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1. Introduction

In 1989, Backhtin [[2]]introduced the concept of b-metric space. In 1993, Czerwik[4]
extended the results of b-metric spaces. Azam et al. [1] introduced new spaces called
complex valued metric spaces and established the existence of fixed point theorems under
the contraction condition.Later,the study of common fixed point theorems on complex
valued metric spaces by several authors(see [6]-[12]).The Rao et.al[7] introduced concept
of complex valued b- metric spaces . In this paper, we proved the common fixe point
theorems in complex valued b-metric spaces for a pair of weakly compatible maps.The
obtained results are extension of results proved by Sandeep Bhatt et.al.[14]

2. Preliminaries

Definition 2.1. [2] Let X be a nonempty set, s > 1 be a given real number and
d: X xX — R4 be a function.We say d is a b-metric on X if and only if for all z,y,z € X
the following conditions are satisfied:

(1) d(z,y) = 0 if and only if x =y,

(2) d(z,y) =d(y,z),
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(3) d(z,z) < sld(z,y) + d(y, z)].
A pair (X,d) is called a b-metric space. If s =1, b-metric reduces to usual metric.

Let C be the set of complex numbers and let 21, 29 € C.Define a partial order < on C
as:
z1 < z9 if and only if Re(z1) < Re(z2),Im(z1) < Im(z2).
It follows that z; < zs if one of the following conditions is satisfied:

(1) Re(z1) = Re(z2),Im(z1) < Im(z2)
(2) Re(z1) < Re(z2),Im(z1) = Im(z2)
(3) Re(z1) < Re(z2),Im(z1) < Im(z2)
(4) Re(z1) = Re(z2),Im(z1) = I'm(z2)
In particular, we will write z; < 25 if one of (1),(2) and (3) is satisfied and we will write

21 < 79 if only (3) is satisfied.

Definition 2.2. Let X be a non empty set and let s > 1 be a given real number.A function
d: X x X — C satisfies the following conditions

(1) 0 <d(z,y) for all z,y € X and d(x,y) = 0 if and only if z = y.
(2) d(z,y) = d(y, z).
(3) d(z,z) < sld(z,y) + d(y, z)].

The pair (X,d) is called complex valued-b-metric space.

In 1996, Jungck introduced the concept of weakly compatible maps as

Definition 2.3. Two self maps f and g are said to be weak compatible if they commute
at coincidence points..i.e.,if Su=Tu for some v € X, then STu=TSu.

Definition 2.4. Let (z,d) be a complex valued b-metric space.

(1) A point x € X is called interior point of a set A C X whenever 30 < r € C such
that B(z,r) ={y € X : d(z,y) <r} C A.

(2) A subset A C X is called open whenever each element of A is an interior point of A.

(3) A subset A C X is called closed whenever each element of A is a point of A.

Definition 2.5. Let (X,d)be a complex valued b-metric space. Then a sequence {z,}2 4
in X is called a Cauchy’s sequence if and only if for all € > 0 there exist n(¢) € N such
that for each n,m > n(e) we have d(xy,, ;) < .

Definition 2.6. Let (X,d)be a complex valued b-metric space. Then a sequence {z,}>2
in X is called convergent sequence if and only if there exists z € X such that for alln € N
for all n > n(e) we have d(z,,z) < £ ,then we write lim,_ ooy, = T.
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Definition 2.7. The complex valued b-metric space is complete if every Cauchy sequence
convergent.

3. MAIN RESULT

Theorem 3.1. Let (X, d) be a complez valued -b metric space and let f,g,S and T are four
self maps of X such that

(1) T(X) C f(X) and S(X) C g(X).

(2) {f,S} and {g,T} are weakly compatible.

and

d(Sz, Ty) < ad(fz,gy) + bld(fz, Sx) + d(gy, Ty)] + cld(fz,Ty) + d(gy, Sz)]. (1)
Vz,y € X where a,b,c are non negative and satisfy a +2b+2c <1, s > 1 then S, f, g and
T have a unique common fixzed point in X.

