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Abstract: Algebraic I'-structures represent a natural generalization of classical algebraic struc- tures. Results studied in semigroups are
particular cases of those studied in I'-semigroups as every semigroup is a I'-semigroups but not vice-versa. This research paper is based
on the introduction and initiation of rectangular I'-semigroups, quasi-rectangular I'-semigroups, total I'-semigroups, viable I'-
semigroups and idempotent I'-semigroups. Among lots of results, we prove that a rect- angular I'-semigroup is the direct product of a left
singular and a right singular I'-semigroups. Moreover, this product is unique up to isomorphism.
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1. Introduction and Fundamental Definitions

The concept of a I'-ring was given by Nobusawa [18] as a
more general form than that of a ring. Thereafter, Barnes [29]
studied T'-rings in a way that takes different approach than to
that of Nobu- sawa. Motivated by those generalizations of
rings, a lot of algebraists authored generalized results from
rings and semigroups to I'-rings, I'-semigroups, and other
algebraic structures as well. The detailed deliberation on TI'-
semigroups was done by certain algebraists which are
parallel to those results in semigroup theory, for instance, one
can see [15], [16], [17], [19], [21], [30]. Recently, on the
globe some new papers appeared, such as , [23], [24], [25],
[26], [27]. For some most recent study of the theory, one can
refer the elaborative exposition work of Basar et al, [1], [2],

(31, [41. [5], [€]. [7]. [8], [10], [11], [12], [28].

One can see that I'-semigroup is a generalization of
semigroups. Suppose A and B are two nonempty sets. Let S
be the set of all mappings from A to B and I" be the set of all
mappings from B to A. Now, the usual mapping product of
two elements of S cannot be defined. However, if we
consider f, g from S and «, § from T, then the usual mapping
products f o g and « f 5 are defined. Moreover, f. a. g€ S and
o.f. feT and . a. (g. . h) = 1. (a. g. f).h = (f. a. g). S. h for
all f, g, he S and a, g€ I'. As such, the notion of T-
semigroup was defined by Sen [13] is a generalization of a
semigroup. A T-semigroup is ordered triplets (S, T, )
consisting of two sets S and I" and a ternary operation S x I'x
S—S with the property that (axb)yc = ax(byc) for all
a,b,ceSandx,y €T. Let A be a nonempty subset of (S,
I',). Then, A is called a sub-I"-semigroup of (S, I';) ifay be
A for all a, be A and yeT. Furthermore, a I'-semigroup S is
called commutative if a. y. b =b. y. aforall a, beS and ye
I'. If we consider, I'= {1} in the definition, then one can see
that every semigroup is a I'-semigroup

|
Example 1.1. [22] Let S= [0, 1] and T = tronisa
positive integer}. Then, S is a I'-semigroup under the usual
multiplication. Next, let K = [0, 1/2]. We have K is a
nonempty subsetof Sanda -y -b € Kforalla,b € Kand y €

I'. Then, K'is a sub I'-semigroup of S.

The above example shows that every semigroup is a I'-
semigroup and not conversely, and thus, I'-semigroup is a
generalization of semigroup.

The notion of a viable semigroup was introduced by Putcha
and Weissglass[14].

Definition 1.1. A I'-semigroup S is called viable if aab =
bfawhenever aab and bfBa are idempotents for «,f € T'.

A group S is called I'-group if haS = Sfg = S for all (h,g) €
S?and for a,p €T

The concept of idempotent semigroups was introduced by
McLean [9].

Definition 1.2: An idempotent I"-semigroup or band is a I'-
semigroup S which satisfies h? = h for all h € S.

Definition 1.3: A I'-semigroup satisfying habfg = h (hag =
h, gfh = h) for a, B € I' is called rectangular (left singular
I'-semigroup, right singular I'-semigroup) I'-semigroup.
These TI'-semigroups are all idempotent. A left (right)
singular I'-semigroup is rectangular I'-semigroup.

Definition 1.4: A T'-semigroup S is called total if every
element of S can be written as the product of two elements of
S, that is, S* =S.

Definition 1.5: Suppose a,b € S. Then, a | b if there exists h,

g € Ssuch that aah = gfa = b for a,p €. Furthermore, the

set-valued function R on S is defined as follows:
R()={e|e€E, h|E}

The relation 6 on H is defined as follows:
hog if R(h) = R(g).

Definition 1.6: A T-semigroup S is called 1 -
indecomposible if it has no proper semilattice de-
composition. Suppose the set-valued functions | and T on
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I'-semigroup S are defined as follows for o,p € I':

I(h, 5) ={e| e € E(5)} = eahBe,
and

I(h,S) ={g|g € S,g = gahbgl,
respectively, for a,4 € T. We denote by E, I(h) and I for
E(S), I(h, S) and I(h, S), respectively, when there is no
possibility of ambiguity. Let z be a congruence on S. If S/t
is a semilattice, 7 is called a semilattice congruence on S.
Let p be the smallest congruence on S and o denote the
relation on S defined by
hog <= I(h) =1(g) fora €T.

