)B B [(AUA)(BUB)][(AuA)BUE)][(AUA)BUB,)]|
[A:B:] [AB, ] [AB: ] [AB,] |

[ (ABa) (AuBe) (ABa) (AuBe)'|=[ (AuBa) (ABa) (AuBs)' (ABe) |

Hence A;B; is a Bi-star - Bi-dagger — Bimatix.

-
~{[(AB) U(AB,) [(AB) L(AB.) [(AB) L(AB,) |[(AB) U(AB) ]|
~{[(BrA) (8! ﬂ[( *Af) (B ][(B0A ) (5 ) ][ (BIAT) (B2 )
={[(B/A)(BIA)(BIA )(BIAT) | (BIAY)(BA ) (B34 ) (BIA )
-{[(BrBAA)(E BM) (BB AN )(BBIAA) ]|
~{[(BEAR)(BBAA) ][ (BBIAA)(BEAA)]
={[(BBIAA) (BB AA) [ (BBIAA ) (BIBAA ) |
-{[(BrABA)(BIABA) o[ (BB (BIABA) |
~{[(AB) (AB) (AB) (AB) JU[(AB.) (AB.) (AB,) (AB.) |
~{[(AB) (AB.) |[(AB) U(AB,) |[(AB) U(AB,) ][(AB) L(AB,) ]|

-

-

-

Theorem 2.11
If Agisa Star -Dagger Bi-matrix and a is a complex number then

(i) Ag + Al isa Star -Dagger Bi-matrix
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(i) A; —Al; isa Star -Dagger Bi-matrix.
Proof of (i)
Let Ag be a Star -Dagger — Bi-matrix.

ABAB ALA *
e. (AUA) (AUA) =(AUA) (AUA)

(/’M) (AA)=(AA ) o (AA])
Now (A +A15) (A +Alg)
~{[(AvA) (L) [(AUA)+A(LU1L)T
[(ava)+@n o) [(AvA)+(aLoL) ]
~{[(A+21) (A +20)] [(A+21) 0 (A +21,)] |
[(A+an) oA+ 21,) [[(A+2L) (A +AL) |
{ (Aj +/1"'I1)U(A2T +Z"I2)}[(Af+i*ll)u(A; +/1*I;)]}
{ (A +271) (A + 21, ) O (A +21,) (A +71|2)]}
{ (AIA& + ATA A +lﬁ)}u[(A§A§ + A'A + AA] +/1TZ)}}
{ (A;A;+m;+z/s;+M)}u[(A;A;+MA;+ZA;+4+Z)}}
={ Ai(Af+/1"I1)+Z(Af'+/1"'I1)]U[A;(A;'+/1"I2)+Z(A;'+/ITI2)]}
{ (A +70)(A + 21, ) O (A +,)(A +m2)}}
{ (A +A1)U(A +1,) [(A+21,) o (A +/1*|2)]}
A+ 2L (A a0) (A + A1) V(A +21,) )
—{[(A+21) (A +20)T [(A+ A1) 0 (A +21,)] |
{[(Alqu) (A0 AL) ] [(AUA)+(Al Al )]*}
“[(AUA)+2(LUL) ] [(AUA)+ 20,0 1)] ]

=(

A+ A1) (A +21,)
c (A A1) (Ag+ A1) =(Ag+A15) (A + A1)

Hence A; + Al isa Star —Dagger- Bi-matrix.
Proof of (ii)

(Ag—215) (A —215)

S (LXSTSIYIRVIN) ({FNSYSEOTIRVIN |
[(AUA)=(2,0a1L,) ] [(AUA)- (41,01 )T}
[(A-20) (A, -21,)] [(A-2L) o (A - 21,)] |
[(A-a1 ) O(A=21) [(A=21) u(A-a1) )
[(A -2 )o(a -2 [[(A =20 o (A -2 |
(A - ﬂll O(A-A" )][(Aj—%ll)u(A;—ﬂz)J}
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{[(A =) (A =7 [O (A -21,) (A -2, )]}
{[(AlA1 AN =N+ 2 2) || (AA-ATA -TA + 212 )}}
{[(A&A& 2K -IA + A Z) O] (AA - ATA T+ 217) }
=([A (A -20,)-Z(A -2 [o[ A (A -aM,) - 2(A) - /H)]}
NS )(Af—/ll)] [(A=7,)(A - 211,) }}
A =21 ) o (A -2n) [(A -2 ) o (A -2 )]}