Proof. Let zp € X and {y,};2; be a sequence in X such that

Yon = STon = gToant1 andYoni1 = Txoni1 = fronio (2)
forn=20,1,2,...
Consider
d(Y2n, Yon+1) = d(Swon, T2n41)
< ad(fzon, gront+1) + bld(fxon, Sxon) + d(grant1, Tront1)]
+ cld(fron, Tont1) + d(gTant1, Swon)]
< ad(y2n—1,Y2n) + bld(y2n—1,Y2n) + d(Y2n, Y2n+1)]
+ cld(y2n—1, Yon+1) + d(y2n, Y2n)]
< (a+b+ c)d(yan-1,y2n) + (b + c)d(y2n, yon+1)
This implies that

a+b+c
761 n—1» n
l—b—c (Y2n—1, Y2n)

d(y2n7 y2n+1> < kd(y2n717 y2n)
< 1 Similarly,we can show that

d(y2n+1, y2n+2) < kd(yan, Y2n+1)
Continuing this process, we get

d(yant1, Yons2) < kd(yon, yons1) < ... < E"Prd(yo, y1).
Now we show that {y,}is Cauchy sequence in X. Let m,n € N and m > n.

d(Yon, Yon+1) <

where k = a“’*c

d(Yn, Ym) = 51d(Yn> Yn+1) + d(Ynt1, Ym)]
[d( )]+ sld(yn+1, ym)]
sld(y )+ s[s{d(Ynt1, Yn+2) + d(Yn+2, Ym) }]
s[d(Yn, Yn+1)] + s[s{d(Yn+1, Yn+2) + d(Yn+2, Ym)}] (4)
sk™d(yo, y1) + s*k" T d(yo, y1) + ...
sk™d(yo, y1)[1 + sk + (sk)? + ....]

sk™
1—sk
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Taking the limit n, m — oo, we get

limy, oo ffﬁd(yo,yl) = 0 This implies |d(yn, Ym)| —>— 0

Hence {y,} is Cauchy sequence. Since X is complete , so there exist a point z in X such
that

limy, 00 ST2, = limy, 00 9T2n+1 = limy o0 Top41 = limy, o0 fw2n+2 =z

Since T'(X) C f(X),there exist a point u in X such that z = fu.
From (1) we have

d(Su, z) < s[d(Su, Tront+1) + d(Txon+1, 2)]
< slad(fu, gran+1) + b{d(fu, Su) + d(gzan+1, Txont1)}
+ c{d(fu, Twons1) + d(gronsr, Su)t] + d(Txons1,2)  (5)
slad(z, z) + b{d(z, Su) + d(z, 2)} + c{d(z, z) + d(z, Su)}| + d(z, 2)
s(b+ c)d(su, z)
which is contradiction,therefore Su = fu = z

SinceS(X) C g(X) there exist a point v in X such thatgv = z.
From(1) we have

d(z,Tv) < s[d(z, Swapn) + d(Szap, Tv)]
s[d(Szap, z) + d(Sza,, TV)]
< s[d(Swap, 2) + ad(fran, gv) + b{d(fran, Sxon) + d(gv,Tv)}
+ c{d(fxon, Tv) + d(gv, Szan)}]
sld(z, z) + ad(z, z) + b{d(z, z) + d(z,Tv)} + c{d(z,Tv) + d(z, 2) }]
s(b+c)d(z,Tv)
which is a contradiction.Therefore Tv = gv = z and Su= fu=Tv=gv =2
Since f and S are weakly compatible maps, then Sfu=fSu. Therefore Sz=fz.

Now we show that z is a fixed point of S. If not d(Sz,z) > 0.
From(1),we have

d(Sz,z) =d(Sz,Tv)
< lad(fz,gv) +b{d(fz,Sz) + d(gv, Tv)} + c{d(fz,Tv) + d(gv, Sz)}]
< [ad(Sz,z) + b{d(Sz,Sz) + d(z,2)} + c{d(Sz,2) + d(z,S2)}]
< (a+2¢)d(Sz,z2)
which is a contradiction.Therefore Sz = zand Sz = fz =z
Similarly g and T are weakly compatible maps, then Tz=gz.

Now we show that z is a fixed point of T. If not d(T'z, z) > 0.
From (1), we have

d(z,Tz) =d(Sz,Tz)
<lad(fz,g9z) + b{d(fz,Sz) +d(gz,Tz)} + c{d(fz,Tz) + d(gz,Sz)}]
<lad(z,Tz)+b{d(z,2) + d(Tz,Tz2)} + c{d(z,Tz) + d(Tz,z)}]
< (a+2c)d(z,Tz)
which is a contradiction.Therefore Tz = zand this implies Tz = gz = z