If p = SXS, then S is called s-indecomposible. Furthermore,
for any congruence 7 on a I'- semigroup S, we denote by 7| E
the restriction of 7 to E and by 4z the equivalence class mod
7 containing an element h.

Definition 1.7: A I’-semigroup S is quasi-rectangular if and
only if E(S) is nonempty and e = eahfe for every e € E(S),
heSand o, B €T.

This paper is based on some notions in [20], [14] and [31] in
the context of a wide class of the theory of I'-semigroups.

2. Various Classes of I'-Semigroups
We now begin proving the main results.

Theorem 2.1: A rectangular I'-semigroup is the direct
product of a left singular and a right singular I"-semigroups.
Also, this factorization is unique up to isomorphism.

Proof: Suppose S is a rectangular 7-semigroup. Then, for
h,g € S and o, B €T, we have the following:

hI'S > hr(grs) = (hag)l'S o (hBg)I(hT'S) = (hTgrh)I'S =
hr's,

We obtain the following:

hagl'S = hI'S (1)
and

SThag = Spg (2

Also, we have thefollowing:
(hT'S)I(gI'S) = (hI'S)I'(gr'hr'S) = (hI'Srgrh)r'S = hr's (3)

Dually, we have the following:
(STrh)Ir(srg)=Ssryg (4)

Let P(Q) be the set of all subsets of S of the form hT'S(resp.
Sr'h). Then, P(Q) forms a left(right) singular I'-semigroup
with respect to the usual multiplication induced by that of S
by (3) and (4). Suppose

f15—>P(f28—>Q)

are the mappings defined as follows:
fi(h) = hI'S( f,(h) = ST'h)

Then, by (1), (2), (3) and (4), f; and f, are onto
homomorphisms.
Suppose
rS—-PxQ
is the mapping defined asfollows:

r(h) = (fu(h), f2(h)).

Therefore, r is a homomorphism. Consider any element of P
Q, i.e., (hI'S, ST'g). It follows by (1) and (2) that

r(h,g) = (hI'gI's,Srhrg) = (hr's,srg).
Therefore, r is onto.

Also, if
r(z) = (hI'S,SI'g),
then
zZI'S =hI'S
and
SI'z =SI'g

Then, by rectangularity, we have the following:

hag = (hfp Syh)0 (g71S729) = (zaSPh)y(gy1Sy2)= za(SPhygo
S)yiz =1z

for a,B,7,0,y1,7, € T'. Therefore, r is an isomorphism between
S and PxQ, where P(Q) is left(right) singular.

Suppose I : S —P! X Q' is an isomorphism, where P (QY)
isleft(right)singular. _

Define f3: S—P'and f,: S—Q’

by r(h) = (fs(h), fa(h)),

therefore, they are onto homomorphisms. If f;(h) = f.(g),
that is, hI'S = gI'S, then

f3(hasS) = f3(h)S f3(S) = fa(h)
fa(gyS) = f3(9).

Therefore, f3(h) = f3(Q), that is, haS = gf S, which follows
that

and

fa(hyS) = f3(h) f3(S) = fo(h)

f3(gr'S) = fa(h)
Therefore, fy(h) = f5(q).
homomorphism: ) )
f:P-PI(f:Q—Q)

and

Thus, we have an onto

such that
f3 = ffl( f4 = f5 f2)

Now, we show that f ( fs) is one-to-one. Let
hr'S = gr's, f (hr'S) = f (gr's).

Then,
hI'gl’'S = hI'S = (IS
Therefore,
hyg #4.
But
fs(hI"g) = ffy(hI'g)= f(hI'gI'S)
=f (hr'S)
=f (grs)
=f1.(g) =1(9),

= f5 fz(grh)

= f5(ST'hI"g)
=9(SI'g)

=fsI" f(9) =f4(9).

Therefore, r ! (hyg) = r ' (g), which contradicts the
assumption that r! is an isomorphism. Hence, f and fs are
isomorphisms.

f4(h'g)
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N. B.: The above defined P(Q) is the set of all minimal
right(left) I'-ideals of S.

Lemma 2.1: A band is rectangular if and only if it satisfies
aahBec = ayc.

for o,B,y € I.

Proof: Suppose the band S satisfies the given identity, then
substituting ¢ = a, proves that S is a rectangular T-
semigroup.

Conversely, let S be a rectangular band, then
aca(bBc)Ba = a.
for a,p,6 € T'. Therefore, we have the following:
aabBc = a®bA (cyay,c) = (aabBcBa)yc = aac
for a,p,6,7,y1,4 € T. This completes the proof.