~[(A-2)o(m-2) (A -2)o (A=A e (A =21) (A =ate) [ (A =41) (A =215) ]
|:(A1 Al) U(A -Aly) ][ A-aL) U(A -2l )T]} Hence A, — Al is Star -Dagger —Bi-matrix.
Theorem 2.12

T - - - - - -
_ 2l /1I /“ 1 } If Ag is a Bi-star - Bi-dagger — Bi-matrix and A isa
{[(Ai ) AZ ] [ A~ (Az 2)] complex number then.

:{[(A1UAZ (A1, U Al,) ] [ AUA)- (A1, UAl, ] } @ A, + Al is a Bi-star - Bi-dagger — Bi-matrix.
‘ (i) A —Aly isaBi-star - Bi-dagger — Bi-matrix.
{I:(AiUAZ |U| ][AiUAz |U| ]} Proof

. Let Ag be a Bi-star - Bi-dagger — Bi-matrix.
={(A = A1) (A= 21,)'] e AAAA = ALAATA
KAU%HAU%)AU& (AUA)' ] A) (AUA) (AUR) (AUA) ]
|\

e (NAAA)U(AAAA)=(ANAA)

Proof of (i)

Now, | (A +215) (Ay +215) (Ay+ A1) (A +41,)' |
~{[(AVA)+A(LUL) [(AUA)+A(LUL) T [(AUA)+ 20, 01)] [(AUA)+A(LUL)T |
(AU A)+(a,021L) ] (AU A)+ (2, UAL)] [(AUA)+(A 0 aL)] [(AUA)+(21,041,)] |
(A 21008 21T [(A 210+ 2] (A + A0 (A, +21)T [(A + 21) (A + 21,)]
(A+AL) (A +2L) [[(A+ L) O(A +21) [[(A+ L) O(A+21,) [(A+21) U(A +,1|2)*}}
(A AT )O(A+ AT [[(A + 2L ) oA+ 471, )][(A;m*ll)u(A;m*lz)][(Aj+/1T|1)u(A;+,1*|2)]}
[(Aj+/1l) U(A] +ﬂ|2)][(Ai +1,)u (AZ+M2)}[(Af+ZI1)U(A;+ZI2)}[(AI+1TI1)U(A;+ﬂ|2)}}
(A A1) (A + 1) (A + 71 )(A 211 U (A + 471, ) (A + 21, ) (A + 21, ) (4] +;N|2)]}

[(s
(AAA )

~{[AA +ATA + A + 22| AA A+ AL+ A o
([AA -+ 28+ A + 22| A+ A + AL +M]}

(AlAj +ATA + A +ZZ")J[NA§ +AA +AA Jﬂ}

U {[(AZAZ‘ +A'A + A +z/1")][A§A; +AA + AL +1ﬂ}}

I
—_——
1

Volume 8 Issue 3, March 2019

WWW.ijsr.net
Licensed Under Creative Commons Attribution CC BY

Paper ID: ART20196208 10.21275/ART20196208 1286



International Journal of Science and Research (IJSR)
ISSN: 2319-7064
Impact Factor (2018): 7.426

(A (A + AT )+71(Af+/I*I1)][N(A{‘+/_1Il)+/ﬂ(Af+/_1I1)J}

u{ A (A +A1,) +/1(A2T+2TI2)J[A2T(A;+ZI2)+K(A;+EI )}}

{( 21 ) (AT + AT (A + AT )(A A1) O (A + 21, ) (A + 471, ) (AL + 41, ) (A + 2 )}}
{(A1 +21,)U(A + 21 )}[(Af+/1TI1)U(A§+/I*I2)][(A§+}JI U(A] +271,) ][( + A1) U(A+ 21, )}}
{(Al + L) (A1) (A +AT) O (A +27,) J(A +271) U (A +21 2)][(& ) 0K+ AT, )]}