So we have proved Sz =Tz = fz = gz = z and it follows z is common fixed point of f,g,S
and T
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Uniqueness :
If z and v are two distinct common fixed point of f,g,S and T. we have

d(z,v) =d(Sz,Tv)
< ad(fz,gv) +b{d(fz,S52) + d(gv,Tv)} + c{d(fz,Tv) + d(gv, Sz)}]
< ad(z,v) + b{d(z,2) + d(v,v)} + c{d(z,v) + d(v, 2)}]
< s(a+ 2¢)d(z,v)

which is a contradiction.Therefore z = v and this implies z is the unique common fixed
point of f,g;s and T. O

9)

Corollary:Let (X, d) be a complex valued -b metric space and let f,S and T are three
self maps of X such that

(1) T(X) C f(X) and S(X) C f(X).
(2) {f,S} and {g, T} are weakly compatible.
and

d(Sz, Ty) < ad(fz, fy) +bld(fz, Sx) + d(fy, Ty)] + cld(fz,Ty) + d(fy, Sz)].  (10)

Vz,y € X where a,b,c are non negative reals and satisfy a +2b+2¢c <1, s > 1 then S, f
and T have a unique common fixed point in X.

Proof. Put f = g in theorem 3.1 we get the result.
O

Theorem 3.2. Let (X, d) be a complex valued -b metric space and let f,g,S and T are four
self maps of X such that
(1) T(X) € f(X) and S(X) € g(X).
(2)
d(Sz, Ty) < hmax{d(fz, gy), d(fx,Sx),d(gy, Ty),d(fx,Ty),d(gy, Sx)};.  (11)

(3) {f,S} and {g,T} are weakly compatible.

Vz,y € X where a,b,c are non negative and satisfy 1+2hs <1,s > 1,0 < h <1 then S,f,g
and T have a unique common fized point in X.

Proof. Let xy € X and {y,}22 be a sequence in X such that

Yon = STon = gToant1 and Yoni1 = Txoni1 = fronio (12)
forn=0,1,2,...
Consider
d(Y2n: Yan+1) = d(Szan, TTan+1)
< hmax{d(fran, 9Ton+1), d(fran, Sxaon), d(gx2n+1, TTon+1)
d(fron, Tront1), d(gr2n41, STan)}

< hmax{d(y2n—1,Y2n), d(Y2n—1,Y2n), d(Y2n, Y2n+1) 13)
d(y2n—1,Y2n+1)> d(Y2n, Y2n) }
< hmax{d(y2n—1,Y2n), d(Y2n: Y2n+1), d(Y2n—1, Y2n+1)}
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Now we discuss the different cases.

Case 1

If max{d(y2n—1,Y2n), d(Y2n, Y2n+1), d(Y2n—1,Y2n+1)} = d(Y2n—1, Y2n)
then from (13) we have

d(y2n; Y2n+1) < hd(yan—1,Y2n)
continuing the process, we get d(yan, Yont1) < A2 d(yo, y1).

Case 2

If max{d(y2n—1,Y2n), d(Y2n; Y2n+1), d(Y2n—1, Y2n+1)} = d(Y2n; Y2n+1)
then from (13)we have

d(Yan, Yan+1) < hd(Y2n, Yon+1), a contradiction, since 0 < h < 1
d(Yon, Yant1) < W2 Hd(yo, y1).

Case 3

If max{d(y2n—1,Y2n), d(Y2n, Y2n+1): d(Y2n—1,Y2n+1)} = d(Y2n—1, Y2n+1)
then from (13) we have

d(yon, Yan+1) < hd(Y2n—1,Y2n+1)

< hs[d(yan—1,y2n) + d(Y2n, Y2n+1)]

hs (14)
< 7d n—1, n
< T Uy2n-1,920)

< k'd(y2n— 1, y2n)

where k = 7 f; > < 1, continuing this process we get

d(Y2n, yant1) < k" d(yo, 1)
Now we show that {y,}is Cauchy sequence in X. Let m,n € N and m > n

A(Yn Ym)S[d(Yns Ynt1) + A(Ynt1,Ym)]

s[d(Yn, Yn+1)] + s[d(Yn+1,Ym)]
s[d(Yns Ynt1)] + s[s{d(Yn+1, Yn+2) + d(Yn+2, Ym)}]
8[d(Yns Ynt1)] + s[s{d(Yn+1, Yn+2) + d(Yn+2, Ym)}]
sk™d(yo, y1) + s k" M d(yo, y1) + ...

sk™d(yo, y1)[1 + sk + (sk)* + ....]