Lemma 2.2. A total I'-semigroup is rectangular if and only
if it satisfies the following:

achBe = ade
for o,B,0 € I

Proof: Suppose S is total, and
aabfc = ayc.

Let h € H, then h = myn for some elements m,n and o, 4,y €
I'. Then, we have the following:

h? = (hag)’ = (hpe)(hyg) = ha(gBh)yg = hyg = h.
for a,B,y € I'. So, S is a band. Thus, by Lemma 2.1, Sis a
rectangular 7-semigroup. Since, any rectangular -
semigroup satisfies the given identity by Lemma 2.1, the
converse part proves.

Lemma 2.3: Suppose H is a viable I'-semigroup.
If aob = e E, then baefla =e.

Proof:
(baefa)2 = byeaapbyeba = baepa.
Hence, baefla€cE.

But, clearly
aobpe=e€kE
Hence, baefa = aybbe =efora, f,y, 0 €T

Lemma 2.4: Suppose H is a viable 7-semigroup and h €S
ande €E. Then, h|eifandonlyife €Sahp S for a, € T.

Proof: If h | e, then by the definition, we have the following:
e € SThI'S

Conversely, let e = sahft with s, t € S. By Lemma 2.3

hatfeys = e
taefisyh =e.
Hence,
hje.

Theorem 2.2. Suppose S is a viable I'-semigroup. Then, we

have the following:

1) & is a congruence relation on S containing Green’s
relation S.

2) S/d is asemilattice.

3) each 6-class contains at most one idempotent and a T'-

ideal wherever it contains an idem- potent.

Proof:(i) Obviously, we see that 6 is an equivalence
relation. We need to prove that o is right compatible. Let
aob. If aycle€E, then aacpx = e for some xeS and a,S€T.
By Lemma 2.3, we have coxfeya = e. Hence, a e. Thus, b e,
so yyb = e for somey S. Thus, yabfcyxieba = e, for
a,p,7,4,,0 I therefore, byc e by Lemma 2.4.
Hence,

R(ayc) € R(bpc).
Similarly, R(byc) € R(ayc) and hence, aacdbfc,

That 6 is left compatible follows analogously. Consequently,
d is a congruence relation on T'- semigroup S. Hence, we
have

(if) Weneed to prove that S/o is aband.
Leta €S. Ifa2 | e < E, then by Lemma 2.4, we have a |e.
Hence,

R(a%) cR(a).

Suppose a|e € E, and aax =yfa =e,xy€eSanda,f€T.
Therefore,

yaazﬂx =e.

Again, applying Lemma 2.4, ale.

Therefore, R(az) =R(a) and ada?.
Hence, S/6 is a band.
Now, suppose a,b € S. If e € R(ayb), then there exists X,y € S
such that
aabfx = yBalb = e.

for a,p,y,0,2 €T Therefore,
yaak (bpa)ybbx = e,

and by Lemma 2.4, eeR(bya). Therefore, R(aab) € R(bBa)

By symmetry, we have
R(baa) € R(apb).
Hence, aabobfia and S/6 is a semilattice.

(iii) Let e;6e, withes,e, E. Then, e;ER(e1) = R(e,), therefore,
e,| e;. In a similar fashion, e;|e,. Hence, by Lemma 2.4, e; =
€.

Therefore, each 5-class contains at most one idempotent.
Now, let A be a -class containing an idempotent e. Suppose
a€ A. As, e€R(e) = R(a) = R(a?), there exists x€S such that

2

a’yx =e. Now, ada’ a= aaxda“yx. Therefore, ayxdeda.

Hence, ayx € A and ao(afix) = e = e is a right zeroid of A.

In a similar fashion, e is a left zeroid and by Lemma 2.4, A
has a I'-group I'-ideal.

Proposition 2.1. The following assertions are equivalent:

(i) 1(h)yNI(g)=1(hyg)for some h,geSandy €T,

(i) I(h) N'I(g) = I(hyg) for some every h,g € S. In this case,
we further have I (h)=1(h) for everyh€s.

Proof: (i) = (ii). It follows from I (h) N E = I(h) for every h
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€S.
(@)= (i). We will prove that I (h) =1(h) for every h €S. Let a
€l(h). Then, a=aahBa. Hence,

aah = (afh)y(aih) = (aoh)f (ayh)A (aOh).

Therefore, aahfia = (ayhia)O (ayhy,d) = a = a2 for o, p,7,
2,0,9,7, €T.S0,a €l (h)NE=I(h). Thus, I(h) € I(h).
Obviously, I(h) < I(h). Hence, I(h) = I(h) for every h € S.

Proposition 2.2. Suppose N €S such that I (x) = @. If N is
nonempty, then N is a I'-ideal of S and idempotent free.