={ (A+21) (A +41,) (A +21) U(A+a1) [(A+21) U(A+21,) [(A+21,) U(A +21, )]}
-
-
-
-

[(A+ 1) 0(A 21T [(A+ 20) (A 20,)] [(A 4 21) (A, +21,)] [(A +21)0 (A, + 21,)]
[(AUA)+(2,0 A1) ] [(AUA)+ (A0 A1) [(AUA)+ (A0 21)] (A A)+ (2,0 21,)] |
[(AUA)+ (LU [(AUA)+ (LU L) [(AUA)+ 20, UL) ] [(AUA)+2(LUL)]
[A + A0  [A + A1) [A + Al ] [A + A1, ] }

(A 210) (A + A1) (A + A1) (A + A1)} ={(Ay + A1) (Au+ A1) (Au + 215 ) (A, + 215 ) | Hence

A, + Al is a Bi-star - Bi-dagger -Bi-matrix.

Proof of (ii)

Now, | (Ay=21) (A =215) (A =215) (A = l,)' |

[(AvA)-A(LuL) ] [(AUA)-2(LUL) ] [(AVA)-A(LUL)] [(AUA)-2(,01,)]']

[(AUA)-(21,UAlL,) ][AiuAZ (A1,021,)] [(AUA) = (4,0 41,) [ (AU A)-(2,021,)] |
(A =210 (A, =21,)] [(A = 21) U (A = 21,) T (A =1) U (A =21,)] [(A = A1) U (A, -41,)] |
(A-21,) }[a O(A=21) | [(A=21) U(A = 21) [(A-21) u(A-21,) )
(200 (& 2o -0 L )2 2082,

(A =A2"1) oA -21,) [Al+/1l (A -7 )}[(Af+ZI1)U(A;—ZI2)}[(A§—/’Ull)u(A;—ﬂlz)J}
(A =1)(A =20)(A -+ 21 ) (A - 2'1) [u [(A;—/’LTIZ)(A;—ZIZ)(A;—ZIZ)(AJ—}NIZ)]}

_[ (A - AN 22 )(AA - A - A2 | }

J>

[
[
[

ga

{
{
{
{
{
{
{

O(AA 28 -7n + T ) (A TN -2 2]
(WA -2 TN + 22 ) (A K - A T- A2 +22)]
) u[(A;A;A;MZA;Jﬂ)(A;A;A;ZMA;JM)]}
(A (A - 20)-Z(A -2 [ A (& 7)1 (A 7))
Ol A (A -21,) - A(A -2, | A (A - 20,) -2 (A =) |
={[(A{ =20 ) (A= ATL)(AT - AT ) (A=) [Of (A -7, (A - 2T,) (A - AT, ) (A —le)}}
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(A =21) (A = 2)(A = A1)(A =2 1) Jo[ (A -2 ) (A =270 ) (A = 21,) (A - 271, |

{mlzu (A=21) (A=21) (A=20) [ (A -21,) (A= 21,) (A= 21) (A= 21,) ]|

[(A=20) O(A=21) J(A=21) U(A-21) [[(A=AL) O(A -21) J[(A=21) (A -41,) |}
([(A=21) 0 (A =21) T [(A = 21) 0 (A =21,)] [(A=21) 0 (A =21,)] [(A - A1) o (A - 41,)] |
{
{
{

[(AwA)-(21,021)] [(A©A)-(21,021,)] [(A U A)- (a0 21)] [(AUA)- (A 0ar,)] |
AUR)-2(LUL)] [(AUA)-2(LUL) ] [(AUA)-2(LUL)] [(AUA)-A(LUL,)] |

[As = 205] [Ay =215 ] [ A = 21,] [A, = 21, ] |

A =21 ] [A = 216 ] [A =21 ] [A =1 ] | = ([ [A =416 ] [ = 21T [[A — 21 ] [A = 21, ]|

Hence 4, - AJI,
is a Bi-star Bi-dagger-Bi-matrix.
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