sk™
—d

A

VANVANN

(15)

IN A

IN

Taking the limit n, m — oo, we get
limy, 00 £5rd(y0, Y1)
Hence {y,} is Cauchy sequence. Since X is complete , there exist a point z in X such that
limy, 00 ST = limy 00 gT2n 1 = liMy 00 T22541 = limy, o0 fTon12 = 2.
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sinceT' (X) C f(X),there exist a point u in X such that z = fu we have

d(Su, z) < sld(Su, Tront1) + d(Trant1, 2)]

slhmax{d(fu, gron+1), d(fu, Su), d(gront1, Txon+1),
d(fu,Txont1),d(gxont1, Su)}] + sd(Txant1, 2) (16)

< shmax{d(z, z),d(z, Su),d(z, z),d(z, z),d(z, Su)} + sd(z, z)

< shd(Su, z)

<
<

which is contradiction .therefore Su = fu = z SinceS(X) C g(X) there exist a point v in
X such thatgv = z
This implies that

d(z,Tv) < sld(z, Sza,) + d(Szap, Tv)]
sld(Szan, 2) + d(Sxon, Tv)]
< S[d(stna Z) +h max{d(fonv gv)a d(fonv SxQn)a

17
d(gv,Tv),d(fxan, Tv),d(gv, Sxan)} (17)
< sld(z,2) + hmax{d(z, 2),d(z, 2), d(z, Tv), d(z, Tv), d(z, 2)}]
< shd(z,Tv)
which is a contradiction .Therefore Tv = gv = z and Su= fu=Tv=gv =7
Since f and S are weakly compatible maps, then Sfu=fSu. Therefore Sz=fz.
Now we show that z is a fixed point of S. If not d(Sz,z) > 0.
we have
d(Sz,z) =d(Sz,Tv)
<h max{d(fz, gU), d(fZ, SZ)? d(.gva TU)? d(fZ, TU)7 d(g’U, SZ)} 18
< hmax{d(Sz,z),d(Sz,Sz),d(z,2),d(Sz,z),d(z,S5z)} (18)
< hd(Sz, z)
which is a contradiction.Therefore Sz = zand Sz = fz = z.
Similarly g and T are weakly compatible maps, then Tz=gz.
Now we show that z is a fixed point of T. If not d(7T'z,z) > 0.
we have
d(z,Tz) =d(Sz,Tz)
< hmax{d(fzv gz)u d(fZ, SZ)) d(gz) TZ)7 d(fZ, TZ): d(gza SZ)} 19
< hmax{d(z,Tz),d(z,2),d(Tz,Tz),d(z,Tz),d(Tz,z)} (19)
)

< hd(z,T=z

which is a contradiction.Therefore Tz = zand this implies Tz = gz = z

So we have proved Sz =Tz = fz = gz = z and it follows z is common fixed point of f,g,S
and T

Uniqueness :

If z and v are two distinct common fixed point of f,g,S and T. we have
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d(z,v) = d(Sz,Tv)
< hmax{d(fz, gv),d(fz,Sz),d(gv,Tv),d(fz,Tv),d(gv, Sz)}
< hmax{d(z,v),d(z, 2z),d(v,v),d(z,v),d(v, z) }
< hd(z,v)

(20)

which is a contradiction.Therefore z = v and this implies z is the unique common fixed
point of f,g,;s and T. O

Corollary: Let (X, d) be a complex valued -b metric space and let {,S and T are three
self maps of X such that
(1) T(X) C f(X) and S(X) C g(X).
(2)

d(Sz,Ty) < hmax{d(fx, fy),d(fz, Sz),d(fy,Ty),d(fz,Ty),d(fy, Sx)}.  (21)

(3) {f,S} and {g,T} are weakly compatible.

Vz,y € X where a,b,c are non negative and satisfy 1+ 2hs <1, s > 1,0 < h <1 then S,f
and T have a unique common fixed point in X.

Proof. Put f = g in theorem 3.2 we get the result.
O

Example: Let X = [0,1] and d: X x X — X defined by d(z,y) = |z — y|?> + iz — y|?
Ve,y e X
then (X,d) is complex valued b-metric spaces with s=2 . Now we define self maps
S,Tfandg : X — X such that Sz = 5, Tz = f—;, fr = x and gz = % satisfies the
contractive conditions of theorem 3.1 and theorem 3.2 and x = 0 is unique common fixed
point of S,T,f and g.
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