Proof: Let N be a nonempty set. It is easy to observe that N
is idempotent free. Let x e Nandy € S. If X, y €/ N, there
exists a € H such that a =aoxfyyx. Hence, yoa = (yfa)yxA
(y9a) and therefore, yya €1(x). This contradicts the fact that I’
=@. Therefore, xyy €N. Inasimilar fashion, yyx €N.

Lemma 2.5. Suppose N is an idempotent free T'-ideal of I'-
semigroup S. Then, S satisfies the following:
1(x,S) N 1(y,S) = 1(xp»,S)
for every x,y € S if and only if the Rees factor I'-semigroup
S/N satisfies the following:
1(x,S/N)N1(y,S/N) =1(xyy,S/N)
for every x,y S/N and y €T.

Proof: Suppose # be the equivalence class N in S/N. Since,
N is idempotent free, we have
E(S/N)=E(S)u{n}.

Ifa, x /N, thenael (x,S)if and only if a €I (x, S|N).

Furthermore, | (1, SIN) =izand | (z,S)=@for z €N, since N
is an idempotent free I'-ideal of S.

Hence,

1(x,S)u{n}=1(x,S/N)
forevery x € S, wherex =x ifx €/ Nandx =nifx € N.
This proves the Lemma.

Combining Proposition 2.1, Proposition 2.2 and Lemma 2.5,
we have the following:

Theorem 2.3. Suppose E(S) is a nonempty set. Then, the
following are equivalent:
() (x,S) N 1(y,S) =1(xyy,S) for every x,y€ Sand y € I';
(i)S is a I-ideal extension of an idempotent free 7I-
semigroup(possibly empty) bya 7-semigroup
T such that
1T) NI, T) = 10p.T),

IxT)f=0

and
foreveryx,y€eT.

Theorem 2.4. The following are equivalent:
() 1(x) N I(y) = I(xyy) for every x,y ESand y T;
(ii) (a) o is a semilattice congruence on;
(b) each o-class is either idempotent free or a quasi-
rectangular I'-semigroup;
(iii) H is a semilattice of s-indecomposable T'-semigroups,
each of which is either idempotent free or quasi-rectangular;
(iv) H is a semilattice of I'-semigroups each of which is
either idempotent free or quasi- rectangular. In this case, for

a semilattice congruence t on S induced by the decom-
position in (iv), we have p St S oandp |E=1t|E=0|E.
Furthermore, for every a,b €E, we have
acb <=a=aobfa
and
b = baapb.
for a,f €T.

Proof: (i) &= (ii). is straight forward.

() <= (iii). S is a semilattice of s-indecomposable T-
semigroups. Also, since S satisfies:
1) N 1y) = 10eyy)
for some every x, y S, any I'-subsemigroup of S satisfies also
the same. Therefore, if we consider the congruence ¢ on each
component of S, it follows from (ii)(b), that any component is
idempotent free or quasi-rectangular. Hence, (iii) holds.
(ff)==(iv) and (iii) &= (iv) are straightforward.
(v) &= (i). Let t be the congruence induced by the
decomposition in (iv) and suppose x, y €S. If a € I(x) N 1(y),
we have the following:
a = aaxfa = ayyoa.

Since, t is a semilattice congruence on S, we have

ataoxtafy.
Thus, aoxpfy €at. Also, a Eayr N E.

Hence,
a = aa(apxoy)ba = aaxfyya.

So,

a € l(xyy).
Conversely, if a € I(xyy), we have the following:

a = aaxfyya.
Hence,
araoxpy
Thus,
AaytaPxyy*raaxpy.

Hence, ayy €ar. Since, a €ar NE, ataaxfy.
a = aa(aPy)ya = aaypa.

Hence, a € I(y). In a similar fashion, a € I(x). Hence, a €
I(x) N I(y). Therefore, I(x) N I(y) = I(xyy), i.e., (i) holds.
Now, suppose X,y € S such that xzy. Let a € I(x). Then, a =
aaxfa. Hence, aax € affxt NE, and aay € ayxt. Since, ayxt
is quasi-rectangular,

aax = (apx)y(aay) (ayx).

Hence, a = aaxPa = (ayx)0 (aky)(ayiX)y.a = (aaxPa)yyr
(abxy,a) = ay,yysa.

Therefore, a € I(y). Thus, I(x) € I(y). By symmetry, we have
I1(y) € I(x). Hence, I(x) = I(y). Thus, xzy. This shows that T <
0. On the other hand, clearly, p S t. Now, leta,b€eE. If
ao | E(b), then a,b € I(a) = I(b). Hence, a = aabfa and b =
baafb.

Conversely, if a = aabfa and b = baafb, we have ap | E(b)
since p is a semilattice congruence on S. On the other hand,
pS1So0 Hence,p|E=7|E=0]|E.
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